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MO DAU

1. Li do chon dé tai

Cac dinh Iy diém bat dong 1a cac cau tra 18i cho mot bai toan tong
quat sau day: Cho C' la mot tap con cua khong gian X, f 1a mot anh xa
tit C vio X. Phai dat nhitng diéu kién nao trén C, X va f dé c6 thé
khang sy ton tai cia mot diém z, trong C' sao cho f(zy) = z¢ . Diem z
nhu vay goi 13 diém bat dong clia anh xa f.

Dén nay, Iy thuyét diém bat dong da ra doi khoang mot thé ky. Nhing
dinh ly diém bat dong noi tiéng da xuat hién tit dau thé ky 20, trong dé
phai ké dén nguyén ly diém bat dong Brouwer (1912) va nguyén ly anh
xa co Banach (1922).

Nguyén ly anh xa co Banach (1922) 1a két qua khdi dau cho ly
thuyét diém bat dong ctia anh xa dang co, tidc 1a anh xa thod man
d(f(z), f(y)) < kd(z,y) nhung k c6 thé khong phai 14 hing s6 ctia anh
xa co md k = 1, hodic k 1a mot s6 duong tuy ¥, hay k = k(d(z,y)) 1a
mot ham s6 bi chin, ... Nhitng nghién cttu dang nay hién dang rat soi
dong, dudc sy quan tdm nghién citu cua cac nha toan hoc trong va ngoai
nudéc.

V61 mong mudn lam rd mot s6 két qua dat ducc trong [6], [7], xay
dung mot s6 dinh i diém bat dong theo huéng nghién citu nhu trén bing
cach xét trong khong gian manh hon (khong gian siéu metric day), va
nghién cttu cac tng dung ciia ching, nhat 1a tng dung nguyén Iy 4nh xa
co Banach trong cac bai toan vé day sb, vé phuong trinh ma ching toi
nhan thay hau nhu chua c6 tai lieu hién hanh nao viét mot cach c6 hé
théng, sau sic. Ching toi da lua chon dé tai ” Mot s6 dinh 1y diém bat
dong trong khong gian metric day va tng dung” .

2. Tong quan tinh hinh nghién citu thudc linh vuc ctia dé tai

Ly thuyét diem bat dong dang thu hat su quan tam cia déng dao
cac nha toan hoc trong va ngoai nudc theo nhiéu huéng nghién citu khac
nhau, nhu: mé rong 16p 4nh xa, thay déi khong gian: mé rong khong gian
hoac lam manh khong gian. Nghién cttu theo huéng maé rong 16p anh xa,
§ ngoai nuéc phai ké dén B.E. Rhoades, Binayak S. Choudhury*, M.A.



Geraghty, J.J.Neito, R.R. Lopez, véi cac cong trinh dugc cong bd trong
5], [6], [7]...0 trong nuéc nghien citu theo huéng nay phai ké dén TS.
Nguyén Thi Thanh Ha, TS. D6 Hong Tan, ...
3. Muc tiéu va nhiém vu nghién ctu

- Xay dung mot s6 dinh ly diém bat dong trong khong gian metric
day cta 16p 4nh xa Lipschitz, 16p anh xa co, 16p anh xa co yéu.

- Nghién citu mot s6 ttng dung ciia nguyén 1y anh xa co Banach trong
Toan hoc cao cap va Toan hoc so cap.

- Xay dung mot s6 bai toan lien quan dén diém bat dong.
4. D6i tugng va pham vi nghién ciu
e Déi tugng nghién citu: Anh xa Lipschitz, anh xa co, 4nh xa co yéu;
khong gian metric day, khong gian siéu metric day.
e Pham vi nghién ctu:

+ Dinh 1y vé su ton tai, duy nhat diem bat dong ctia cac 16p anh xa
trén trong khong gian metric day, khong gian siéu metric day.

+ Ung dung clia cac két qua trén trong Toan hoc cao cip va Toan
hoc so cap.
5. Cach tiép can va phuong phap nghién ciu
e Cach tiép can: Dung cong cu giai tich nghién citu su ton tai, duy
nhat diem bat dong cta l6p anh xa co, 16p anh xa co yéu, 16p anh xa
Lipschitz trong khong gian metric day, khong gian sieu metric day. Trén
co s cac két qua thu dude, nghién citu ting dung ctia chiing trong Toan
hoc cao cap va Toan hoc so cap.
e Phuong phap nghién citu: Nghién ctu Iy thuyét.



Chuong 1
Mot s6 kién thic co ban

Trong chuong nay ching toi sé trinh bay nhitng kién thic co ban
cua khong gian metric: dinh nghia khong gian metric, sy hoi tu trong
khong gian metric, khong gian metric day, khong gian metric compat,
cac khong gian metric dugc st dung 6 trong chuong 3 ciing dudc chiing

toi dua vao. Ngoad ra chiing t6i con trinh bay vé khong gian siéu metric.

1.1 Dinh nghia khéng gian metric

1.1.1 BDinh nghia

Dinh nghia 1.1.1. Gid s X la mot tap khdc rong. Ham sod : X x X —
R dugc goi la mot metric hay mot khodng cach trén X néu cdc tinh chat
sau duoc thoa man:
M) d(z,y) > 0 vdi moi z,y € X vad(z,y) =0 =y
M,) d(z,y) = d(y,x) vdi moi x,y € X
M3) d(z,2) < d(z,y) + d(y,z) vdi moi x,y,2 € X (Bat dang thic tam
gidc )

Néu d la moét metric tren X thi ta cap (X,d) dude goi la mot khong
gian metric. Doi khi ta viét 7 khong gian metric X7 thay cho khong gian
metric (X,d). Moi phan ti cia X goi la mot diem. S6 d(z,y) goi la

metric hay khodng cach gitta hai diém x va y.

Nhan xét 1.1.2. T@ cdc tinh chit trén dé dang suy ra vdi 4 diém



x,y,z,t € X ta co

|d(z,y) — d(z, 2)| < d(y, 2)
jd(z,y) = d(z,1)] < d(z, 2) + d(y, 1)

1.1.2 Vidu

Vi du 1.1.3. Cho X la mot tap khdc rong bat ki. Ham so d zdc dinh
tréen X x X duoc cho boi:
0 néuz=vy
d(x,y) = )
1 neux+#vy
la mot metric trén X, metric nay goi la metric roi rac trén X. Khong

gian metric (X, d) goi la khong gian roi rac.

Vidu 1.1.4. Ham s6 d(z,y) = |z —y| la mot metric trén tap so thuc R,
va goi la metric thong thuong trén R. Tap so thuc cung vdi metric thong
thuong goi la duong thang thuc.

Vi du 1.1.5. Gid st R* la khong gian vecto thuc k chiéu. Véi méi hai
phan t x = (v1,22, - ,2),y = (Y1, Y2, - ,yn) ctia R¥, ta dinh nghia

k
di(z,y) = Joi — il
=1

k
do(z,y) = Z |z — yil?
i=1
doo(, ) = MAX |7; — b
Khi dé dy, dy, ds la nhitng metric trén RF.
Metric dy J trén goi la metric Buclid trén R¥; vdi metric nay R* goi la

khong gian Euclid k chiéu

Vi du 1.1.6. Ki hiéu Cla,b] = {z : [a,b] — R : x lién tuc} . Xét ham
s6 d : Cla,b] x Cla,b] — R cho bdi

d(x,y) = tSl[lpb] lz(t) — y(t)
cla,

Khi do d la metric trén Cla,b).



Vi du 1.1.7. Gid st M la mét tap con khdc mong bat ki cia khong gian
metric (X,d). Khi dé ham so

dy = d|prxm

la mot metric trén tap hop M. Khong gian metric (M, dy) goi la khong
gian con cua khong gian metric (X,d); dy goi la metric cam sinh bdi

metric d trén M

1.2 Su hoi tu trong khong gian metric

Dinh nghia 1.2.1. Gid st {x,} la mot day diém trong khong gian metric

(X,d). Ta néi day {x,} hoi tu dén diem x € X néu lim d(z,,2) = 0,
n—oo

nghia la, vdi moi s6 € > 0 cho trudc ton tai so tu nhién n, sao cho

d(xy, ) < €, 000 moi n > n,
Khi dé, diem x € X goi la gidi han cia dday {x,} va viét

lim z, =« hodc =z, = z(n — o0)
n—oo

Mot day goi la hoi tu néu né cé mot gidi han nao dé. Mot day khong hoi

tu duoc goti la phan ki.

Meénh dé 1.2.2. Trong khong gian metric gidi han ctia méi day hoi tu
la duy nhat.

Ching minh. Gia st day {x,} trong khong gian metric (X, d) hoi tu dén
hai diém phan biét x,y. Ta c6
0 <d(z,y) < d(z,zy) + d(@n, y) = 0(n — o0) [

Meénh deé 1.2.3. Trong khong gian metric (X, d), néu x, — x va y, — ¥y
khin — oo, thi d(xy,,y,) — d(x,y) khi n — oo

Chaing minh. Xuat phat tit bat dang thic
0< |d(5€m yn) - d(SU, y)‘ < d<37n7 :C) + d(ym y)

Cho n — oo suy ra diéu phai chiing minh O



Vidu 1.2.4. Sy hoi tu trén duong thc“zng thuc R la su hoi tu ctia day so
theo mghia thong thuong.
Vi du 1.2.5. Trong khong gian metric Fuclid R*, su hoi tu cia day

e = (27,23, ,xy) dén diem x = (x1,x9,- -+ ,xy) co nghia la

k
dy(2", x) = Z(m? — ;)2 =0
i=1
dieu nay tuong duong véi x? — x;(i = 1,2,--- k). Vay su hoi tu trong
khong gian Euclid R¥ la su hoi tu theo toa do.

1.3 Anh xa lién tuc

Cho f: X — Y 1a mot anh xa tit khong gian metric (X, d) vao khong
gian metric (Y, p)

Dinh nghia 1.3.1. Anh za goi la lién tuc tau diém xy € X néu vdi moi
80 € > 0 ton tai s6 6 > 0 sao cho véi moi v € X thod man d(z,x¢) < &
ta déu cé p(f(x), f(z0)) <e.

Bé dé 1.3.2. Anh za f lién tuc tas diém xo khi va chi khi vdi moi day
{z,} € X, x, — x¢ kéo theo f(z,) — f(x0).

Chiing minh. (=) Gia st f 1a anh xa lién tuc tai xg,{z,} C X va z,, —
xg. Ta chitng minh f(x,) hoi tu dén f(zo). Lay € > 0 bat ki. Vi f lién
tuc tai xyp nén ton tai s6 > 0 sao cho véi moi x € X, néu d(z,z) <
thi d(f(a:), f(xo)) < €. Mit khac, do z, — xo nén ton tai ny € N sao cho
d(xy, o) < 6 v6i moi n > ny. Tu dé d(f(x), f(xo)) < € v6l moi n > ny.
Vay f(xn) = f(zo)-

(<) Gia stt moi day {z,} C X, x, — 2o déu kéo theo f(x,) — f(x).
ta phai ching minh f lién tuc tai x.
Phéin ching: Giad sit f khong lien tuc tai xy. Khi d6 ton tai s6 ¢g > 0
dé v6i moi 6 > 0, ton tai z; € X sao cho d(f(z), f(z0)) < 0 nhung

d(f(zs, f(x)) > €. Do d6, V6i mdi n € N*, ton tai z, € X dé d(zy, z9) <

% va d(f(zn), f(z0)) > €. Suy ra x, — x nhung f(z,) — f(zo). Diéu

nay trai gia thiét. Vay f lién tuc tai x. ]
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1.4 Khoéng gian metric day

Dinh nghia 1.4.1. Mot day diém {x,} trong khong gian metric (X, d)
goi la mot day Cauchy hay day co ban néu

inzoo B En) = 0

, nghia la, vdi mot so € > 0 ton tar so tu nhién ne sao cho

(T, Tp) < € VI MOi N, M > N
Dinh nghia 1.4.2. Khong gian metric (X,d) goi la mot khong gian day
(hay di) néu moi day Cauchy trong X déu hoi tu.
Vi du 1.4.3. Trong gidi tich co dién ta da biét moi day sé thuc la ddy
Cauchy déu hoi tu, nén duong thang thuc la khong gian metric day. Vi

su hoi tu trong khong gian Euclid R¥ 1o su hoi tu theo toa do nén ti tinh
day cia R dé dang suy ra R¥ la khong gian day.

Vi du 1.4.4. Khong gian Cla,b] vdi metric sup la day.
Chiing minh. That vay, gia si {x,} 1a day Cauchy trong C|a, b]. Khi do,

v6i moi € > 0, ton tai s6 tu nhién n, sao cho

d(Tpm, Tn) = sup |z, (t) — z,(t)| < €,Ym,n > ne,Vt € |a, b]
tela,b]
Suy ra
|z () — 2,(1)| < €, VM, n > n.,Vt € [a,b] (1.1)
Tu day suy ra, v6i mdi t € [a, b] ¢6 dinh, day {z,(¢)} 13 mot day Cauchy
trong R, do d6 n6 c6 gidi han 1a mot s6 thyc (¢) ndo d6. Bay gio trong
bat dang thic (1.1) trén cho m — oo ta dugc

|z(t) — x,(t)| < €,Yn > n, Vt € [a,b (1.2)

Diéu nay chiing t6 day ham lién tuc {z,} hoi tu déu dén ham z trén
[a,b]. Do d6 x cung lién tuc trén doan [a,b]. Hon nua, tir (1.2) ta cing
nhan dugc

d(x,z,) < €,Vn > n,
Do d6 {z,} hoi tu dén x trong Cla, b). O
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Vi du 1.4.5. Cho (X, d) la mot khong gian metric day, A la tdp con
dong trong X. Khi dé khong gian metric (A,d4) la khong gian metric

day, vdi dy la metric cdm sinh bdi metric d.

1.5 Khong gian metric compact

Cho (X, d) 1a mot khong gian metric va A 1a mot tap con cua X

Dinh nghia 1.5.1. Tap con A goi la compact néu moi day {x,} trong
A deéeu chita mot day con Ty, hOt tu dén mot diem x € A.

Néu tap X la tap compact thi ta noi X la khong gian compact.

Meénh dé 1.5.2. Mot tap compact thi déng. Mot tap con dong cia mot
tap compact thi compact.

Chiing minh. Cho A la mot tap con compact. Gia st {z,} 1a mot day
trong A, z, — = € X. Vi A compact nén day {z,} c6 chita day con
{2y, } sao cho x,, — y € A. Nhung day con {x,,} ciing hoi tu dén = nén
xr=1y € A. Vay A la dong.

Bay gio gid st B 14 mot tap con déng cua tap compact A. Lay day
{z,} trong B. Vi {z,} cing la mot day trong A va A compact, nén cé
day con {z,,} hoi tu dén z € A. Do B déng nén x € B. Vay B la tap
compact ]
Nhan xét 1.5.3. Khong gian metric compact la khong gian metric day

Vi du 1.5.4. Trong dudng thding thuc R, doan [a,b] la tap compact

Dinh 1y 1.5.5. (Hausdorff) Trong khong gian metric day moét tdp con

la compact khi va chi khi né dong va hoan toan by chan.

Meénh dé 1.5.6. Trong khong gian Euclid hiu han chiéu R*, mot tap

con la compact khi va chi khi né dong va by chan.

1.6 Khong gian siéu metric

Dinh nghia 1.6.1. Cho X la mot tap khdc rong. Hom s6 p: X x X — R

goi la mot siéu metric trén X néu cdac tinh chat sau thoa man:

8



S1) p(x,y) 2 0,Vz,y € X, va p(r,y) =0& 2 =y;
S2) p(z,y) = ply, x), Y,y € X;
S3) p(z,2z) < max{p(z,y), p(y, 2)}, Vo, y,2 € X

Tap hop X cung vdi siéu metric p trén no goi la mot khong gian siéu
metric, ki hiéu (X, p). Moi phan ti thuoc (X, p) dudc goi la mot diem.
Vi du 1.6.2. Gid st X la tap so thuc R, E la tap tat ca cic day vo
han © = {z,}n,>1 nhing phan ti cia X. Vdi moi cip phan ti khdc nhau
v ={z}u>1,y = {Yn}n>1cta tap hop E, gid su k(x,y) la s6 n nhé nhat
sao cho x, # y,. Ta dat

1 p
o(w.y) = 4 K@y) 7 (1.3)

0, néu T =1y
Khi do p la mot siéu metric trong B
Chiing minh. Do n > 1 nén k(z,y) > 0,Vz,y € X.
Theo dinh nghia cta p thi p(z,y) =0 x =y

Cing tu dinh nghia cia p dé dang suy ra p(z,y) = p(y,z).Vr,y € X
Ta chitng minh p thod man tinh chat S3, tic 1a

p(x, z) < max{p(z,y), p(y, 2)}, Vo, y,2 € X (1.4)
- Néu x = y hodic y = z hodc z = z thi (1.4) dang
-Néu x # vy, y # 2, v # z Dat k* = min{k(x,y), k(y, 2)}. Theo dinh
nghia cua k(z,y) ta co

Ty = Yp, VN < k*
Do dé ]
pla,z) = - = max{p(z,y), p(y, 2)}
[

Meénh dé 1.6.3. Moi khong gian siéu metric déu la khong gian metric.
Ching minh. T tien dé S; ta suy ra

p(x,z) < max{p(z,y), p(y,2)} < p(z.y) + py, 2), V2, y, 2 € X
Két hop v6i 2 tien de Sy va Sy thi p 14 mot metric trén X. Do d6 (X, p)

cing la khong gian metric ]



Nhan xét 1.6.4. Diéu ngudc lai ciia ménh dé 1.6.8 khong ding, tic la
néu (X,d) la khong gian metric thi cé thé né khong la khong gian siéu
metric.

Chang han: Trén X =R, ta dat d(z,y) = |x —y|,Vz,y € R. Khi dé d la
mot metric trén X. Tuy nhién d khong phdi la mot siéu metric trén X.

That vay, néu ta chon

thi d(x,z) = 2,d(z,y) = 1,d(y,z) = 1. Do do

d(x,z) > max{d(z,y),d(y, 2)}

Nhu vay tien dé Sy khong dugc thod man. Do dé d khong phdi la siéu

metric trén X.
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Chuong 2

Mot s6 dinh 1i diém bat déng trong

khéng gian metric day

Trong chuong nay, trén co s6 cac bai bao [6], [7] ching t6i sé trinh
bay dinh Ii diém bat dong trong khong gian metric day ctia 16p anh xa
co yéu, 16p anh xa Lipschitz. Déi véi 16p anh xa co dugc ching t6i phan
tich ki hing s6 co. Ngoai ra, chiing t6i con xay dung mét sb dinh li diem

bat dong trong khong gian siéu metric day.

2.1 Diém bat dong ctia anh xa co

Pinh nghia 2.1.1. Cho X la mét khong gian metric. Diéem © € X goi
la mot diém bat dong cia dnh za f ti khong gian metric X vdao chinh
né néu f(x) ==

Dinh nghia 2.1.2. Anh za f ti khong gian metric (X,d) vio chinh né

goi la mot dnh za co néu cé6 so k,0 < k < 1, sao cho
d(f(x), f(y)) < kd(z,y)vdi moi z,y € X

Nhan xét 2.1.3. Anh za co la anh za lién tuc

€
E+1

That vay, 1ay diem bat ki o € X. V6i mbi € > 0, chon § =
Khi d6, véi moi € X thod man d(z,z) < d ta déu co6

ke
k+1

d(f(z), f(z0)) < kd(z,x0) < ké = <€

11



Do do6, f lién tuc tai zg, ma xy tuy ¥ thuéc X nén f lién tuc.

Dinh ly 2.1.4. (Nguyén ly dnh za co Banach). Mot danh za co di tu
khong gian metric day vao chinh né bao ¢id cing cé mot diém bat dong
duy nhat.

Chitng minh. Gia st (X, d) 1a mot khong gian metric day va f : X — X

la 4nh xa thod man

d(f(2), f(y)) < kd(z,y),Yz,y € X (2.1)

v6i hang s6 k nao d6, 0 < k < 1.
Lay diéem bat ki xy € X. Xay dung day {z,} xac dinh bdi

r, = f(xp_1),n>1 (2.2)
Tu (2.1) suy ra
d(xp, Tpy1) = d(f(:vnfl), f(xn)) < kd(zp-1,2,),Yn > 1
Stt dung diéu nay lién tiép ta nhan dudc
d(xp, Tpi1) < kd(xp_1,2n) < K2d(Tp_2, 2p_1) < -+ < K"d(20,21),Vn > 1
Tu day, v6i moi n,p > 1, ta cb

d(xna xn—i—p) < d(xn; xn—i—l) + d(xn—Ha xn+2) +oe d(xn—i—p—l; xn—kp)
S (/{n + ]Cn+1 + -+ knﬂ?_l)d(xo, :131)
1 — kP d(xg, 1)
< kt—"
1_kd(l‘0,$1)_k 1_ &

Diéu nay ching t6 {z,} 14 mot day Cauchy trong X, ma X day néen

= k" — 0(n — o0)

r, — x* € X. Vi anh xa co 1a lién tuc, nén lay gidi han hai vé cua (2.2)
khi n — oo ta nhan dugc
Do dé z* 1a mot diém bat dong cta f

Gia st rang 4nh xa f con c6 mot diém bat dong y* # «*. Khi d6, ta

P

c6
0<d(z*,y") = d(f(x*), f(y*)) < kd(z*,y")

Suy ra k > 1 (diéu ndy mau thudn véi gia thiét & < 1). Vay z* 1a diém

bat dong duy nhat ctia f va dinh 1i dudc chiing minh. O
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Nhan xét 2.1.5.

1. Tw chitng minh nguyén li dnh za co Banach ta thay néu dnh za fdi

ti khong gian metric day vao chinh né la dnh za co thi diy zdc dinh bdi

ro € X

2.3
xn:f(xn—l)anz 1 ( )

sé hoi tu dén diém bat dong duy nhat cia dnh za f. Dieu nay lam co sd

cho viéc gidi mot so bas todn vé day so ¢ chuong 3.

2. He s6 k trong dnh za co la mot hang so khong phu thudc vao tung cdp
diem (z,y). Néu k khong phdi hé s6 chung cho moi cip diém, chding han

vdi moi cdp diem (z,y), x # y ton tai s6 duong ky, < 1 sao cho

d(f(x), f(y)) < kuyd(z,y)

thi nguyeén li anh za co khong con dung nia.

) m
That vay. zét ham so f(x) = 5 TT— arctanz,r € R

Vi moi cdp (x,y),x £y, gid st x < y. Do f la ham khd vi trén R nén
[ khd vi trén doan [x,y], theo dinh li Lagrange ton tai c,, € (x,y) sao

cho
() = F)| =1 f (cay)llz =y
Ta co
/ x?
f(x)= [+ 22 <l,zeR
Do do
[ (e < 1

A

Tuy nhien, f khong cé diém bat dong vi phuong trinh f(x) = = vo
nghiém.
3. Trong nguyén li dnh za co Banach, gid thiét X la day khong thé bé
qua, vi c6 nhing dnh za co di tu khong gian metric khong day vao chinh
né ma khong cé diém bat dong.

That vay, tap X = (0, §] cung vdi metric cam sinh bdr metric thong

thuong trén duong thang thuc la khong gian metric khong day.
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Xét anh za f: X — X mdc dinh bdi f(z) = 2% v € X.
Vi Ve, y € X, ta co

[f (@) = fW)l = |z —yllz +y| < o —yl(le] +[y]) < §|x — Y|

2
Vi 3 < 1 nén f la dnh za co. Tuy nhién phuong trinh

z? = x vo nghiém tren X

Do dé f khong cé diém bat dong.

Diéu gi sé xay ra khi k = 1 c¢6 thé thay cau tra 1oi trong vi du sau
Vi du 2.1.6. Cho dnh zg f: R — R zdc dinh boi f(x) =x+ 1, z € R.
Ro rang

[f(z) = fy)| =z —y|.Vz,y eR
nhung f khong cé diém bat dong
Vi du 2.1.7. Cho X = [1,+00) la khong gian metric day vdi metric
thong thuong trén R. Xét anh za f : X — X zdc dinh bdi f(x) = x+ é
Khi dé

— @+ D)~ + )|
[ p—

< \m—y|,Vm,y€X,a:7éy

? Z 1
Nhung f khong co diém bat dong vi phuong trinh x + — = x vo nghiém
x
trén X.
Nhu vay nguyén li &nh xa co Banach tham chi khéng mé rong dugc
d6i véi 16p anh xa rong hon mot chat d(f(z), f(y)) < d(z,y),Yz # v.
Dé nguyeén li 4nh xa co vAn thi diéu kién bd sung don gidn nhét 1 tinh
compact ctia khong gian. Ta cé dinh Ii sau
Dinh ly 2.1.8. Cho (X,d) la khong gian metric compact, vi gia st
f: X — X la danh za thoa man d(f(z), f(y)) < d(z,y),Vx # y. Khi do
f c6 duy nhat diem bat dong.

14



Chiing minh. Tu gid thiét ta c6 d(f(z), f(y)) < 1,Vz,y € X
Xét anh xa ¢ : X — R xac dinh bdi

p(z) =d(z, f(z)),z € X

Véi x,y € Xta cod

(z, f(x)) —d(y, f(y))
(z,y) +d(y, f(y) +d(f(y), f(x)) —d(y, f(y))
(z,y) +d(f(y), f(z)) < 2d(z,y)

Thay doi vai tro ctia « va y cho nhau ta dugc

p(r) —»(y)

IA

d(z,
d(x,y
d(x,y

p(y) — p(r) < 2d(x,y)

Do doé
Suy ra, ¢ lien tuc. Do X 1a compact nén ¢ dat dugdc gia tri bé nhat trén
X tai z*
min p(x) = p(z*) =a >0
zeX
Suy ra

p(f(2") = p(z") (2:4)
Gia stt o > 0. Khi d6 ¢(z*) = d(a*, f(z*)) > 0. Suy ra f(z*) # 2*
Do d6

e (f(a) = d(f@), F(f(2)) < d(a", f(2")) = (") (mau thudn v6i (2.4))

Diéu nay chiing t6 f(z*) = 2%, tiic 1a 2* 13 diém bat dong cta f.
Ro6 rang z* 13 diém bat dong duy nhéat ctia f, vi néu con c¢6 f(y*) =
Y'Yt #£ athi

d(z*,y*) = d(f(z*), f(y)) < d(@*,y") (vo li).

Vay f c6 duy nhat diém bat dong. O
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2.2 Diém bat dong ctia anh xa co yéu

Dinh nghia 2.2.1. Cho (X,d) la mot khong gian metric. Anh za f
X — X duoc goi la dnh za co yéu néu

d(f(x), f(y)) < d(z,y) — ¢(d(z,y)),Yz £y

, trong dé ¢ : [0, +00) — [0,4+00) la dnh za lién tuc va khong giam thod

man ¢(t) = 0 néu va chi néut = 0.
Nhan xét 2.2.2. Anh za co yéu la dnh za lién tuc.
That vay, tit gid thiét ta suy ra
d(f(x), fly) < d(z,y),Vo,y € X

Lay bat ki zp € X. V6i mbi € > 0 cho trudc, ton tai 6 = € sao cho véi

moi € X thod man d(z,xy) < § ta déu ¢

d(f(z), f(z)) < d(z,z0) <6 =¢
Do dé f lién tuc tai zp, ma o € X tuy 7, nén f lién tuc.

Dinh 1y 2.2.3. /6] Cho (X, d) la khong gian metric day. Gid si f : X —
X la dnh za co yéu. Khi dé f c6 duy nhat diém bat dong.

Chitng minh. Lay xy € X. Ta xay dung day {x,} nhu sau
xy, = f(zp-1),n>1 (2.5)
Dit p, = d(zp41, 1), n > 1. T gid thiét ta co
Prt1 < Pp— ¢(pn) < pp, V¥ > 1 (2.6)

Do d6, day {p,} la day gidm. M#t khac day {p,} bi chin dudi bdi 0 nén
hoi tu. Gia st
lim p,=r>0

n—oo

Vi ¢ lién tuc nén trong (2.6) cho n — oo ta thu duge
r<r—a¢(r)
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Suy ra
o(r) <0=9¢(r)=0=r=0
C6 dinh € > 0, chon N sao cho
. € €
d(rn,rN41) < mm{? ¢(§)}

Chiing ta sé chi ra f 1a 4nh xa co tit hinh cau déng B[z, €] vao chinh

noé
+ Trudng hop 1: d(x,zn) < %
Ta c6
d(f(z),zn) < d(f(x), f(zn)) +d(f(zn), 2n)
< d('raxN) T Qb(d(x,:]f]\/‘)) + d(xN-FlaajN)
S d(xeN) +d($N+1,xN)
€ €
<S4S
=5 + 5 €
+ Trudng hgp 2. % <d(z,zn) <€

Do ¢ 1a ham khong gim nén ¢(d(z, zy)) > ¢(§)
Suy ra
d(f(:z:),xN) <d(x,zy)— ¢(d(m,xN)) + d(zni1,7N)
< d(a,ay) = 6(5) + 6(3)
d

Nhu vay f 1a anh xa di tit hinh cau déng Blxy, €] vao chinh n6. Do dé
x, € Blxy,€],Vn > N, tic la
d(zp,zny) < €,Vn > N
Do dé
d(Tpm, ) < 26,Ym,n > N
Suy ra, day {z,} 14 day Cauchy, do d6 né hoi tu dén z*. Tu tinh lién
tuc cua f, trong (2.5) cho n — oo ta thu duge f(z*) = z*. Do d6, z* la
diém bat dong cua f.
Gia st y* 1a diém bat dong khac z* ctia f. Tit gid thiét ta c6
d(z*,y") = d(f(z"), F(y")) < d(=*,y") — ¢(d(z*,y")) < d(z*,y*)(vo li)
Vay f c6 duy nhat mot diém bat dong. H
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2.3 Diém bat dong ctia anh xa Lipschitz

Dinh nghia 2.3.1. Cho (X,d) la mot khong gian metric. Anh za f
X — X duoc goi la dnh za Lipschitz néu ton tai so k > 0 sao cho

d(f(x), f(y)) < kd(z,y)vdi moi z,y € X
Héng s6 k bé nhat thod man bat dang thic trén goi la hang sé Lipschitz
cua f
Nhan xét 2.3.2.
1. Anh Ta co, dnh za co yéu la dnh za Lipschitz.

2. Anh za Lipschitz la anh xa lién tuc

That vay, lay diém bat ki xg € X. Vi méi € > 0 cho trude, ton tai
6 N
J = 7y 840 cho vdi moi x € X thod man d(z,xy) < 6 ta déu co

d(f(z), f(z0)) < kd(z,z0) < ké = % <€

Dinh 1y 2.3.3 (7). Cho (X,d) la mot khong gian metric day. Gid si

f: X — X la dnh za thod man vdi moin > 1 thi f™ la dnh za Lipschitz
+00

vdi hing s6 Lipschitz k,, va > k, < +oo. Ching minh rang f c6 duy
n=1

nhat diém bat dong x*, va day {f"(z)} — 2*(n — 00) vdi moi v € X.

Ching minh. Xét anh xa ¢ : X — R xac dinh bdi

o(z) =d(z, f(z)),z € X.
Véi x,y € X, ta cod
() = ply) = d(x, f(x)) — d(y, f
< d(z,y) +d(y, f(y) +
d(z,y) +d(f(y), f(x)

Thay doi vai tro cia = va y ta dudc

p(y) —p(z) < (1+ ki)d(z,y)

(v))
d(f

)

(f(y), f(x)) —d(y, f(y))
< (1 + k1)d(x,y)

Do do
jp(z) — )| < (1 + k)d(z,y),Vz,y € X (2.7)
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+00
Bdi (2.7) nén ¢ lién tuc. Bay gio ¢6 dinh € X. Vi chudi Y k, hoi tu
n=1

nén k, — 0(n — oo0).
Do d6

0 < o(f"(x)) = d(f"(x), f"" (7)) < knd(x, f(2)) = katp(x)  (2.8)

Trong (2.8) cho n — oo ta duge lim ¢(f"(x)) =0

n—00
B —+00 “+00

Vi chudi > k, hoi tu nén r,_; = > k, — 0(n — 00).
n=1 i=n

Dodévéin>1,p>1, taco

d(f"(@), [P (@) < d(f"(x), [ (@) +d (@), ) 4+
+d(f (), [ ()
< (kn + ko1 + - + knyp-1)d(z, f(2))
< (3 k() = 0(n — o0)
Suy ra day { f(x)} 1a day Cauchy trong X. Vi X day nen {f"(z)} hoi

tu. Gia su
lim f"(z) =2" € X

n—oo

Suy ra

d(a*, () = pla*) = lim p(f"(2)) =0 = f(a*) = 2*

n—oo

Do d6 z* 1a diém bat dong cua f

Gia st y* € X 1a mot diém bat dong cta f. Khi d6, v6i mdi n > 1 ta cé

0 <d(a",y") =d(f"("), f"(y")) < knd(z", y") (2.9)
Do k, — 0(n — o0), nén trong (2.9) cho n — oo ta dugc

* *

dlz*y" ) =0=2"=y
Vay z* 1a diém bat dong duy nhéat cia f. O
Dinh nghia 2.3.4. Mot tap con Y C X dudc goi la bi chdan néu thod

man sup{d(z,y) : v,y € X} < 400
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Dinh ly 2.3.5. Gia su f : X — X la anh za thoa man vdi ¥Yn > 1 thi
f™ la dnh wa Lipschitz vdi hang s6 Lipschitz k, va lim k, = 0. Khi dé

n—0o0
f co duy nhat mot diem bat dong neu va chi neu ton tar x € X sao cho

tap {f"(z) : n > 1} bj chan. Hon nita, néu f cé diém bat dong x* thi
Vo € X day {f"(x)} hoi tu dén z*
7. Gia st f c6 diém bat dong x*. Do day {k,} hoi tu nén bi chin, tic
1& ton tai M > 0 sao cho
ky < M,¥n > 1
V6i moi x € X ta co
d(f”(x),x*) = d(f”(x),f”(w*)) < kpd(z,x¥)
< Md(x,z*),Vn > 1
Vay v6i moéi € Xtap {f"(x) : n > 1} bi chin
Ngugc lai, gid st ton tai € X sao cho {f™(x) : n > 1} bi chin, suy
ra ton tai ¢ > 0 sao cho
d(f"(x), [™(x)) < ¢ v6i moi m,n > 1
Véin>2,p>1tacd
A(f (). (@) = (7). S (@)
< o ad(f774(2), £(2)) = O(n = o0)
Do d6 day {f"(z)} 1a day Cauchy trong X. Vi X day nen day {/"(z)}
hoi tu dén 2* € X
Ta co
d(a*, f(x")) <d(a*, f"(x)) +d(f"(2), f(z"))
< d(x*, f”(x)) + kld(f"_l(z),a:*) — 0(n — o0)
= f(z*) =" = f(z") ="
Do dé z* 1a diém bat dong ctia f. Gia st y* ciing 1a diém bat dong cia
£. Khi dé
0 <d(z*,y*) =d(f(a*), fly") = =d(f"(=*), ["(¥"))
< kpd(z*,y*) = 0(n — o0)

=dx*y)=0=2"=y"
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Do dé z* 1a diem bat dong duy nhat cuia f. O

2.4 Diém bat dong trong khéng gian siéu metric
day

Trong phan nay ching t6i xay dung mot s6 dinh li diém bat dong trong

khong gian siéu metric day. Trudc tién ta can bo dé sau

B6 dé 2.4.1. Cho (X, p) la mot khong gian siéu metric. Diéu kién can

va di dé {x,} la day Cauchy la:

lim p(x,, p41) =0
n—0o0

Chiing minh. (=) Gia st {z,} 12 mot day Cauchy. Khi d6 véi moi € > 0

cho truéc ton tai n, sao cho
P( T, Tp) < €,YM,n > n,

Do do6
(T, Tny1) < €,Y1 > n
Suy ra

lim p(xy,, p41) =0
n—oo

(<) Ngudgc lai, gia si
lim p(z,, xp11) =0
n—oo
Khi dé6, v6i mdi € > 0 cho trude, ton tai n. sao cho
(T, Tni1) < €Y1 > n,
T day v6i moi n > n., Vp > 1 ta cé
P( T, Tnap) < Max{p(Tn, Tns1), P(Tns1, Tnt2),  P(Trap—1, Tngp) } < €

Vay {z,} la day Cauchy O
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Dinh 1y 2.4.2. Cho (X, p) la khong gian siéu metric day. Gid si f :
X — X la anh za thod man

p*(f(2), f(y) < plz,y)o(p(z,y)),Vz,y € X,

trong dé ¢ : [0,+00) — [0,4+00) la dnh za lién tuc thod mdin cic diéu
kién sau

(1) p(t) =0 t=0

(11) ¢(t) < t, ¥t >0

Khi dé, f ¢6 duy nhat mot diém bat dong trong X.

Chitng minh. Lay diém bat ki 7y € X. Xay dung day {z,} xac dinh bdi
xr, = f(rp_1),n>1

+ Néu x, = 7,41 v6i n nao do6 thi f c¢6 diem bat dong.

+ Néu z,, # 7,41, Vn. Ta c6
PQ(IL’n, xn—&-l) = p2 (f(xn—l)a f(xn))
< p(@nt, 20) 0 (p(T01, 2n)) < p* (01, Tn)
Suy ra
p(@n, Tp1) < p(Tp-1,2y),¥n > 1

Do d6 day {p(x,, zpe1)} 1a day gidm, ma day nay bi chan duéi béi 0 nén
hoi tu. Gia su
lim. P(Tn, Tpp1) =7 >0
Do ¢ lién tuc nén tir bat dang thic
pz(xna Tpt1) < p(Tn-1, xn)QS(P(xn—la xn))

cho n — oo ta thu ducc
r? < ro(r) (2.10)

Néu r > 0 thi tit (2.10) ta suy ra r < ¢(r), diéu nay mau thuan véi gia
thiét ¢(r) < r,¥r > 0. Do d6 r=0, tic 13

lim p(z,, xp11) =0
n—oo
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Theo bo dé 2.4.1 day {x,} 1a day Cauchy, ma (X, p) l1a khong gian siéu

metric day nén day nady hoi tu dén z* € X

Ta co

PP (f(@), xnpn) = p*(F(2%), f(2n)) < p(a®, 20) e (p(x, 20)) < p*(27, 2,)
(2.11)

Trong (2.11) cho n — oo ta thu dugc

p2(f(:1:*),x*) <0= p(f(a:*),x*) =0= f(z") =2a"
Do dé z* 1a diém bat dong cta f.
Gia st f con diém bat dong y* # x*. Khi dé
Pyt 2 = p(fly"), f(a))
< ply" 2" (ply" 2")) < p*(y",2") (vo 1i)
Vay f c6 diém bat dong duy nhat trong X. O

Dinh ly 2.4.3. Cho (X, p) la mot khong gian siéu metric di. Gid si f :

X — X la dnh za thod man p(f(z), f(y)) < p(z,y) — ¢(p(z,y)),Vo #y
trong doé ¢ : [0,400) — [0, +00) la dnh zg lién tuc va thod man ¢(t) =0

néu va chi néut =0. Khi dé f ¢6 duy nhat diém bat dong

Ching minh. T gia thiét ta c6 p(f(z), f(y)) < p(z,y),Vz,y € X. Do
d6 f lien tuc. Lay bat ki 29 € X. Ta xay dung day {z,} nhu sau

x, = f(zp-1),n>1 (2.12)

Dat p, = p(rp41,7,),n > 1. Chitng minh tuong tw nhu dinh Ii 2.2.3 ta
thu dugc
lim p(x,, Tpe1) = 0
Do d6, theo bé dé 2.4.1 day {x,} 1a day Cauchy trong X, ma X day nén
day {x,} hoi tu dén z* € X. Tu tinh lien tuc cta f, trong (2.12) cho
n — 0o ta thu duge f(2*) = 2*. Do d6 z* 13 diém bat dong ctia f.
Gia st y* 1a diem bat dong khac z* ctia f. Tit gid thiét ta c6

pla*,y) = p(f(2*), fF(y")) < pla*,y*) — ¢ (p(z*,y%)) < p(a*,y")(vo 1i)

Vay f c6 duy nhat mot diém bat dong.
[]

23



Nhan xét 2.4.4. Dinh [i 2.4.3 trong khong gian siéu metric du ta khong
can gid thiét ¢ khong gidm nhu trong dinh i 2.2.3.
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Chuong 3
Ij’ng dung

Trong chuong nay ching t6i sé trinh bay mot s6 ting dung ctia cac
dinh 1i diém bat dong trong khong gian metric day dudc trinh bay &
chuong 2. Trong dé, ting dung ctia nguyén li anh xa co Banach dugc
chiing toi trinh bay ki hon, cac tng dung lién quan dén viéc khéo sat
sy ton tai nghiém ciia cac bai toan lién quan dén phuong trinh vi phan,
phuong trinh tich phan, hé phuong trinh tuyén tinh, cAc bai toan vé day
s, giadi phuong trinh. Ngoai ra, ching t6i con xay dung maot s6 bai tap

lién quan dén diém bat dong.

3.1 Mot sé6 ng dung ctia nguyén 1y anh xa co Ba-
nach

3.1.1 Su ton tai v duy nhat nghiém ctia phuwong trinh vi phan
v6i diéu kién ban dau

Gia st f(x,y) 1a ham s6 lién tuc trén dai [xg — 7, g + r] X R vA thoa

man diéu kién Lipschitz theo bién y:

|f<$7y) - f(xvy/)‘ < K|y —y/‘,V(ﬂf,y), (xayl) S [330 —T’,LU()—{—T’] X R

, véi K 1a hang s6 duong khong phu thuoc vao z,y. Khi d6 ton tai duy
nhat mot ham kha vi ¢(x) trén doan [zg — 0,9 + 0] C [xg — 7, 20 + 7]
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sao cho:

d

o(T) = yo va d—i = f(:l:, go(x)),VQJ € [xg — 9,29 + ¢ (3.1)

(6 day yo 1a mot s6 cho trude tuy ¥).
That vay, cac diéu kién néu & (3.1) c6 thée viét dusi dang;

@=m+/}wwmw

1
Chon ¢ < min{r, ?} Dinh nghia anh xa:
F : Clzg— 6,20+ 0] = Clxg — 9,20 + ¢
bdi cong thic

Fl)@) =+ [ 1(to0)d

, & day Clzg — §, ¢ + 6] 1a khong gian cac ham lién tuc v6i chuan sup
Ta sé ching t6 rang f 13 4nh xa co. That vay ta c6:

A(F(e). F@) = su I/f,w F(tn(t))di

IL‘O 5 I’0+5

<K§  sup  p(t) —n(t)]
te[xo—0d,x0+0]

= Kdd(p,m) < 0d(p,1)

Vif = K6 < 1nén F la anh xa co. Theo nguyén Iy diém bat dong ton
tai duy nhat ¢ € Clzg — d, 20 + d] sao choF(p) = ¢, tiic 1a

m=%+/}@¢mﬁ

T ding thic nay suy ra

d
o(x) = Yo va d—i = f(x, go(x)),Va: € [xg — 9,20 + ¢
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3.1.2 Ij’ng dung nguyén ly anh xa co cho phuong trinh tich
phan

Xét phuong trinh tich phan

b
@@%:ﬂ@+k/¢@£w@ﬂs

(6 day f 1a ham lién tuc trén doan [a, b], ¢ lién tuc trén doan [a, b] X [a, b]).

Dit M = max{|¢(x,s)| : (z,s) € [a,b] x [a,b]}. Néu || < m thi

phuong trinh trén c6 nghiém duy nhat
That vay, xét anh xa T : Cla, b] — [a, b] cho bdi cong thic

Twmw:ﬂm+xfwm@ww$

Véi bat ki p,n € Cla,b], ta co

AHwﬁwnzigM/wxs —n(s))
< ?%NM \wmwnmw>—nwﬂﬁ
SMM{/W s)|ds

SWM/ﬁ@meﬂMMw—wﬂ%m

Ma [A|M(b—a) < 1 nén T la anh xa co di ti Cla, b] vao chinh né. Theo
nguyén 1i &nh xa co Banach ton tai duy nhat ¢, sao cho
Ty =y,

tac 1a



3.1.3 Ung dung cta nguyén ly anh xa co vao gidi mot s bai
toan veé day sb

Cho day s6 {x,} xac dinh béi

o €R

r, = f(xp_1),n>1 (32

Day s6 nay hoan toan xac dinh néu biét zg, va f. Mot dic diém quan
trong ctia day s6 nay 1a néu né hoi tu vé z thi f(z) = x (v6i gia thiét f
lién tuc).

Néu X 13 tap con déng trong R, zp € X, vd f: X — X 1 anh xa co.
Theo chitng minh nguyén li 4&nh xa co Banach day s6 da cho sé hoi tu
dén diem bat dong duy nhat ctia anh xa f.

Trong phan duéi day tap X ma ching ta xét c6 mot trong cac dang
X =R, X =[a,b], X = [a, +0).

Bo dé 3.1.1. Néu dnh za f : X — X khd vi tréen X sao cho

sup |f'(z)] < 1
zeX

thi f la anh xa co.

Chiing minh. Dat k = sup | f (z)|. Khi dé
reX
Vé6i z,y € X, x # vy, khong mat tinh téng quat gia st z < v.

Vi f kha vi trén X nén f kha vi trén doan [z,y] (gia st < y). Theo

f@)|<kVreX

dinh 1i Lagrange ton tai ¢ € (z,y) sao cho

f@) = fly) = f(c)(z—y)

suy ra

@) = FWI =1 @)z —y)| < Kl —y|.Vo,y € Doz #y  (3.3)

M3t khac, hién nhién(3.3) dang khi z = .
Do dé
[f(@) = f(y)] < klz —y|.Vo,y € X (3.4)

Vik < 1nén fla anh xa co tit X vao chinh né. ]
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Dé tim gi6i han ctia day s6 dang (3.2) ta lam nhu sau
Buéc 1: Ching minh f la &nh xa co
Cach 1: Déanh gia |f(x) — f(y)| theo |x — y|, tim 0 < k < 1 sao cho

|f(z) = f(y)] <kl —y|,Vz,y e X

Cach 2: Néu f kha vi trén X, st dung bo dé 3.1.1
- Tinh |f'(z)], 2 € X

- Chtng minh k& = sup \f'(x)| <1
rzeX
Buéc 2 Gidi phuong trinh f(z) = z trén X tim dugc nghiém duy nhat
.
Budc 3: Két luan: Day da cho hai tu, va gidi han cia day 1a z*.

Vi du 3.1.2. Ching minh day s6 {x,}sau hoi tu va tim gidi han cia

day
1 1
2,2+§,2+—1,2+—1,---
245  2+—7
94—
+2
Loi giai

Dat X = [2, +00). Khi dé X 1a tap con déng ctia dudng thang thuec.
Xét ham s6 f: X — X x4c dinh béi
1

f(x) :2—|—E,5L’6X
Khi dé6, day s6 da cho dugc xac dinh béi

rp=2€X

’ (3.5)
Tp = f(xn—l)an > 1

Véi bat ki o,y € X, ta ¢

11, |z—y

1@ = F0)] = 17 =1 = = < gl =yl

Do dé6 f la anh xa co tu X vao chinh né. Theo nguyén 1i anh xa co
Banach f c6 duy nhat diém bat dong z*, va 2* 1a giéi han ctia day ban

dau
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Phuong trinh f(z) = 2 ¢6 nghiem duy nhat z = 1+ /2.
Vay
lim z, =1+ V2.

n—oo

Sau day ta c6 bai todn tong quét cia bai toan trén

Vi du 3.1.3. (Tong qudt): Véi a > 1 cho trudc. Chiing minh diy sb

sau hot tu va tim gidi han ciua day

1 1 1
a,a+—,a+—1,a+—1---
a
a+ — a+t—m7
@ a—+ —
a
Loi giai

X = [a,+00) la tap con dong trong R.
1

xét anh xa f: X — X xéc dinh béi f(z) =a+—, 2 € X
T

Khi dé6, day s6 da cho xac dinh béi

ro=a € X

r, = f(xp_1),n>1

Ta co

lz—yl 1
|f(x) — fly)] = o Sglﬂf—ylﬁx,yeX

1
Véia>1thi k=— <1neén [ laanh xa co tit X vao chinh né. Do do
a

day s6 da cho hoi tu dén diém bat dong duy nhat cta f.

. 2144

Phuong trinh f(x) = z ¢6 nghiém duy nhat trén X la z = o ; i :
. a++Va2+4
Vay lim z, = ,

n—00 2
Vi du 3.1.4. Cho day 6 {x,}n>1 nhu sau
r1=beR
2009 (3.7)

Tns1 = —3—In(z,? + 2009%) — 2009,V = 1,2,

Chiing manh rang day s6 {x,} cé gidi han hitu han khi n — oo
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Loi giai
Xét ham sb

2009
f(z) = = In(z? + 2009%) — 2009%, z € R

Khi d6, day s6 da cho xac dinh béi

1 =b€ER
' (3.8)
$n=f($n,1),n22
Ta co
, 2009  2|z|
F @)l == o000
2009 2z

1<1V eR
= = T
— 3 2x2009x] 3 7

Do dé f la anh xa co tit dudng thing thuc vao chinh né. Vi vay, day sb
da cho hai tu dén diém bat dong duy nhat cia f

Vidu 3.1.5. Cho a > 0, day {x,}n>1 zdc dinh nhu sau

1 = a
; L4 (3.9)
Tpe1 = logs(x,” +1)3 + g,n > 1
Chatng manh déy s6 da cho hoi tu va tim gidi han cia day.
Loi giai
Tap X = [0, +00) 1a tap con déng ciia dudng thang thuec.
Dat A
flz) = logy(2® + 1)5 + 3% € X.
Khi d6 day s6 da cho duge xac dinh béi
r1=a€X
' (3.10)
In+1 = f(xn),n Z 1
Ta c6
’ ZC2
= Ve e X
£ @)= g
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Suy ra

: V4
<

Fal<

Do d6 f la anh xa co di tt Xvao chinh né. Theo nguyén li anh xa co

<1,Vxre X

Banach day s6 da cho hoi tu dén diém bat dong duy nhat cta f.
Dé thay z = 2 € X thod man phuong trinh f(z) =z .
Vay

lim x, = 2
n—o0

Vi du 3.1.6. Ching minh day so sau hoi tu va tim gidi han cia day

1
Ty — =

7 (3.11)

T, = gsinxn_l,n >1
Loi giai

Chda y: |sinz| < |z|,Vz € R
Xét ham s6 f(x) = gsinx,aj € R.
Khi dé6, day s6 da cho x4c dinh béi

1
ro=—-€ X

7 (3.12)
Iy = 5f(xn—1)7 n=>1

Véi z,y € R tuy v, ta c6

1 . 1 .
|[f(z) = f(y)] = |z sinz — £ siny
2 r—y r+y

= —|sin COS |
) 2 2

Mat khac

< TV oy
2 2

5 1S

]sinaj , | cos

Suy ra
1
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Do d6 f 1a anh xa co tit dudng thang thuc vao chinh né. Theo nguyén
1i anh xa co Banach, day sé da cho hoi tu dén diém bat dong duy nhat
cua anh xa f.

Dé thay phuong trinh ésinx = x nhan x = 0 13 nghiém

Vay

lim z, =0
n—oo

Tong quéat: Cho a,b € R, trong d6 |a| < 1. Khi dé day s6
o = b
(3.13)
Tp, =asinz, 1,n>1
c6 giéi han bang 0
That vay, lam tuong tw nhu vi du 3.1.6 véi f(r) =asinz,z € R

Vi du 3.1.7. Tim ¢i61 han cia day s6 {x,} zdc dinh bdi

1
To — =
¢ (3.14)
T, = —sina?_;,n >1
3
Loi giai
Dé thay.
1 1
__an§_7vn20
3 3

11
Dat X = [—g, g] Khi d6, X 1a tap con déng trong R
Xét ham s6

1
f(x) = gsinxQ,J; e X
Khi dé6, day s6 da cho xac dinh béi
ro € X

(3.15)
Ty = f(xn—l)yn > 1

Véiz,y € X, taco

F(z) — Fly)| = %\sinxQ

2 2Py a4y
—g\sm 58— |

— sin |
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Mat khac ) ) ) )

2 - 2

a:2—|—y2
2

|sinx ,| cos | <1

Do dé

F@) - fW)] < 2 - )]

o~ ylle ol < 2o —ullle] + yl] < Sle —y
= —|v —y||z =z —y|||* —|T —
3 Yy YI=3 Yy Y=g Yy

2
Vi 9 < 1 nén f la &nh xa co tit X vao chinh né. Theo nguyén li &nh xa
co Banach day s6 da cho hoi tu dén diem bat dong duy nhat cta f.

2

. s 1
De thay phuong trinh 3 sinx® = x nhan r = 0 € X 1a nghiém.

Vay

lim z, =0
n—oo

Vi du 3.1.8. Cho day s6 {u,} dudc zdc dinh nhu sau

ug = —2010
(3.16)
U, = sin?(u,_1 +3) —2011,n > 1
Chaing minh déay s6 da cho hoi tu.
Loi giai
Dé thay
—2011 < upy1 < —2010,Vn >0

Tap X = [-2011, —2010] 14 tap con déng trong dusng thang thuc.
Xat anh xa f : X — X xac dinh bdi

f(z) =sin*(z +3) — 2011,z € X
Khi d6, day s6 da cho xac dinh béi

ug € X
’ (3.17)
Up = f(un—l)an Z 1

Ta c6 |f (x)] = |sin(2z + 6)|,Vz € X
Vi |f'(x)| 1a ham lién tuc trén doan [—2011, —2010] nén né dat dugc gia
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tri 16n nhat trén doan dé
Diit

o= max | sin(2x + 6)]
2€[—~2011,-2010]

Ro6 rang a < 1. Ta sé chi ra a < 1. Xét phuong trinh

|sin(2x 4+ 6)] = 1 < cos(2z +6) =0
@2x+6:g+kw,k€Z

& T 3+lm
Tr=—— -
4 2

k
M3t khac, fk € Z sao cho % -3+ g € [—2011, —2010]
Suy ra
f (@) <a<lVreX

Do d6 f la anh xa co tu X vao chinh né. Theo nguyén li anh xa co

Banach day s6 da cho hoi tu dén diém bat dong duy nhat cta f

Vi du 3.1.9. Cho day s6 {x,} dugc zdc dinh nhu sau

1
Tog—=— =
2 (3.18)

x, =In(1+e 1), Vn > 1
Chitng minh day so da cho hoi tu va tim ¢idi han cia day.
Loi giai

Tap X = [0, +00) 1a tap con déng trong dudng thang thuc.
Xét ham s6 f : X — X xac dinh bdéi

f(z)=In(14+e "),z e X

Khi dé6, day s6 da cho xac dinh béi

T € X
’ (3.19)
xn:f(xn—l)yvnzl
Ta cb6 . | |
/ —€
— = < - VeelX
f@l =1l =g < 5
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Do d6 f la anh xa co tu X vao chinh né. Theo nguyén li anh xa co
Banach day s6 da cho c6 gisi han 1a diém bat dong duy nhat cta f
Xét phuong trinh sau trén X
In(l+e*)=rvelte=e"
Se—e"—1=0

P_1+V5
= e = 5
1 5
< x = In( +2\/_)(thoé méan )

Vay
. 1+ \/5
lim z,, = In(

n—00 2

).

1
Vi du 3.1.10. Cho a > —. Tim gidi han cia day s6 {z,}n>1 sau

\/a+\/ \/a—|— +\F

n dau can

Li giai

Tap X = [\/a, +00) 1a tap con déng ctia dudng thang thuc.
Xét ham s6 f: X — X x4c dinh bdi

flz)=vVa+z,xe X
Khi d6, day s6 da cho xac dinh béi

=vaeX

(3.20)
Ty = f(xp_1),Vn > 2

Véi bat ki o,y € X, ta ¢

[f(z) = f)l = [Va+z—va+yl

[z —y|
va+x+/a+y



1 1 1
Véiazzthik: < < 1.

2v/a++va  2Va

Do d6 f la anh xa co di tt X vao chinh n6. Theo nguyén 1i anh xa co

Banach day s6 da cho c6 giéi han 1a diém bat dong duy nhat cta f.
Giai phuong trinh sau trén X

flz)=reVat+orz=x

1++vV1+4a

ta dugc nghiém z =

2
Vay
) 1++1+4a
lim z,, = 5
n—oo

Vi du 3.1.11. Cho day s6 {x,} zdc dinh nhu sau

T = 10
1 (3.21)
Ty, = gln(l +28 ),n>2
Tim gidi han cia dday so da cho.
Loi giai
Tap X = [0, +00) 1a tap con déng trong dudng thang thuc
) 1
Xét ham s6 f(z) = gln(l +29),r e X
Khi dé6, day s6 da cho xac dinh béi
r € X
! (3.22)
z, = f(xp_1),n > 2
Ta co 6.5
/ X
= _—— 26X

Theo bat dang thitc Cauchy ta c
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Do doé .
) < —=<1,Vxr e X.
£ ( )I_\G/g

Do d6 f la anh xa co di tu X vao chinh n6. Theo nguyén i anh xa co
Banach day s6 da cho hoi tu dén diém bat dong duy nhat cta f.

Dé thay z = 0 € X tho&d man %ln(l + 2%) = .

Vay day s6 da cho c6 gi6i han bang 0.

3.1.4 Dung nguyén ly anh xa co vao giai toan

Bai tap 3.1.12. Xét hé phuong trinh tuyén tinh n an

n

xT; = Zaij.ilﬁj -I-bZ,Z = 1,2,' -, N,
j=1
trong dé a;j,b;(i,7 = 1,2,--- ,n) la nhing s6 thuc cho trudc. Ching minh
rang hé phuong trinh trén cé nghiém duy nhat néu mot trong nhing diéu
kién sau thoa man:

1) Y aijl <a<li=1,2,--- ,m
j=1
Q)Z‘G’U‘ <a< 17] - 1727'” 2
i=1
3) >3 a?j <a<l
i=1j=1
Ching minh. Xét anh xa f: (R",d) — (R",d) cho béi
fl@)=Az+b, §d6 A= (aij)nxn b= (b1,ba, -+ ,b,)"
, trong cac truong hgp sau

1) di(z,y) = max |z; — ;.

Khi d6, (R", d;) 1a khong gian metric day. Véi 2 diem bat ki
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xr = (xhx% e ,Zlfn),y - (y17y27 te nyn) tI‘OHg Rna ta co

di(f(z), f(y)) = max ’Zaij(x

1<i<n

< max Z ||z —

1<i<n

< max Z \aij\dl(a:,y) < Ofdl(x,y)

1<i<n <

Ma a < 1 nén f la 4nh xa co. Theo nguyén li anh xa co Banach f c6
duy nhat diém bat dong. Do d6 hé phuong trinh da cho c6 nghiém duy
nhét. .

2) do(,y) = 21 |z — yil.

Khi dé, (R", czZ;) 14 khong gian metric day. V6i 2 diém bat ki

r = (21,20, ,Zn),y = (Y1, Y2, -+ ,Yn) trong R", ta c6

do(f(x), f(y)) = Z |air(x1 — y1) + a(T2 — y2) + -+ @in(Tn — Yn)|

< (O laallzr — wl + laillzs — ya| + -+ + lail |20 — yal)
=1

n n
<O lanhlzr =l + O lanl)|ws — yol + -+
=1 1=1
n
+ (O lain))zn — ynl
i=1

S Oédg(x, y)|

Ma v/a < 1 nén f la anh xa co. Theo nguyén li 4&nh xa co Banach [ c6
duy nhat diém bat dong. Do d6 hé phuong trinh da cho c6 nghiém duy
nhét.

d3xy \/szyz-

Khi d6, (R", d3) 13 khong gian metric day. V6i 2 diém bat ki
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xr = (xhx% e ,Zlfn),y - (y17y27 te nyn) tI‘OHg Rna ta co

n

d3(f(x), f(y)) = \ D (= y1) + (s — y2) + <+ + a0 — yn)|?

1=1

i=1 j=1

< \ ZZ@% : Z |z — yi? < Vads(z,y)
1=1

Ma v/a < 1 nén f la anh xa co. Theo nguyén li &nh xa co Banach [ c6
duy nhat diém bat dong. Do d6 hé phuong trinh da cho c¢6 nghiém duy
nhat. ]

Bai tap 3.1.13. Cho (X, d) la khong gian metric day. Gid st f : X — X

la dnh za thod man f~ la dnh za co vdi N nguyén duong nao dé. Ching

minh rdng f c6 duy nhdat mot diém bat dong.
Loi giai

Theo nguyén li anh xa co Banach fV c¢6 duy nhat diem bat dong z
Ta c6

@) = (Y (@) = f(2)
Do dé6

Y (f(@) = fl=)

nén f(z) ciing 14 dieém bat dong cta fV.
Vi diém bat dong ciia f 14 duy nhit nén f(z) =
Gia stt y cling la diém bat dong ciia f, tic 1a f(y)=y.
Khi doé

Do d6 y ciing 1a diem bat dong ctia fV. Do tinh duy nhat diém bat dong
cia fV nén v = y. Vay f c¢6 duy nhat diém bat dong.
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Bai tap 3.1.14. Cho ham s6 x(t) khd vi trén doan [0, 1] thod man cdc
dieu kién: |

0<x(t)<1,0<z(t) < 5 ¥t € [0,1]
Xét sy ton tai va duy nhat nghiém cia phuong trinh x(t) —t = 0 trén
doan [0, 1]

Loi giai

Doan [0, 1] 1a tap con déng ctia duong thang thuyc.
Ham s6 x : [0,1] — [0,1] kh& vi trén doan [0, 1].
T gid thiét ta c6

sup |z (t)] < 1
te[0,1]

Theo bd dé 3.1.1 z 1a anh xa co di tit [0, 1] vao chinh né. Theo nguyén
Ii 4anh xa co Banach = c¢6 duy nhat diéem bat dong. Do d6 phuong trinh
z(t) —t = 0 ¢6 duy nhat nghiém trén doan [0, 1].

Bai tap 3.1.15. Cho dnh za T : C|0,1] — C|0,1] zdc dinh bdi

T(f)e) =+ 5 [ rtyat
0

Hay ching té rang ton tai duy nhdat mot ham khd vi f trén doan [0,1]
thod man dieu kién

fla) =e" +af(a?)

f(0)=1

Lai giai.

(3.23)

Véi moi f, g € C[0,1] ta cé
d(T(f),T(9)) = sup |T(f)(z) —T(9)(=)]

x€0,1]

z€(0,1

17
< sw / £(2) — glt)ldt
1

[ 170~ gt < 3at5.0)

0

[\
DN | —
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1
Vik= 5 < 1 nén 7' 1a &nh xa co tit C[0, 1] vao chinh n6. Theo nguyén
Ii anh xa co Banach ton tai duy nhat mot ham f € C|0, 1] thod man
T(f) = ftucla

f(z) =¢€" +%/f(t)dt

Tt day suy ra f 14 ham kha vi v thod man diéu kién

f(z) = e +af(?

o) (3.24)

Néu g 1a mot ham thod man diéu kién trén thi

{E2

g(x) =e" + % /g(t)dt

0

tic 14 T'(g) = g. Nhu vay g 14 diém bat dong ctia &nh xa 7. Vi T c6 duy

nhat diém bat dong nén ta c6 f = g.
3.2 Xay dung mot sé bai toan lién quan dén diém

bat dong

Bai tap 3.2.1. Giai phuong trinh sau

4

sinz” = 2z
Loi giai
~ Z Z N . 2 N S 1 1
Dé thay néu z la nghiém cua phuong trinh thi x € [—5, o1k
11 )
Dat X = [—5, 5] Tap X la tap con dong ctua duong thang thuc.

Xét anh xa f : X — X xac dinh bai

1
f(z) = §sinx4,az € X
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Lay bat ki z,y € X, ta c6
1 . 1
Lﬂ@—:ﬂw\=§Hmw4—$n¢1§§h4—yﬂ
1
=§m—mu+ym¥+f|

1 1
§§M—m¢ﬂ+wmﬁ+yﬁéim—y

1
Vi 1 < 1 nén f la anh xa co. Theo nguyén li &nh xa co Banach f c6 duy
nhat diem bat dong. Do dé phuong trinh da cho cé nghiém duy nhét.
Dé thay = = 0 thod man phuong trinh.
Vay phuong trinh da cho c¢6 nghiém duy nhat x = 0.
Bai tap 3.2.2. Giai phuong trinh sau
e ST _ 1 g =0
Loi giai

Phuong trinh da cho tuong duong véi phuong trinh

ein?
e ST _ 1 — o

1 :
Vi0<sin?z <1nén - < e~ sin’w <1.
e
Do dé néu phuong trinh da cho c¢6 nghiém thi

1
- —1<z<0
e

1 2

Tap X = |- — 1,0big] la tap con déng trong dudng théng thuc.
e

Xét ham s6 f : X — X xac dinh bdi

f(x) = e ST _ 1 pe X

Ta co

1 ()] = | - e_Sin2xsin2:z:| = e_Sin2I| sin2zx|,x € X
Vi
trén X. Dat

/ 1 . z
f (x)| lién tuc trén X = [— —1, O} nén né dat dugce gia tri 16n nhat
e

!

k= max |f (@)
<[]
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Ta c6
0<e %<1 0< |sin2z| <1,Vz e X
Suy ra
e_sm%\ sin2z| < 1,Ve € X
Do dé k < 1. Vi vay f la anh xa co di tit X vao chinh n6. Theo nguyén
1i anh xa co Banach f c6 duy nhat diém bat dong. Do dé phuong trinh
da cho c6 nghiém duy nhét.
Dé thay x = 0 € X thod man phuong trinh. Vay phuong trinh da cho
c6 nghiém duy nhat z = 0
Bai tap 3.2.3. Mot dnh za di tu khong gian metric day vao chinh né
c6 duy nhat diém bat dong cé phdi la dnh za co khong?
Loi giai
Anh xa f c¢6 thé khong 13 anh xa co.
3
That vay, xét X = [O, Z} v6i metric cam sinh bdéi metric thong thuong
trén R. Vi X déng trong R nén X 1a day
Ta xac dinh anh xa f : X — X x4c dinh béi f(z) = 22,2 € X
Phuong trinh f(z) = z trén X ¢6 nghiém duy nhat x = 0 nén f c6 duy
nhit diém bat dong.
Tuy nhién f khong phai 14 4nh xa co, vi néu ngudc lai f 13 4nh xa co sé
ton tai k € [0,1) sao cho
) 3 1

Lay x = 7Y=3 ta thu dugc

3. 1, 3 1

V2 (22 < B2 - =

Gy = (P <M~

5 .
Suy ra k > 1 > 1, mau thuan 0 < k < 1. Do d6 f khong phai la anh xa
Co.
Bai tap 3.2.4. Cho (X,d) la khong gian metric day. Gid st f : X — X
la anh za thoa man

d(f(x), f(y)) <d(z,y) —In (1 +d(z,y)), Yo #y
Ching minh f c6 duy nhat diém bat dong.
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Loi giai
Xét anh xa ¢ : [0,400) — [0, 4+00) xéc dinh bdi
() =In(l+1),t € [0,+00)

Dé thay anh xa ¢ lién tuc thod man cac diéu kién
(i) #(t) = 0 néu va chi néu ¢t =0
ii) ¢ khong gidm, vi

Anh xa f thod mén
d(f(x), f(y)) < d(z.y) — ¢(d(2,y)),Vz #y
Do dé6, theo dinh li 2.2.3 f c6 duy nhat diém bat dong.

Bai tap 3.2.5. Cho danh za A zdc dinh trén nida khodng [2,+00) vdo
1
chinh né bdi cong thic A(x) =z + —. A ¢6 phai la dnh za co khong? Vi
x
sao?
Loi giai

TapX = [2, +00) la tap con déng trong dudng thang thuc. Do d6 X cling
v6i metric cAm sinh bdi metric thong thuong trén dudng thing thuc 13
khong gian metric day.

Gia st f la anh xa co. Khi d6, theo nguyén 1li 4&nh xa co Banach f c6

duy nhat diém bat dong z*. Tuy nhién, phuong trinh
r 4+ — = x vd nghiém trén X
x

Do dé f khong phai 1a anh xa co

Bai tap 3.2.6. Lay vi du vé mot khong gian metric day X ma moi dnh
za lien tuc di t& X vao chinh né déu cé diém bt dong? Diém bat dong

nay c¢é duy nhat khong?
Loi giai
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X = [0, 1] v6i metric cAm sinh b&i metric thong thusng trén dudng thang
thuc 14 khong gian metric day.
Gid st f :[0,1] — [0,1] 1a 4nh xa lién tuc. Xét ham s6

g(‘/]j) - f(l") —I,TE [07 1]

Vi f lién tuc trén doan [0, 1] nén g lién tuc trén doan [0, 1].
Mat khac
9(0)g(1) = (f(0) = 0)(f(1) —1) <0
Suy ra, ton tai ¢ € [0, 1] sao cho g(c) = 0, tic 1a f(¢) = ¢. Do d6 ¢ la
diem bat dong cta anh xa f.
Diem bat dong ctia f c6 thé khong duy nhat, ching han xét
f:[0,1] — [0,1] xac dinh béi f(x) = 22,2 € [0,1], thi f c6 2 diém bat

dong la 1 =0, x9 = 1.

Bai tap 3.2.7. Cho day so

5,5 15 L 5 L
) +ga +—17 +—17
S+s St —
5 —_
+5

Chatng minh day so cé gidi han hin han va tim gidi han cia day.
Loi giai
Ap dung vi du 3.1.3, v6i a = 5 > 1, day s6 da cho hoi tu va c6 gidi han

. 5+ v29
lim z,, = ———

n—00 2

1a

Bai tap 3.2.8. Lay vi du vé mot khong gian metric di (X, d) ma mos
anh xa X — X thoa man

d(f(2), f(y)) < d(z,y),x#y
déu c6 duy nhat diém bat dong.

L3i giai
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Lay X = R, d 13 metric rdi rac trén X, tic 1a

0 nbuzx=y
d(z,y) = )
1 neuz#y

Ta sé chi ra (X, d) 1a day. That vay, gia sit day Cauchy {z,} trong (X, d).
Khi d6, ton tai ng sao cho
d(Tm, ) < 1,¥Vm,n > ny

=d(Tpm, x,) = 0,Ym,n > ng

=Ty = Tp, VI, N 2> Ny = Ty, = Ty, VL > Ny
Vi vay day {z,} hoi tu. Do d6 (X, d) 14 khong gian metric day.
Véi x # y theo gia thiét ta c6

d(f(z), fly) < d(z,y) =1= f(z) = f(y)
Do dé, f 13 anh xa hing. Vi vay f c6 duy nhat diém bat dong.
Bai tap 3.2.9. Cho (X, p) la khong gian siéu metric day, f : X — X
la anh xa thoa man

p(f(@), f(y)) < p(z,y)In (p(z,y) + 1), Yo,y € X
Ching minh f c6 duy nhat diém bat dong.
Loi giai
Xét anh xa ¢ : [0,400) — [0, +00) xac dinh bdi
o(t) =In(t+1),t >0

Dé thay ¢ 1a anh xa lién tuc. Ngoai ra ¢ thod méan cac diéu kién
(i) p(t) =0<=t=0
(ii) o(t) < t,Vt >0
That vay ham ¢(t) = In(1 +¢) — ¢,t € (0, +00) c6 dao ham

—t
1) =——<0,Vt>0
9 =177

Do dé
g(t) < g(0)=0,Vt >0
Theo dinh 1i 2.4.2 f c¢6 duy nhat diém bat dong.
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Bai tap 3.2.10. Tim gidi han cia day s6 {x,}n>1 sau:

xnz\/3+\/3+\/3+---+\/§

n ddu cin

L3i giai

Ap dung vi du 3.1.10 trong trudng hop a = 3. Day sb da cho c6 giéi han

14413

la ——.

2

Bai tap 3.2.11. Gid st f : [a,b] — [a,b] la mot ham s6 thod man diéu
kién

[f (@) = fW)| < |z —yl,Va,y € la,b],z #y
Chaing minh rang phuong trinh f(x) = x c¢6 nghiém duy nhat.

L3i giai

Tap X = [a, b] 1a tap con compact trong duong thang thyc. Do d6 X
cung véi metric cam sinh bdéi metric thong thuong trén R 1a khong gian
metric compact.

Mat khac, anh xa f thod man |f(z)— f(y)| < |x—y|,Vo,y € X, x #y
nén theo dinh 1 2.1.8 f c6 duy nhat diém bat dong. Vi vay phuong trinh
f(z) = x c6 nghiém duy nhat.
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KET LUAN

Két qua da dat dugc

Dé tai tap trung vao viéc nghién citu mot sé dinh 1y diém bat dong
trong khong gian metric day va cac ting dung ctia ching, va da dat dugc
két qua nhu sau:

- Xay dung mot sé dinh li diém bat dong trong khong gian siéu
metric day. Cu thé 1a dinh 1y 2.4.2 v& dinh 1y 2.4.3.

- Néu dugc mot s6 ting dung clia nguyén 1y anh xa co Banach trong
cac bai toan so cap ve day sb, ve gidi phuong trinh, ciing nhu gidi mot
s6 bai toan cao cap.

- Xay dung mot s6 bai toan lien quan dén diém bat dong.
Huéng phat trién dé tai

- Tim vi du minh hoa cho cac két qua chinh.

- Nghién citu dinh li diém bat dong theo huéng: Dat cac diéu kién
trén ham f, ciing nhu xét trong 16p khong gian metric day dac biét nhu
khong gian Banach, hodc trong mé rong khong gian: khong gian metric

noén, khong gian kieu metric.
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