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MO DAU

1. Li do chon dé tai

Li thuyét phuong trinh vi phan dao ham riéng duge nghién cttu dau
tién trong céc cong trinh cua J. D’Alembert (1717-1783), L. Euler (1707-
1783), D. Bernoulli (1700-1782), J. Lagrange (1736-1813), P. Laplace
(1749-1827), S. Poisson (1781-1840) va J. Fourier (1768-1830), nhu la
mot cong cu chinh dé mo ta co hoc cling nhu mé hinh gidi tich cia Vat
1i. Vao gitta thé ky XIX vdi su xuat hién cac cong trinh ctia Riemann,
1i thuyét phuong trinh vi phan dao ham riéng da chiing t6 14 mot cong
cu thiét yéu ciia nhiéu nganh toan hoc. Cudi thé ky XIX, H. Poincaré
da chi ra mo6i quan hé bién ching gitta li thuyét phuong trinh vi phan
dao ham riéng va cidc nganh toan hoc khac. Sang thé ky XX, Ii thuyét
phuong trinh vi phan dao ham riéng phat trién vo ciing manh mé nho
c6 cong cu giai tich ham, dac biet 1a tir khi xuat hién li thuyét ham suy
rong do S. L. Sobolev va L. Schwartz xay dung.

Nghién citu céac phuong trinh va hé phuong trinh elliptic tong quat
da déng vai tro rat quan trong trong li thuyét phuong trinh vi phan.
Hién nay cac két qua theo huéng nay da tuong déi hoan chinh. Cung véi
sit phat trien khong ngiing clia toan hoc ciing nhu khoa hoc céng nghé
nhiéu bai toan lién quan téi do tron ciia nghiém cac phuong trinh va he
phuong trinh khong elliptic da xuat hien. Cé mot s6 16p phuong trinh,
trong dé c6 16p phuong trinh elliptic suy bién, 6 mot khia canh nao do6
cling ¢6 mot s6 tinh chat gidng v6i phuong trinh elliptic. Tuy nhién cac
két qua dat duge cho cac phuong trinh phi tuyén elliptic van con it, chua

day du. Véi cac li do néu trén ching toi da chon dé tai nghién ctiu la



“Dang diéu tiém can nghiém ctia phuong trinh hyperbolic tat

dan chita toan ti Grushin. 7.

2. Tong quan tinh hinh nghién citu thuodc linh vuc ciia dé tai
Cac nghién ctu vé phuong trinh elliptic da dudc dé cap kha nhiéu

trong cac cong trinh [15,24, 31, 32,61] va cac trich dan thém & trong

d6. Cac két qua dat dude doi v6i phuong trinh elliptic, hé phuong trinh

elliptic, phuong trinh parabolic, va phuong trinh hyperbolic tit dan 1a

tuong doi tron ven.

Nam 1970, nha toan hoc ngusi Nga V. V. Grushin da dua ra toan tit
Gr = A, + |z*A, v6i (z,y) € QC RV Ny Ny > 1 k€ Zy
trong [26], tac gia V. V. Grushin da dat dugc cac két qua sau:
e Néu k = 0 thi Gy 1a elliptic trong mién .

e Néu k > 0 thi G}, khong 1a elliptic trong mién Q C RM+N ¢6 giao

khac rong v6i mat = = 0.

Day la vi du dién hinh cho 16p toan ti hypoelliptic, nhung khong
1a elliptic. Nha toan hoc V. V. Grushin da chiing minh dugc néu Ghu
la ham kha vi vo han trong mién € thi u cting kh& vi vo han trong
mien € va cac tinh chat dia phuong ciia G}, dude tac gid nghién citu kha
day du trong [26]. Nhitng két qua mang tinh tién phong nay da thuc
day hang tram cong trinh nghién cttu sau dé. Mot s6 chuyén gia ngoai
nude ciing da nghién citu phuong trinh elliptic suy bién, phuong trinh
parabolic suy bién, phuong trinh hyperbolic suy bién va ciing da dat
duge mot s6 két qua trong cac cong trinh [13,14,25,26,33,35-39, 55, 69]
va cac trich dan thém & trong d6. Mot sb tac gid trong nudc cling dat

dudc cac két qua sau sac trong viéc nghién citu cac phuong trinh, he
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cac phuong trinh elliptic suy bién phi tuyén, phuong trinh parabolic suy
bién, va phuong trinh hyperbolic suy bién. Cac két qua da dat dugc
la: sy ton tai va khong ton tai nghiém ctia bai toan bién cho phuong
trinh elliptic suy bién, hé phuong trinh elliptic suy bién trong cic cong
trinh [5,6,19-21,34,58,60,62-65] va cac trich dan thém & trong dé. Su
ton tai nghiém, dang diéu tiém can nghiém ciia phuong trinh parabolic
suy bién, trong cac cong trinh [1-4,7,9,51] va cac trich dan thém & trong
d6. Tinh diéu khién dudc ctia phuong trinh parabolic suy bién chia todn
ti Grushin trong cac cong trinh [8,9].

Nam 2012 cac tac gia A. E. Kogoj va E. Lanconelli da dua ra toan
t tong quat cho hai toan ti Grushin va toan tit Py, i, trong [35], da
chi ra s6 mil t6i han clia dinh li nhing kiéu Sobolev, ddng nhéat thiic
kiéu Pohozaev, chiing minh su ton tai nghiém yéu va tinh chinh quy ciia

nghiém yéu ctia bai toan sau bang phuong phap bién phan:

{Avu —nu+ f(X,u) =0 trong (2, 0.1)

u=0 trén 0,
g do Q la tap mé bi chan trong RV, n > 0 va A, N duge dinh nghia
trong Chuong 1.
Ham f:Q x R — R I3 ham lién tuc théa man:
o f(X,€&) =o0(¢) khi &€ — 0 déu véi moi X € Q,
o f(X,§ = o(f%) khi & — oo, déu v6i moi X € €,
e Ton tai hai hiang s6 p > 2,up > 0 théa man £f(X, &) > uF(X,§)

£
V6l [€] > ug va FI(X,€) > 0 v6i € > g, FI(X,€) = Off(X,T)dT.

Nam 2016 céc tac gia C. T. Anh, va B. K. My trong [5] da nghién



cltu sy ton tai nghiem ctia Bai toan (0.1) v6i n = 0 va dieu kién cta

f:Q xR — R Ia ham lién tuc théa man:

e f(X,0)=0, lim %zogizﬂ.

€] —to0 €177 N2’
e lim ‘FE@Q = 0 ddu v6i moi X € Q, trong dé
|€| =00
3
F(X,8) = [ f(X,7)dr;
0
e limsup F%f) < pp déu véi moi X € Q, v6i uy 1 gia tri rieng dau
|€[—0

tién clia toan tt —A, trong mien  véi dieu kieén bien Dirichlet

thuan nhat;
e Ton tai C, > 0,60 > 0 thoa man:
H(X,6) <OH(X, &) + O, V60,86 € R0 < [§] < [&f, VX € €,
trong d6 H(X,§) = 3¢ f(X,€) — F(X,€).

Khi d6 Bai toan (0.1) luon c6 nghiem yéu khong tam thuong. Va
nhiéu két qua doi v6i bai toan chiia toan ti —A., ta c6 thé xem trong
16,37, 38, 46, 66, 67].

Cac két qua vé su ton tai nghiem, dang diéu tiém can nghiém cia
phuong trinh hyperbolic tit dan chita toan tit elliptic va toan ti elliptic
suy bién trong mién bi chin cling da dat duge mot s6 két qua nhat dinh.
Ta xét bai toan sau:

u + Puy = Au+ f(X,u), X €Q,t>0,
w(X,t) =0, X e€ot>0, (0.2)
u(X,0) = ug(X), u (X, 0) = uy (X),
trong dé € 1a mién bi chin c6 bién tron trong RY, 3 1a hang s6 duong
va ug(X) € HE(Q),u1(X) € L*(9).



- Nam 1984, J. K. Hale trong [28] va A. Haraux trong [30] da ching
minh dugdc su ton tai nghiém toan cuc va tap hit toan cuc ciia Bai toan
(0.2) vé6i dieu kién sau f(X, &) = f(€) € C(R;R), N > 3 va thoéa man:
f(€)

, liminf —= > — ).

1
PN G +1), 0<p < F— limin

- Nam 1989, A. V. Babin and M. L. Vishik [11] da ching minh duge
s ton tai tap hat toan cuc ciia Bai toan (0.2) trong trudng hgp s mi
2

tdi han, tic la p = = va sau do dugc tong quat baéi J. M. Arrieta, A.

N. Carvalho, va J. K. Hale [10].

- Nam 1988, R. Temam [56] da chiing minh duge sy ton tai cia tap
hit toan cuc ctia Bai toan (0.2) va nam 1994, E. Feireisl [23] da ching
minh tap hiat toan cuc cé s6 chieu fractal 1a hitu han véi diéu kién sau

FX,8) = g(&) + h(X),h(X) € L*(R2),g(§) € C*(R;R) théa man:

9
L inf Gg(f L=, it ) Z:flG(g) >0, G(¢) = O/ g(r)dr,e; > 0,
va

0<p<oo khiN=1,2
(€] < Gl 4| vii § 0<p<2 khi N =3
p =0 (tic la ¢ la bi chan) khi N > 4.
- Nam 1991, J. K. Hale and G. Raugel [29] d& ching minh dugc
S ton tai nghiem toan cuc va tap hat toan cuc ctia Bai toan (0.2) véi
N =2, f(X,&) = f(£) théa man dieu kién ting trudng mi

f e CR:R), |£(€)] < 9, Emi“f@ .

trong dé6 # la ham lién tuc thoa man



- Nam 2004, J. M. Ball trong [12] da chting minh duge sy ton tai
tap hut toan cuc ctia Bai toan (0.2) bang phuong phép phuong trinh
nang lugng véi dieu kien ctia ham f(X,€) = f(£) 1a ham lién tuc thoa

man liminf £& > —\;. A\, 1a gia tri rieng diu tién ctia toan t —A

€l—+oo &
véi dieu kien bién Dirichlet thuan nhat va [f(£)] < Cy (1 + \ﬁ\f\f]i?) néu
N > 2,Cy > 0 1a hiing s6, |f(€)] < €’®, néu N = 2 trong d6 6 1 ham

lién tuc thoa man lim ALy

gooe &
- Nam 2014, céc tac gid A. E. Kogoj va S. Sonner trong [37], da
nghién citu Bai toan (0.2) suy bién ¢6 dang sau:
up (X, t) + Pur = Lu(X,t) + f(u(X, 1), X eQt>0,
wW(X,8) =0, X e€ant>o, (0.3)
u(X,0) = ug(X),u(X,0) = uq (X),
trong dé  1a mién bi chiin c6 bién tron trong RY, 8 1a hing s6 duong,

£ 1a toan tit X — elliptic (xem [37,39]), va f(£) théa man diéu kien:

o |f(&)—[(&)] < Cla—&|(1+ &l + &), v6i C > 0,0 < p < T2,
q 1a hing s6 duge dinh nghia trong [37];

e lim sup@ < p1, v6i py 1a gia tri rieng dau tién cia toan tu —L

|§|=+o00
trong mién  véi dieu kién bién Dirichlet thuan nhat.

Khi d6 Bai toan (0.3) ¢6 nghiém toan cuc, c6 tap hat toan cuc va sb
chicu fractal ctia tap hat d6 1a hitu han.

Cung vdi viec nghién cttu Bai toan (0.2) nhiéu tac gia ciing nghién
cttu bai toan d6 trong mieén khong bi chin va ciing dat duge mot s6 két
qué nhat dinh. Ching ta xét bai toan sau:

{uttJrﬁut—lru =Au+ f(X,u), X e RNt >0,

(0.4)
u(X,0) = ug(X), u (X, 0) = uq (X),



trong d6 (3 1a hing s6 duong, ug(X) € HY(RY), u1(X) € L*(RY).

- Nam 1994, E. Feireisl trong [23], da chiing minh dugc sy ton tai tap
htt toan cuc trong khong gian H(R?) x L?(R3) clia Bai toan (0.4) véi
N =3,§— f(X,§) = g(X,€§) thoa man dieu kien:

o g€ C2(RY), g(-,0) € H'(R?), ‘g—g(x, 0)‘ < C, v6i moi X € R,

Z4(X,6)] < C1+[é]), voi moi X € BRI £ € R,

o liminf 22X > 0 déu véi X € R3,

AESE

. (g(X, £) — g(X, 0))5 > C€2, v6i moi € € R, |X| > r1,C > 0.

- Nam 2005, Fall Djiby trong [22], bang cach sit dung phuong phap
uéc luong dudi nghiem da chiing minh duge sy ton tai tap hit toan cuc
trong khong gian H'(RY) x L?(RY) ctia Bai toan (0.4) véi diéu kien ctia
ham f(X,¢) nhu sau:

o £ — f(X,8) =&+ hi(§) — ha(X), ho(X) € L*(RY),

e 1 € CY(R,R), hi(0) = 0,h1(£)€ > CF (&) > 0,V€ € R, trong d6 C
¢
13 hang s6 duong, F'(§) = [ hy(7)dr
0

ha(€)

e 0 < limsup < 00

|€]—+o0

- Nam 2009, H. B. Xiao trong [27], d& ching minh dugc sy ton tai
tap hit toan cuc trong khong gian H'(RY) x L*(RY) clia Bai toan (0.4)

véi dieu kién ctiia ham f(X, ) nhu sau:

o & — f(X, ) =&+ M(8) — ha(X), hao(X) € LARY),
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o hi € CY(R,R), hi(§)§ > 0,]h1(§)] < C (1 +[¢7), V€ € R, trong d6
C 1a hang s6 duong, p > 0,p(N — 2) < 2.

Tt nhitng két qua & trén, ching ta thay rang ddi véi 16p phuong trinh
hyperbolic suy bién mic dit da c6 mot s6 két qua tuy nhién cac két qua
thu dugc van con it v con nhiéu van dé mdé can duge nghién citu lién
quan dén toan ti G,. N6i rieng, nhitng van dé md ma ching to6i quan
tam trong dé tai nay (xin xem thém phan Két luan vé nhitng van dé mé

khéc) bao gom:

e Nghién cttu sy ton tai nghiém tich phan va dang diéu tiém can cua
nghiém (thong qua tap hut toan cuc) ctia bai toan hyperbolic tat
dan chita todn ti Grushin trong mién bi chan va ching minh s6
chicu fractal ctia tap hat toan cuc 1a hitu han.

e Nghién cifu sy ton tai nghiém tich phan va dang diéu tiém can clia
nghiém (thong qua tap hut toan cuc) trong truong hop bai toan

hyperbolic tat dan chita toan ti Grushin trong toan khong gian.

3. Muc tiéu va nhiém vu nghién citu

e Noi dung 1: Nghién cttu phuong trinh hyperbolic tat dan chita toan

tit Grushin trong mién bi chan véi cac noi dung sau:
- Nghién cttu sy ton tai va duy nhat nghiém tich phan;
- Nghién cttu sy ton tai tap hat toan cuc;
- Danh gia s6 chieu fractal ctia tap hat toan cuc.

e Noi dung 2: Nghién citu phuong trinh hyperbolic tat dan chita toan

tit Grushin trong toan khong gian véi cac noi dung sau:

- Nghién ctiu sy ton tai va duy nhat nghiém tich phan;

11



- Nghién cttu sy ton tai tap hat toan cuc.
3. Dbi tuong va pham vi nghién citu

D6i tuong nghién ctiu clia deé tai 1a xét bai toan bién va bai toan bien
gia tri ban dau c6 chita toan tit elliptic suy bién

Gr = A, + |z A,

Pham vi nghién cttu: Su ton tai nghiém va dang diéu tiém can nghiém
clia phuong trinh hyperbolic tat dan chita toan tit Grushin.
4. Phuong phap nghién citu

Phuong phap nghién ciu: Nghién citu 1y thuyét trong do

e Dé nghién citu su ton tai duy nhat cia nghiém tich phan ching toi
st dung phuong phap nita nhém (xem [49,54]).

e Dé nghién cttu dang diéu tiém can ciia nghiém, ching toi st dung
cac cong cu va phuong phap cta li thuyét hé dong lyc vo han chiéu
(xem [11,12,16,17,48,53,56,68]), néi riéng la phuong phap phuong trinh
nang luong va phuong phap danh gia phan dudi ctia nghiem.

e Dé chitng minh s6 chiéu fractal ctia tap hit toan cuc la bi chin

ching t6i sit dung phuong phéap /— quy dao (xem [47,50]).
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Chuong 1
MOT SO KIEN THUC CHUAN BI

Noi dung ctia chuong bao gom: Khai niém toan ti Grushin,mot so
khong gian ham, cac tinh chat quan trong sit dung trong dé tai, cac két
qua tong quat ve li thuyét tap hat toan cuc va mot sé két qua bo tro
duge dung cho cac chuong sau.

1.1 Toan t& Grushin va mot sé6 khong gian ham
1.1.1 Toan ti¢ Grushin
Dinh nghia 1.1.1. Gia st k¥ 1a mot s6 thuyc khong am. Khi d6 toan ti

Gr = A, + |24,

trong d6 z = (x1,x9,...,xN,) € RNl,y = (Y1,Y2,---,2TnN,) € RNQ,Nl,Ng €
N,

Ny

dugc goi 1a toan tit Grushin (xem [25]).

Dinh nghia 1.1.2. Phuong trinh hyperbolic tat dan chita toan ti
Grushin la phuong trinh ¢6 dang

uy + Pur = Gru + (X, u),

trong do6 (8 1a hang s6 duong,

ou 0*u

Ut = Eﬂttt = W

13



1.1.2 Mot s6 khong gian ham
Dinh nghia 1.1.3. Vi 1 < p < oo, ta dinh nghia tap tat ci
cic ham u € LP(Q2) sao cho —“ e LP(9), |.7:|k a“ € LP(2) v6i moi
j=1,2,...,N,i=1,2,..., Ny lakh@ng gian Sg(Q).

Chuan trong S%(Q2) duge dinh nghia 1a

all ou b N2 k@u P ’
ullgriq) = / lul? + E U+ g 2" S—u| | dedy
k P Ox; — 0yi
Q - =

Néu p = 2 ching ta dinh nghia tich vo huéng trong S7(Q2) nhu sau:

(9u 81} o v
k
u,v 2 U U 2( + +§: '

i=1
Khong gian SZO(Q) dinh nghia nhu 14 bao déng ctia C3(Q) trong

k@u

khong gian S%(Q2) v6i Cj(Q2) la tap cac ham trong C'(£2) c6 gid compact
trong €.

Dé dang chimg minh dugc Sy (€2) va Sy ((€2) la cac khong gian Banach,
cac khong gian SZ(Q) va SgO(Q) la cac khong gian Hilbert. Dt

YN,

89&1 N 0y1
Dinh nghia 1.1.4. Ching ta dinh nghia khong gian S7(RY) 1a bao déng

ctia khong gian C5°(RY) v6i chuan

ol spcam, = t/ (juf? + [ Vgul?) ax

Khi d6 khong gian SZ(R”Y) la khong gian Hilbert v6i tich vo huéng nhu

2

Sau:
(u, v)gz@yy = (u,v) 2y + (Vits, Viv) p2(rr).

14



1.1.3 Mot s tinh chat

Tu Menh dé 3.2 va Dinh 1i 3.3 trong [35] ching ta co:

Meénh dé 1.1.5. Gid st N > 2. Khi dé phép nhing

IN,

53,0 (Q) — L2k (Q), trong do 2; = m)

Ny = Ny + (1 +k)Ns,

la lien tuc. Hon nita, phép nhing 5370 (Q) = L1(Q) la compact vdi moi
q € [1.25).

Meénh dé 1.1.6 ( [2], Bo dé 2.1). Gid sit Ny, > 2. Khi dé ta c6
SEHRN) — LP (RY), trong d6 2 < p < 2;.

Luu y 1.1.7. Ching ta c6 hai chuan ullg2 (o) V&
Y

N[

llllse oy = | [ 19z
Q
la tuong duong.

1.2 Tap hut toan cuc va tinh chéat
1.2.1 Mot s6 dinh nghia
Dinh nghia 1.2.1. [52] Gid st H la mot khong gian Banach va
S(t): H— H, véit >0 la mot ho cac anh xa théa méan
i) S(0) = Id, v6i Id 1a phép dong nhét.
it) S(t+s) = S(t)S(s), v6i moi t,s > 0,
iti) Véi moi t > 0,5(t) € C(H, H);
iv) V6i moi u € H,t — S(t)u € C((0,4+00), H).
Khi d6 {S(¢) }+>0 duge goi 1a nita nhém (phi tuyén) lién tuc trén H.

15



Pinh nghia 1.2.2. [49] Ho anh xa {S(¢) };>0 dugc goi la mot nita nhom
tuyén tinh lien tuc manh trén H (hodc don gian 1a Cy— nita nhém trén
H)néu S(t) : H— H la anh xa tuyén tinh bi chin tréen H v6i moi t > 0,

N

va
i) S(0) = Id, v6i Id 1a phép dong nhat.
it) S(t+s) =S5(t)S(s), v6i moi t,s > 0,
i19) V6i moi u € H,t — S(t)u € C([0, +00), H).

Dinh nghia 1.2.3. Gia st {S(t) }+>0 & mot Cy— nita nhém trén H. Ta

dinh nghia toan tit sinh A ctia n6 nhu sau:

D(A) = que€ H: lim Stu—u ton tai trong H »,
t—0t &
_ -
Au = lim S(t)u = u _d (5()u) ., Yue D(A).
t—0" t dt t=0

Dinh nghia 1.2.4. [52] Gia st S(¢) 1a mot ntta nhém trén H.

1. Him ® € C(H,R) dugc goi la ham Lyapunov néu

O(S(Hu) < d(u), Vt>0, Yue H.

2. Ham Lyapunov ® dugc goi 1a ham Lyapunov ngit néu
O(S(t)u) = ®(u) v6i moi t > 0, kéo theo u la diém can bang, tic la
S(t)u = u v6i moi t > 0.

3. Ntta nhom S(t) dugc goi la he gradient lien tuc néu né c6 ham
Lyapunov ngét, va nita nhom S(t) 1a nita nhom lién tuc.

Dinh nghia 1.2.5. Mot tap con khéac rong A cua H goi la mot tap hat
toan cuc ddi v6i nita nhém S(¢) néu:

1. A la mot tap dong va bi chéan;

2. A la tap bat bién, tic 1a S(t)A = A, v6i moi t > 0;
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3. A la hat moi tap bi chan, tic la véi moi tap bi chan B C H thi
dist(S(t)B, A) — 0 khi t — 400, ¢ day

dist(S(t)B,A) = sup infd(a,b).
acS(t)B bEA

Dinh nghia 1.2.6. Gié sit H 1a khong gian Banach, nita nhém S(t) goi
I3 compact tiém can néu véi moi t > 0, S(t) c¢6 thé bicu dién dugc dudi
dang
S(t) = SV (t) + 5P (1),
6 d6 SW(t) va S@(t) théa man cac tinh chat sau
1. V6i bat ky tap bi chan B C H

sup |[|SY()y||z — 0,khi t — 400.
yeB

2. Véi bat ky tap bi chian B trong H ton tai ¢ty sao cho bao déng ciia

U S®(t)B 1a compact trong H.

t>to

Dinh nghia 1.2.7. Cho H la khong gian metric day di.
a) Quy dao duong cia x € H 1a tap hop v (z) = {S(t)x : t > 0}.

Néu B C H, thi quy dao duong ctia B 1a tap hop

v'(B)=JsmB =] (2.

>0 2€B
Tong quat hon, véi 7 > 0, ta dinh nghia quy dao sau thai diém 7 cta
B béi 4 (B) =7 (S(r)B).
b) Phan tit up € H dugc goi la diém can bang néu S(t)uy = ug véi
moi t > 0.

c) Gia sit ug 1a diém can bang khi dé tap
W"(up) = {y € H : S(t) xac dinh v6i moi ¢, S(—t)y — ug khi ¢t — +oo},
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dugc goi la da tap khong on dinh clia ug.
d) Gid st A C H, tap hop
w(A) = {y € H: ton tait, >0,y, € A sao cho t, — +oo va
S(tn)yn — y khi n — —l—oo},
dugce goi la tap w— gidi han cua A.

Dinh nghia 1.2.8. Cho M la mot tap compact trong khong gian metric

H. Khi d6 sb chiéu fractal ciia M dugc dinh nghia nhu sau:

Inn(M, e
dim%ﬂ\f[ = lim sup #,

e—0 n-<
trong d6 n(M,e) 1a s6 tdi thiéu cac hinh cau déng c6 ban kinh e can

thiét dung dé phu tap M.

Dinh nghia 1.2.9. [50] Gia st H la mot khong gian Hilbert. Ching
ta n6i anh xa L : H — H c6 “tinh chat nén suy rong” (“generalized
squeezing property”) trén tap A C H viét tat 1a (GSP) néu ton tai hing
s6 C > 0,0 € (O, i) va mot phép chiéu truc chuan hitu han chiéu P

trong khong gian H sao cho mdi cip 1,29 € A, hoac

=

2

| Loy — Laally < © (I1P(@1 — )|} + [ P(Lay — Lan) )
hoac
|[Lay — Lol < 0lz1 — 2o -
1.2.2 Mot s6 tinh chat

Dinh 1i 1.2.10 ( [52], Dinh 1i 4.6). Gid st S(t),t > 0 la mot hé gradient
compact tiém cdn, thoa mdn vdi moi tap bi chan B C H, véi 7 > 0 ta
c6 v+ (B) la bj chan . Khi dé, néu tip cic diém can bang E bi chan thy
S(t) c6 mot tap hit toan cuc compact A va A = W*(E). Hon niia, néu
H la khong gian Banach thi A la lién thong.
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Bo dé 1.2.11 ( [18], B6 dé compact Aubin-Lions). Gid sit Hy, H, Hy la
cac khong gian Banach sao cho Hy nhing compact trong H, H nhing
lien tuc trong Hy va Hy, Hy la khong gian phdn za. Vo 1 < p,q < o0,
dat

du

W = {U c LP(O,T, Ho), E c Lq(O,T, Hl)},

/Yyt /2
vd1 chuan

B du
ully = [lull oo, 1;m0) + HE

La(0,T;H;)
Khi do W nhing compact trong LP(0,T; H).

Dinh 1i 1.2.12 ( [49], Dinh 1i Stone). A la todn ti sinh cia mot Cy
nhom cdc todan ti unita trén khong gian Hilbert H khi va chi khi ©A la
toan tu tu lién hop.

Dinh Ii 1.2.13 ( [49], Dinh 1i 2.2). Gid st T(t) = e la mot Cy nita

nhom. Khi dé ton tai cac hang s6 w > 0 va M > 1 théa man
IT(0) |y < Me, ¥ 1 € [0,00),
trong dé L(H) la tap cdc todn i tuyén tinh lien tuc tu H vao H.

Bo dé 1.2.14 ( [50], B6 dé 4.1). Cho H la mot khong gian Hilbert
va A C H la tap bi chan. Gia s anh xa L : A — H thoa man
L(A) = A, L la lien tuc Lipschitz va théa man tinh chat GSP trén A.
Khi 6 dimp.A < oc.
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Chuong 2

TAP HUT TOAN CUC DOI VOI PHUONG TRINH
HYPERBOLIC TAT DAN CHUA TOAN TU GRUSHIN
TRONG MIEN BI CHAN

Noi dung ciia chuong gom ba phan:

- Phan tht nhat: Sy ton tai va duy nhat ciia nghiém tich phan.

- Phan thid hai: Sy ton tai ctia tap hat toan cuc trong khong gian
Sko(€) x L*(Q).

- Phan tht ba: Tinh bi chin clia s6 chiéu fractal ctia tap hat toan
cuc.

Noi dung ctia chuong nay dua trén bai bao “Large - time behavior of
solutions to damped hyperbolic equation involving strongly degenerate

elliptic differential operators”, Siberian Mathematical Journal, Vol. 57,

No. 4.

2.1 Su ton tai vA duy nhat ctia nghiém tich phan

2.1.1 Bai toan

uy + Pur = Gru+ f(X,u), X €Q,t>0,
uw(X,t)=0, X e€0Q,t>0, (2.1)
w(X,0) = ug(X), u(X,0)=uy(X),

trong d6 B 1a hing s6 duong, € 13 mot mién bi chan véi bién tron
trong RM x RM = RN (N, Ny > 1,X = (2,9),QnN {x = 0} # 0,
Qﬂ{y:O}#@V\aut:%,utt:%
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Ching ta gia st f(X,€) : @ X R — R thoéa man f(., &) do dugc trén
Q v6i moi € € R ¢6 dinh, f(X,.) lién tuc tréen R v6i mdi X € Q va

F(X&) - FX.@) < Cla —&l(9X) +lal +lelr),  (22)

v6i 0 < p < 55, Ni = Ni+ (14 k)N > 2,

f(X,0) = h(X) € L*(Q), (2.3)
3
F(X,6)€ < g3(X) + g9a(X)E7, (2.5)

trong d6 p, C' > 0 1a cac hang so, va cac ham théa man

91(X), g3(X) € LNQ), 9a(X) € LF(Q), qu(X) € L (%),

1 1
< — < =
ol 2., < 52 102 0y < T
o %A sz‘ RS P £ £ 2 p
¢ day 27 = AL C(2;,Q) la hang so tot nhat trong bat dang thic
. —
Sobolev

e < CC D) 0l 0
va ¢(X) 1a ham khong am théa man, g(X) € LY (Q) néu p = 0, va
2*
g(X) € L7 (Q) néu p #£ 0.

Dat
U U 0 Id
=)= (0)a= (e v)

fO)X) = ( —Bu(X) -|-0f(X,u(X)) > Vo= ( Z(l) ) '

Khi d6 Bai toan (2.1) tré thanh bai toan sau:

dt
U(0) = U.

{ dU_AU+f*( U), t >0, (2.6)
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Ching ta dat H = S (Q) x L*(Q). Khi d6 H la khong gian Hilbert

cung v6i tich vo hudéng sau

= U u — _
U U)ar = (< v ) ’ ( v >) = (Viu, Vi) 12(0) + (v, ) 12
Mién xac dinh ctia toan tit A 1a D(A) xac dinh bdi
D(A) = {( Z ) ,u,v € Sio(Q); Gru € L2(Q)} :
2.1.2 Su ton tai va duy nhat ctia nghiém tich phan

B6 dé 2.1.1. Todn ti lién hop cua todn ti A la toan ti A* zdac dinh nhu
0 Id
A = — .
( Gi 0 )

o) = {(¥) v e sto@rGice @)

sau
V01

Chiing minh. Tu dinh nghia clia todn tit lien hgp ching ta cé dé

X * 3 * X _ p i v 1 i
(w)ED(A)VaA <¢>_<q)kh va chi kh

D uw\, (X v u
()-GO =) -Can () e 2o
< (Vip, Viu) 2 + (¢, 0) 12(0) = (Vix, Viv) r2(q)
—i—(@b, Gku)L2(Q), Yu € SI%,O(Q)7 Gru € LQ(Q), Yv € Sl%,O(Q)

khi va chi khi

(Vip, Viu)r2) = (¥, Gru) 12, (2.7)
Yu € S70(Q),Gru € L*(Q),

(q,U)Lz(Q) = (VkX, VkU)Lz(Q), Yv € Sl%,O(Q> (2.8)
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Tt cong thiic Gauss-Green chung ta co

(Vip, Viu) o) = —(p, Gru) 12,
Vu € S;o(Q),Gru € L*(Q),

va tir (2.7) ta co
(p + %, Gru) p2() = 0,Yu € S7(), Gru € L*(9Q).

Do d6 p = —1. Nhung (2.8) ding khi va chi khi Gyxy € L*() va
q = —Grx.
Do d6 ta c6 dieu phai chiing minh. O

Bo dé 2.1.2. Gid st f(X,€) théa man cic dieu kien (2.2), (2.3). Khi
do

a) Anh za Nemytskii

fiSie(Q) — LA(Q)
u —s f(X,u(X))

la Lipschitz trén mot tap bi chan ciua S]%,O(Q).

b) Anh za
ffH — H
v @=L i)
la Lipschitz trén mot tdp by chan cua H.
Chitng minh. a) Tt (2.2) ta co

FEC W) < C (GO + a4 (0P
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Suy ra

[l wpax < e [ (PE0wp + ) ax + [ reopax
Q Q Q

2 2 2(1 2
< (Nl ey 1l gy + Il oy + 1Al ) < +o0,

v6i moi u € S} ((Q).
Gia st u,v € S;o(Q),R > 0 va [ullsz @) < R, [lvllsz o) < R Khi do

chung ta co

[1560) = 5. 0)Pax < € [ ju= o (@00 + u? + o) ax
Q

9]
< C/gZ(X)|u—v\2dX—i—C’/|u—v\2|u|2de—i—C/|u—v\2|v|2”dX.
Q Q Q

Ap dung bat ddng thic Holder ta c6

2 2
[ 0 = oPAX < gl e = ol g

Q
2 2
[ = oA < gy s = ol
Q
2 2
[ 1w PP aX < ol 2y 0 = ol
Q

Do khong gian S,io(Q) I3 nhing lien tuc vao khong gian L%(Q) va
1 <2(p+1) <2 nén ta co
2 2
1F (X, u) = F(X 0) 20y < Crllu = ollsz @

2 2
X (L el o + 1013 )

hay
1F (X u) = F(X 0) 20y < C(R) lu = vllgz 0 -
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b) Gid st R>0,U,U € H va |U||y <R, ||U|,; < R. Ching ta c6
- ! )
po—puv+ f(X,u) - f(X,1) )
Suy ra

* *x(TT 2 — —
1FW) = @)y = 118 = Bo+ F(X,0) = F(X,0)[[72(0
< 2187 = Bull}o) + 21 F(X,u) = FX D0

12 2 —112
< 2C |lu = Tllfp ) (14 1l ) + 171 o) )

+ 262 [T — v j2q) < C1(R) U - T},

Do d6 ta c6 dieu phai chiing minh. O

Tu B6 dé 2.1.1 theo Dinh 1i Stone chiing ta c6 A sinh ra mot Cy—

nia nhém edt tren H.

Dinh nghia 2.1.3 ( [54]). Gida st T > 0,7 € R. Mot anh xa lién tuc
U :[0,T) — H duge goi 1a nghiém tich phan ctia Bai toan (2.1) néu né
la nghiém ctia phuong trinh tich phan

U(X,1) = MUy + / A3 (U (s))ds,  t € [0,T).
0

Néu U kha vi hau khdp noi trén [0,7) cung v6i U; va AU thuoc

1
loc

khong gian L; .([0,7T), H) va théa man phuong trinh vi phan

dU N P
T AU + f*(U), hau khap noi trén (0,7), va U(0) = U,

khi d6 U dugc goi 1a nghiém manh ctia Bai toan (2.1).

Stt dung B6 dé 2.1.2 va chiing minh tuong ty nhu Dinh 1 46.1 (p.
235), Dinh 1 46.2 (p. 236) trong [54] ching ta ¢6 ménh dé sau
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Meénh dé 2.1.4. Gid st f(X,u) théa man cic dicu kien (2.2), (2.3).
Khi dé véi méi R > 0 ton tai T = T(R) > 0 di nhé sao cho vdi
Uy € H,||Ullz < R, Bai toan (2.1) ton tai duy nhat mot nghiém tich
phan U € C([0,T]; H).

Hon nita, néu Uy € D(A) thi U la nghiém manh cia Bai todn (2.1).

T (2.2), (2.3) ching ta c6

[F(X,u)] < C(g(X)ul* + [ul* + | f(X,0)][u]) .
Suy ra
/ F(X, u)|dX < c/ X)uf? + [uf2 + [h(X)]Ju]) X

2+
< € (Ml 050+ Ty + WAl Tl ) < +oc
v6i moi u € S} ((Q).
Vi thé ta dinh nghia ham Lyapunov dé tim nghiém trong

Meénh dé 2.1.4 13

1 1
OU) = 5 ol + 5 Il 0 = [ FOLu(O)AX.  (29)

Nhan phuong trinh dau ctia Bai toan (2.1) véi u; va tich phan trén

() chung ta c6
d 1 1 ) 2
T HUth t3 IViull720) — QF(XaU(X))dX = =B luell 720

Do do

SBU(1) = 8wl (2.10)

Dinh 1i 2.1.5. Gid su f(X u) théa man cdc dieu kién (2.2)—(2.4) v
Uy € H. Khi d6 Bai toin (2.6) to
C(]0,00); H). Hon nita, véi moi

n tai nghiém toan cuc duy nhat U €
't ¢o dinh dnh za Uy — S(t)Uy := U(t)

la lién tuc trén H.
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Chiing minh. Gia st nghiém U(t) dugce xac dinh trén khodng cuc dai
10, Thnax)-
Tt (2.2) ching ta c6

/ F(X, u(X))dX < / (9:(X) + a(X)u?) AX
0 0
2
< lorlso + el 3y Il
< lorllsey + C ) loal g Tl o
Tu (2.10) ching ta c6 nghiem U(t) ton tai trén [0, Tiay) va thoa man

S(U(0)) > D) > = [l s

1 2 2 1k 2
T Y PSS Py P g

Suy ra véi moi ¢ thudce [0, Tiax) ta co

PP < 2(2UO) +lale) o

N PPE——
min{ 11— 2C2(2. Q) el 3,

Tu (2.11) ching ta c6 Tyax = —+o0o. That vay, gid si nguge lai

N

Toax < +00 khi d6 tit (2.11) ta c6 U(Tmax - —) <CvéineZ,
"o\ g

n > . Tu Menh dé 2.1.4 ton tai hang s6 T*(CN') (doc lap v6in) sao cho

max

1

P ]- oy
Bai toan (2.6) ¢6 nghiém duy nhat trén [Tmax — — Tpax — — + T*(C)),
n n

1 -~ Z
tic la U(t) la nghiém cta bai toan trén [O,TmaX — —+ T*(C)). Neu
n
1 1 ~ . ~
n > — khi d6 Tax — — + T%(C) > Thax. Dieu nay mau thuan véi
T+(C) n
tinh cuc dai ctia Tpax.

Nhu vay v6i Uy € H thi Bai toan (2.6) c¢6 nghiem duy nhéat
U e C([0,00); H).

S phu thuoc lién tuc cia nghiém vao dieu kién ban dau.
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Gia st U,V 1a hai nghiém tich phan ctia Bai toan (2.6) véi diéu kién
ban dau tuong ting Uy, Vp € H. Dat W = U — V ta c6

t
U(t) = MU, + / eA1=5) (17 (s))ds.
0

t
V() = AV, + / eA1=3) (17 (5))ds.
0
Ap dung Dinh 1f 1.2.13 ching ta ¢6

WOl = "W+ [ @) - £
< Jerwi] + [ e we) - ren],as

< M Wally + [ M (U() = (V)] ds.
0

St dung tinh chat Lipschitz ctia ham f* va bat déng thitc Gronwall
dang tich phan ta c6 su phu thuoc lién tuc ciia nghiém vao diéu kién

ban dau. ]

2.2 Sy ton tai tap hit toan cuc trong S; () x L*(Q)

Tuw Dinh 1i 2.1.5, ching ta dinh nghia ntta nhom lién tuc
S(t) : H— H nhu sau
S(t)Uy :=U(t),

trong d6 U(t) la nghiém duy nhat ctia Bai toan (2.6), véi diéu kién ban
dau Uy. Trong chitng minh ctia Dinh 1{ 2.1.5, chting ta c¢6 v6i moi R > 0,

Uy € H cung véi ||Up]|; < R, ton tai hing s6 M > 0 chi phu thuoc vao
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R théa man ||U(t)|; < M v6i moi ¢ > 0. N6i cach khac, quy dao cta

cac tap bi chan la bi chan.

Dinh 1i 2.2.1. Gid st f(X,u) théa man cac dieu kién (2.2)—(2.5). Khi dé
nita nhom S(t) co mot tap hit toan cuc lien thong compact A = W"(E)
trong H.

Chitng minh. Dau tien tir (2.10) va ching minh ctia Dinh 1{ 2.1.5, ching
ta c6 v (B) 1a bi chin v6i mdi tap bi chan B trong H, va phiém ham ®
dinh nghia béi (2.9) 1a ham Lyapunov ngat. Ching ta ky hiéu

E:{(S) eH:Gku—i—f(X,u):O}
Ia tap cac diem can bang ctia S(t). Néu U € E, chiing ta c6
IVl 0 — /Q F(X, u)udX = 0.
Do d6
HUHZ%O(Q) = / f(X u)udX < / (gg(X) + g4(X)u2>dX.
’ 0 0
Ap dung bat ddng thitc Holder va bat ding thic Sobolev, ching ta c6
2
| 1 0udx < gl + ol ol
< g3l pr) + C*(2;,9) H94HL%(Q) HUH%;O(Q) -
Suy ra

H93HL1(Q)

2
llsz o < =G0 ) Jgal 20
k> L7 (9Q)

do do
H93HL1(Q)

% il 3,

9

2
<
HUHH— 1_02( |
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ttc 1a F 1a bi chan trong H. Do d6 dé chitng minh ton tai tap hat toan
cuc, chung ta chi can ching minh S(t) 1a compact tiém can trong H.

Chiing ta xét phiém ham

IU@t) =®U(t)) + g /Quuth,

ﬁ/( f(X uu—F(X,u)> dX.

Nhan phuong trinh dau ctia Bai toan (2.1) véi u va tich phan trén Q ta

co
d
G X = gy — 19l — 8 [ wudx
+ / FIOX, u(X))ud X,
Q
Suy ra
d d
S HUW) = ~BIUE) + Ho(w) hay S 1) = o Hu),

nén véi moi 7' > 0 ta co

HU(T)) = ¢ PTIU(0)) + / D (u()dt. (2.12)

Ching ta gia st U,(t) = S(t)U,(0) véi day {U,(0)}1=3° la bi chan
trong H, va t, — 400 khi n — oco. Tu ®(U(0)) > ®(U(t)) ta c6 day
{®(U,(t,))}"=° 1a bi chan trong H, két hop véi (2.11) chung ta c¢6
{U,(t,,) }'=5° 1a bi chiin trong H. Do do6 day {U,(t,)}'=5° c¢6 mot day con
hoi tu yéu, khong mat tinh tong quat ching ta gia st U,(t,) — U trong
H khi n — oo, va ta gia st U,(t, —T) — Uy trong H, v6i U, Ur € H.
V6i moi t > 0 day {U,(t, +t — T)}"=5° ¢6 mot day con hoi tu yéu, nén

u

ta gid st U = (u )EHsaocho
t

Up(ty+t—T) —U(t) trong H,
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G do U(0) =Up,U(T) =U.

Ap dung (2.12) v6i U, (t, +t —T) = ( Z”(é" :tt_ ?) ) , ta 6
nt\n -

[(U(t) = ¢ T I(U, (6, — T)) + / ATV (b + £ — T))dlt.

Chung ta chiing minh
Ho(uy(t, +t—T)) — Hp(u(t)).

That vay, tit U, (t,+t—T) — U(t) trong H, ta c6 u,(t,+t—T) — u(t)
trong Sy () ma S3(Q) < L*(Q) nén u,(t, +t —T) — u(t) trong
L*(Q).

Ap dung bat ding thiic Hélder va tir (2.2) ching ta c6
/ F(X, un)un — F(X, w)uldX
< [ 170G = A wuldX + [ Fu)u, — FOXu)afd
= [ 170w = Ol + |, — ull (X, ]

< C [ (Gl + ) = wldX + | Juy = | FX ) X
Q Q

< Clun =l gy (19l ey + Il + el ) el ey
= ull gy 1K ) oy

2N, . . 1 1 1

6 da = ——— né 0 =Nyncup=0va —+ — = —.

ay 11 (Ne —2)p neu p # 0, r L neu p va r1+r2 5

Mat khac ta co {u,(t, +t — T)}p=:° la bi chan trong S3,(Q) va

Sio(€) < L%, nén ching ta co
/ FOX (bt t—T) iy (- —T) X — / FOX, u(t))u(t)dX Khi n — oo,
Q Q
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Tt (2.2), ching ta c6

) 4

(F(X, ) —

1
/dFXu—I—H
0

< / X, Bt )| [l d6

_ /Fé(X, w4 Oy — 1)) (1 — 1)d0

< /{C’(g(X)‘quG(un—u)‘+‘(u+0(un—u))p+1’)+|f(X,O)|}]un—u|d9
< (g0l + g(X) ] + [ul ™ + a1 [t = ul + [R(O)] 1 = ]
Do do

/‘F(X, up) — F(X,u)|ax < / B(X) |ty — uldX

+ / (C<9(X)|u + g(X) | 4[] + |un|f’+1) la, — u) 4x.

Q

Ap dung bat déng thic Holder ching ta c6
P ) = FOX)]ax < o{ il g + Tl

FIHRCON oy + ooy (el gy + lunl sz ) § Il = wll ooy

Mat khac ta co {un(t, +t — T)}i=° la bi chan trong S ,(Q) va

S7(Q) = L™ nen ching ta c6
/ F(X, tn(tn + £ — T))AX — / F(X, u(t))dX khi n — oo.
Q Q

Do do6
Ho(up(t, +t —T)) — Hy(u(t)) khi n — oo.
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Chiing ta ap dung (2.12) véi U ta c6
T T
lim | P Hy(up (b, + t — T))dt = / AT) F (u(t) )t
0

n—oo

Mat khac day {U,}"=3° 1a bi chan trong H, ton tai C > 0 sao cho
I(U,) < C vé6i moi t > 0. Do d6

limsup I(U,(t,)) < Ce ™ + I(U(T)) — e PT1(TU(0)).

n—oo

Do I 1a nita lien tuc duéi yéu, nén ta cho T — oo chiung ta c6

limsup [(U,(t,)) < I(U) < liminf I(U,(t,))

n—00 n—00
do d6 I(Uy(t,)) — I(U). Nen ||U,(ty)|ly — [|U]|y ma H 1a khong gian
Hilbert do vay U,(t,) — U trong H. Do d6 S(t) 1a compact tiém can.
Ap dung Dinh i 1.2.10, ching ta ¢6 didu phai ching minh. O

Dinh 1i 2.2.2. Gid st f(X,u) théa man diéu kien (2.2)—(2.5). Khi dé
nita nhom S(t) zdc dinh bdi Bai todn 2.6, co tap hit cuc tiéu toan cuc
M trong khong gian H, tic la, vdi moi (ug,u1) € H nghiém tuong ting
(u(t), u (1)) = S(t)(ug, u1) dan tdi tap E cia cic diém can bing trong H
khi t — —+o00.

Chiing minh. Vi S(t) 1a hé gradient nén tap hit cyc tiéu toan cuc chinh
la tap cac diém can bang F. That vay, tit ching minh Dinh 1i 2.2.1 chiing
ta thay tap cdc diém can bing E bi chin, khi d6 S(¢) c6 tap hit toan
cuc compact A. Néu tap hut toan cuc A ton tai thi né chita mot tap hut
cue tidu M trong H. Do vay tit Dinh Ii 2.2.1 suy ra sy ton tai ctia tap huat
toan cuc cuc titu M. Bay gio ta ching minh M = E. Ré rang E C M.
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Ta con phai chitng minh M C E. ViM = UUHw(U), nén chi can chi ra
=

néu V € w(U) thi St)V =V, w(U) € E. Tu dinh nghia ctia w(U) thi

ton tai mot day ¢, sao cho lim ¢, = co va S(t,)U = U(t,) — V trong

n—oo

H khi n — oo. Do ham Lyapunov bi chan duéi nén

O(V) =liminf &(S(t)U) = (U(t))

t—00
véi t > 0. Tic ® la hdng trén w(U). Mat khac néu V € w(U) thi
StV € wU). Vay ®(S(t)V) la khong phu thudc vao t. Do vay
||%HH = 0. Tu doé S(t)V la khong phu thuoc vao t. Suyra V' € E,
hay M C . Dodo M = E. ]

2.3 Danh gia s6 chiéu fractal ctia tap hit toan cuc

Trong muc nay ching toi chiing minh s6 chiéu fractal ctia tap hut
toan cuc A sinh bdi Bai toan (2.1) 1a httu han. Phuong phap ma ching
toi st dung 6 day la phuong phap /— quy dao.

Chiing ta dat

Hy = {u e L*(0,4; S;o(Q)), ue € L*(0,4; L*()) }
X o . . { u(0)
Ay := <u € Hy;u la nghiém cua (2.1) trén [0, 4], va 2 (0) S
t
trong do6 ¢ 1a mot hang s6 ¢6 dinh duong. Chuan trén H, dude dinh nghia
nhu sau
2 2 2
HuHm = HUHB(O,E;S,%’O(Q)) + HutHL2(07€;L2(Q))’
khi d6 H, 1a khong gian Hilbert va phiém ham thoi gian

E(u(.,s)) == H( @Z(('.’,Ss)) )

2

2 2
= [IViu(s $)l[ ) + [lue )l -
H
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Khi d6 ro rang
14
Jully, = [ Bluts)as.
0

Chung ta dinh nghia

e: A=~ H voi elu) = <;‘t(<?) ) ,

Li:Ag— Hy v6i (Le(uw))(s) :=ui(t+s), s€]0,4],
trong d6 w; 1a nghiem duy nhat ctia Bai toan (2.1) trén [0, ¢ + ¢] thoa
man u1|j,q = u.
B6 dé 2.3.1. Cidc khing dinh sau la ding
a) Ly la lién tuc Lipschitz trén Ay vdi moi t > 0.
b) Li(Ag) = Ap vdi moi t > 0,
c)e(Ay) =A,

d) e la lien tuc Lipschitz trén Ay .

Ching minh. Gia su Uy = <ZO> e A, W = <ZO> e A va
1 1

u(t) vi(
Dat w(t) = u(t) — v(t). Khi d6 w(X,t) 1a nghiém cta bai toan:

U(t) = ( u?) ) _ Sy, V(1) = ( “(tt)) ) — SV,

Wit +ﬁwt — ka —|—f(X,U) - f(X,U) tI"OIlg Q x (0700)7
w(X,t) =0v6i X € 09,t > 0,
w(X,0) = uy — vg, w(X,0) = uy — vy.

Nhan phuong trinh dau véi wy va tich phan trén Q ching ta cé

1d
o (ol )+ el ) + 8 el
:/(f(XaU)—f(X,v)) (ut—vt)dX, vt > 0. (2.13)

Q
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Tu B6 dé 2.1.2 va ap dung bat ding thic Holder ching ta c6 ton tai
C1(A) > 0, théa man

/(f(X u) —f(X,v)) (ut—vt)dX

/\f (X, u) — F(X,0) dX) </|ut—vt\2dX>§

Q
< Cy(A) [Ju — UHS%O(Q) [y — UtHL2(Q)

Suy ra

1d
s g el o + el Zaey) + 8 llwnll gy

< Cy(A) [Ju — UHS%O(Q) [y — UtHL2(Q) :

Do 8 > 0 nén chung ta c6

d
27 Uil oy + el 720y ) < 201 (A) = vl g0 llas = wll 20

2 2
< Ci(A) (Il o + o)) -
Ap dung bat ding thitc Gronwall ching ta c6
ol o + el sy < € (T 0)l1Zz, @) + 101 (0) 720y
hay

I1S()(Uo = Vo)l < e Uy — Vol - (2.14)

a) Gia st uy, us € Ap. Khi d6 theo dinh nghia ctia A, ton tai vy, vy 13

nghiém cua Bai toan 2.1 thoéa man
ur = Vi, Liur (s) = vi(s+1t), uz = valp g, Liua(s) = va(s+t),s € [0, £].

Dit w := v; — v9, ching ta lay s € (0,¢) va st dung (2.14), ta c6

E(w(t+s)) =E (S(t) ( :llt((?) ) — S(t) ( Z((‘?) )) < CE(wl(s)).
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Tich phan trén (0,¢) ciing vé6i bién s ta ¢6
¢ ¢
/E(w(t+3))ds§C/E w(s))ds
0 0

1Zowr — Lyus||gy, < C llur — sl -

tu do suy ra

Do d6 L; la lién tuc Lipschitz trén Ay.
b) V6i méi u € Li(Ay) ton tai uy € Ay thda man u(s) = (Lyuy)(s) =
uz(t + s), ug la nghiém cua Bai toan (2.1) trén [0,¢ + t] théa méan

uQ\W] = u;. Mat khac do u; € A, nén ta co ( let((%)) ) € A, do tinh

chat clia tap hit toan cuc nén ( 32 ((?) ) € A v6imoi € € [0,/ +t]. Nén
2t
ching ta c6 u € Ay, do d6 L:(A;) C Ay.
Ngugc lai, v6i mdi v € A,. Tt Dinh nghia ctia A, va tinh chat cia

tap hat toan cuc, ching ta c6 ( uls) ) € A v6i moi s € [0,¢]. Do

S(t)(A) = A, nen ton tai ( 1}(3 SL € A sao cho
))-

50 () = (o)

()=o)

Va u; 1a nghiém ctia (2.1) trén [t, £ + ], suy ra ton tai us 1a nghiem ctia

hay

Bai toan (2.1) trén [0, ¢ + t] sao cho ug|js1q = u1. Theo dinh nghia ctia
Ly ta c6 (Li(uz))(s) = ur(t + s) = u(s). Do vay Ay, C Li(Ag). Nén ta co
Ag — Lt(ﬂg)

c¢) V6i mdi U € e(Ay), ton tai u € Ay sao cho U = e(u) = ( :j(é)) ) :
t
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U dinh nghia ciia A, va tinh chat cia tap hat toan cuc ching ta co,

T
($%>€AﬁwmwMACA

Nguge lai, véi mdi U € A. Do S(¢)(A) = A, nén ton tai ( ZO ) ceA
1
Ug

théa man S(¢) ( ) = U. V6i méi t € [0, (], dat

0 ()= (40 )
u(?)
u(0)

uy

Khi d6 ta c6 u(t) € Ay, va e(u(t)) = ( > = U. Suy ra A C e(Ay).
Do do6 ta c6 A = e(Ay).

d) Gid st uj,us € Ap. Khi d6 ta co e(uy) = (31((?) ) ce(ug) =
1t

us(() 5 a ditt w(s) = w(s) — uo(s). St dun
(u%(g))vo € [0,4], ta dat w(s) := ui(s) — ua(s). Stt dung (2.14),

ching ta co

Blw(®) = B (-5 (1197120 )) < e,

u1e(s) — un(s

Tich phan trén (0,¢) v6i bién s ta c6

jE(w(E))ds < CjE(w(s))ds

hay
le(ur) — e(uz)||3; < C1 [lur — usll, -

Do d6 ta c6 dieu phai chiing minh

Tit ¢) va d) clia Bo dé 2.3.1 chiing ta c6
dim.A < dim}"A,.
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Bo dé 2.3.2. Gid sttr € [2,25) va p > 0. Khi d6 ton tai K, > 0 va mot
phép chiéu truc chuan hitu han chiéu P trong khong gian H, théa mdan

vdi moi w € Hy, ta cé

j (s

Chitng minh. Do r € [2,2}) nén ta co

Loy 45 < pllwllyy, + K l1P(w) 1, (2.15)

Sio() == L'(Q) — L*(Q),
ap dung B6 dé Aubin-Lions, chiing ta co6

Hy < L*(0,0; L"()).

Dé chitng minh bo dé trén ching ta st dung phuong phép phan
chitng, ta gid st (2.15) 1a sai. Khi d6 ton tai pgy > 0 vA mot day phép
chiéu truc chuan G, trong khong gian H, théa man G,, — I hoi tu manh

trong Hy va

14
[ (o)

v6i day {wy o2, C Hy ciing v6i tinh chat |[wy]| g, = 1.

iT(Q) ds > ,u0+nHGn(wn)Hz€, n=12.... (2.16)

Tt (2.16) ching ta c6 |Gy (wy)||y, — 0 khi n — +oo. Chiing ta cling

gia st w,, — w trong H, v6i w € Hy. Do do6
Gn(w,) — 0, va G, (w — w,) — 0 trong Hy,

suy ra

Gow = Gp(w — wy) + Gp(wy,) — 0 trong Hy,
0

nén w = 0. Do vay [ ||wn(s)
0

%T(Q) ds — 0 khi n — +o00, mau thuan véi
(2.16). Do do6 ta c¢6 diéu phéi chiing minh. ]
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B6 dé 2.3.3. Gid st 0 < p <
chat GSP trén Ay.

N3 Khi do voi € du lon, Ly co tinh

Chatng minh. Gid st uy, us € Ap. Khi d6 ton tai nghiém vy, vy ctia (2.1)

thoa man
uy = 1[0, Leur = v1je.2g, Uz = V2| [0, Lotz = valjr,2-
Dat w := vy — v9, chung ta c6
wy + Pwr = Grw + f(X,v1) — f(X, v9). (2.17)

Nhan phuong trinh (2.17) v6i w; va tich phan trén ), ching ta c6

/(wtt +Bwt)wth = / <ka+ f(X,v) — f(X, vg))wth
Q

Q

= %%E(w)d){ +B/ w; [P dX = / <f(X, v1) — f(X, UQ))IUth,
) )

tlr gid thiét (2.2) ta c6

1d

3 @)+ Bllwilig < € [ (900 +ul? + fual ol jwrfax.
Q

Ap dung bat ding thic Holder, ching ta ¢6

[ (934 fonl + oal? )l x

Q
< C( lg @) T o1 Enp(g) + [|vs an(ﬂ)) Jw Lm2(Q) Hwt”L?(Q) ;
. d4é 2N}, o1 N 1 1
rong d6 r = ———va — + — = —.
12 (Nk—=2)p 1 19 2
Tu p < N, 2 suy ra 1o < 27, nén ta co

1d
5 B (W) + Bllwell2q) < Cllw

2 di L72(9Q) HthL2(Q) :

40



Ap dung bat déng thitc Cauchy ta c6

1d 8 2

Suy ra

d 2
7 Lr2() - (2.18)

Chung ta ¢6 dinh 7 € (0,£) va tich phan (2.18) trén doan (7, 2/) ta c6

= B(w) + B w20y < 2C1 [|w

20 20
B((@0) + 8 [ urlzq0)dt < Co [ 1wl gy dt + Bw(r)).  (219)

Tiép theo ta nhan phuong trinh (2.17) véi w va tich phan trén €2, ching

ta co

/(wttw +[3wt)de = /kade + / (f(X7 v1) — f(X, Ug))de

Q Q Q
< /kadeJrC/ (90X) + fnl? + o) fwPdx,
Q
Mat khac do

d 2
/wttUJdX = a/thdX— ||thL2(Q)7
Q

/ wGwdX = — ||Vl -
Q

ap dung bat dang thitc Cauchy va bat déng thitc Holder ta c6

1

g )+ || + \vglp)|w|2dX

(llg

|/\ D\D

2 2
oy ) 013y < Cs 10 Farery

@) T o1 an(g) + [[vz
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trong do

Do vay

2 B 2 d
Vel < (1+5) el — 7 [ wiwdX
+ 04 Hw

%M(Q) , Gday ry := max{2,2rs}.

Tich phan (2.20) trén (7,2() ta c6

20
d
/Hvkwnp ar< (1472 /Hwtup dt—/ (a/wtde

T Q

Lra(Q

+ C4/||w

Do
/% (% / wtwc{X) dt| = / wy(20)w(26)dX — / we(T)w(r)dX
; > )
< Q/wt( w(20)dX | + Q/
< G5(E(w(20) + Bw(r)).
nén ta co

20 20
B
J 19wl e < (145) [ kg ar

20
+C4/ w

42
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7)dX

(2.21)



Nhan hai vé clia (2.21) véi € € (0, 1), sau d6 cong véi (2.19), ching ta c6

20 20
5
e/Hka\|2Lz(Q) dt + (5—6(1+§) /||wt|\§2m) dt

20
+ <1 — C5€>E(w(2£)) < C’G/ | w

1oy At + (1 + Cs€) E(w(r)),

trong d6 r := max {r9;r4}. Ta chon € = min {ﬁ, %} khi do ta co

(1- Coe)Bw) + (8- e(1+7)) / il
+ e / Vil dt>n(/ IVt + / [ )

20 20

:n/E(w)dt > n/E(w)dt,

T

¢
20
%r(m dt + (1 + Cse) E(w(1)) < 06/ |w %T(m dt + 2E(w(T)),

20
06/ lw

trong d6 n := min {e,ﬁ —€(1 g)} Do vay

20 20
n/E dt<C’6/Hw

0
Tich phan trén (0,¢) ctia bat dang thiic trén ta c6

nZ/E( )t<C’6€/Hw
‘
20

20

/E(w)dt < %/Hw :
n

J4

0

2 dt + 2B (w(r)).

y4
o dt—|—2/E( ())dr,

¢
g ] Ee
4
0

suy ra
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Do do6

20
C
L - Zusl, < 2 [ ol
n
0

2 2
e A+ 5 o = ey, (2.22)

trong d6 L := L,. Mat khac ching ta c6

20
2
[l at = / ol oyt + / Jul;
0
= /||U1—U2

Chiing ta chon £ = &% tit Bo dé 2.3.2 va (2.22) ta ¢6

Lr

Lr(©Q dt+/|\Lu1 Lus LT( )d

Y4
2 2
|Lur — Lus|y, < / s — a2t + / |Lus — Lual2 ) dt
0
1 Cs D) 2
e lug — a7, < F(M Jur — ey, + Ky | Pur — u2)|lg,
2 1 2
|| Luy — L[y, + K, || P(Luy — Lug) ||3,) + — o v — w2y,
do do6
1 1 C
— ”Lu1 - LUQH%Q + (5 — %) HLUI - LUQ”%Q
06 2
< = (PG — w)l, + 1P (L = Do), )

1 Ceu 2
b (5t ) o el

Chon p = 19;7—06, ching ta c6

2 2
5 | Luy — Lugly, + HLul Lug||y,

192
1
2
< Ky (HP(Ul — ug) ||y, + || P(Luy — LU2)|\H£> + — Hul — w7,
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6 day Ky = % Suy ra, hodc

2 _ 192K, 2 2
1 Luy = Lual[, < —57 (HP(Ul —ug)|g, + [1P(Luy — LUQ)HHZ> :
hoac
1
2 2
1 Luy = Lusll, < 5 llur — uzll, ,
do dé bo dé dude chitng minh. O

Két hop céc Bo dé 2.3.1, Bo dé 1.2.14 va Bo dé 2.3.3, chiing ta ¢

Dinh 1i 2.3.4. Gid st f(X,u) théa man cic dicu kién (2.2)—(2.5) vdi
0<p<

N o Khi dé so chiéu fractal ciua tap hit toan cuc A la hitu
L —

han.

Luu y 2.3.5. Néu p = 0, g(X) € LM(Q), véi € 1a s6 duong di nhd
khi d6 Dinh Ii 2.3.4 van dung.
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Chuong 3

TAP HUT TOAN CUC DOI VOI PHUONG TRINH
HYPERBOLIC TAT DAN CHUA TOAN TU GRUSHIN
TREN TOAN KHONG GIAN

Noi dung ctia chuong gom hai phan:

- Phan tht nhat: Sy ton tai va duy nhat ctia nghiém tich phan.

- Phan thid hai: Sy ton tai ctia tap hat toan cuc trong khong gian
SE(RN) x L*(RY).

No6i dung ciia chuong nay dya trén bai bao “Global attractor of the
Cauchy problem for a semilinear degenerate damped hyperbolic equation

involving the Grushin operator”, Annales Polonici Mathematici, Vol.

117, No. 2, 141-162.

3.1 Su ton tai duy nhat cta nghiém tich phan

3.1.1 Bai toan

uy + Pur +u = Gru+ f(X,u),t >0,
X = (z,y) € RM x RY .= RV, (3.1)
u(X,0) = ug(X), u (X, 0) = uy (X),

trong d6 B 1a hing s6 duong, ug(X) € SZ(RY), uy(X) € LA(RY).
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Ching ta gia st f(X,€) : RY x R — R 14 ham lién tuc thoéa man

(X, &) = f(X, &) < Cil& = & (9(X) + &) +[&]7)  (3.2)
IN,
N, — 2’
f(X,0) = h(X) € L*RY), (3.3)
F(X,8) > Cof (X, 6)¢+g1(X), véimoi X e RV £€R, (3.4)

/ F(X,u(X))dX <0, v6imoiu(X)e Si(RY), (3.5)

RN

voi 0< p<

N =N 1+ k)Ny > 227 =
Nk_27 k 1+(+)2 y Sk

& day p,C1,Cy 1a cic hing s6 duong, va g(X) € LM (RY) N L%(RN),
£

g1(X) e LNRY), F(X,€) = [ f(X,T)dr.
0

Chung ta dat

() ()2 (a0 )

PO = gz pexy )= (o)

Khi d6 Bai toan (3.1) tré thanh bai toan

dt (3.6)

W _av+ @), t>o0,
U(0) = Uy,

Dat H = SE(RY) x L*(RY). Khi d6 H la khong gian Hilbert v6i tich vo
huéng

(U, U)g = ( < Z ) : < Z ) ) = (u, W) s2mv) + (0, V) 2®Y).

Mién xéc dinh ctia toan tit A 1a D(A) xac dinh béi

D(A) = {( :f > u,v € SARY) Gru—u € LQ(RN))} .
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3.1.2 Sy ton tai vd duy nhat ctia nghiém tich phan
T dinh nghia cua toan tit A va khong gian H, chung ta c6

B6 dé 3.1.1. Todn ti lién hop cia toan ti A la toan ti A* zdc dinh nhu

. 0 Id
A= (Gk—ld o)’

D) = { (X ) xv € SR Gux - x € LHRY)}.

Do f(X,€) théa méan cac diéu kien (3.2), (3.3) nén ta c6 bo dé sau

sau

V01

Bo6 dé 3.1.2. Gid st f(X,€) théa man cic diéu kien (3.2), (3.3). Khi
do

a) Anh za Nemytskii

fS2RY) — LXRN)

u — fu)(X) = f(X,u(X))
la Lipschitz trén moi tap bi chan ciua S%(RN).
b) Anh zq
ffrH — H

U — f(U):= ( —Bu +0f(X,U) )

la Lipschitz trén mot tap by chan cua H.

Tu B6 dé 3.1.1 theo Dinh i Stone ching ta c6 A sinh ra mot Cy—

nita nhém et tren K.

Dinh nghia 3.1.3 ( [54]). Gia st T" > 0,7 € R. Mot anh xa lién tuc
U:[0,T) — H duge goi 1a nghiem tich phan ctia Bai toan (3.6) néu né
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la nghiém ctia phuong trinh tich phan

t
U(X, 1) = eMTp + / A5 (U (s))ds, t € [0,T).
0

Néu U khé vi hau khép noi trén [0, T') cung v6i U; va AU thude khong
gian L; ([0,T),3) va thoa man phuong trinh vi phan

dU
dt

khi d6 U duge goi la nghiém manh ctia Bai toan (3.6).

= AU + f*(U), hau khép noi trén (0,7), va U(0) = Uy,

Stt dung Bo dé 3.1.2 va chiing minh tuong tit nhu Dinh 1 46.1 (p.235),
Dinh 11 46.2 (p. 236) trong [54] ching ta c6 ménh dé sau:

Meénh dé 3.1.4. Gid si f(X,u) théa man cdic dieu kien (3.2)—(3.5).
Khi dé véi moi R > 0 ton tai T = T(R) > 0 di nhé sao cho vdi
Uy € K, |Uollse < R, Bai toan (3.1) ton tai duy nhat mot nghiém tich
phan U € C([0,T); H).

Hon nita, néu Uy € D(A) thi U la nghiém manh cia Bai todn (3.1).
T (3.2), (3.3) ta c6
P 9] < C(gQO0IER + 161 + 1 F(X. 0)lg]).
Suy ra
foo POCIX <€ [ (0O + 0+ O]l ax
< Ol s g Iy T2y + ey el ) < -+
v6i moi u € SZH(RY).

Dinh 1i 3.1.5. Gid st f(X,u) théa man cdic diéu kién (3.2)—(3.5) va
Uy € H. Khi dé Bai toan (3.6) cé nghiém duy nhat toan cuc
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U e C([0,00); K). Hon nita, véi moi t co dinh dnh za Uy — S(t)Uy :=
U(t) la lién tuc tren K.

Chiing minh. St dung Ménh dé 3.1.4 va lf luan nhu trong Dinh 1f 2.1.5

ching ta c6 diéu phai chitng minh. O

3.2 Su ton tai tap hut toan cuc trong SZ(RY) x L?(RY)

Tuw Dinh 1i 3.1.5, ching ta dinh nghia ntta nhém lién tuc
S(t) : H — H nhu sau
S(t)UO = U(?f),

trong d6 U(t) 1a nghiem duy nhat ctia Bai toan (3.6), véi diéu kién ban
dau U,.

Ta chitng minh sy ton tai tap hap thu ctia S(t) trong khong gian K.
Bo6 dé 3.2.1. Gid s f(X,u) théa man cic dieu kién (3.2)~(3.5). Khi
dé nita nhom S(t) sinh bdi Bai todn (3.1) c¢é mot tap hap thu bi chan
trong H, nghia la, ton tai mot hang s6 duong M sao cho vdi moi tap bi
chin B trong 3 ton tai s6 T = T(B) sao cho véi moit > T,Uy € B, ta

co
9 9
[l g2y + lluellp2@ry < M. (3.7)

Chitng minh. Gia s U(t) 1a nghiem ctia Bai toan (3.6) cung véi dieu

kien ban dau Uy khi d6 @ = uy + du théa man phuong trinh:

U+ (B—0)u+ (6" — B3 +1)u=Gru+ f(X,u). (3.8)

A@, 1) = [T pary + (% = 88+ 1) Jull 2y + [ Vitl 72 -
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Chiing ta chon ¢ € (0,1) di nho sao cho
f—2>0, 6 —68+1>0,
va ton tai C7 > 0,Cy > 0 thoa man
Cr (lullaqm + el Foqey + 1V iktll )
< AT, u) < Cy (HuHi?(RN) + [Juel o @y + HVkuHiz(RN)) : (3.9)

Nhan phuong trinh (3.8) v6i u va tich phan tren RY, ching ta c6

1d _ _

5 (AT W) = - (5 _ 5) [P 5(52 — 5B+ 1) ]| e
8 |V, + / PO wadX = (26— B) [ 2qen, + / FOX, u)upd X

RN RN

16 / FOX, u)udX — SAT, u).
RN

%% (A(U, w) 2/F(X,u)dX> < —5«4(ﬂ,u)+5/f(X,u)udX
< —0A(w,u) + C% / (F(X, u) — gl(X))dX

1d _
T (A(u,u) Q/F(X,u)dX)

< —u (A(ﬂ,u) —2/F(X,u)dX> + Cs,

]RN

trong do6

= min {5,2102} > 0, ng—i/gl(X)dX.
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Ap dung bat ding thic Gronwall ta 6

AT, 1) — 2 / F(X, u)dX

RN
C C
< e 20 | Ay, ug) — 2 / F(X,u)dX — 2|+ wi>o
s p 7
Khi d6 ching ta co
C
||UH§,3(RN) + [l vy < Ce™T(ug, ur) + 75, (3.10)

& day T(ug, ur) = [luollszen) + [[wallz2(vy + Ca, nén

2|C
2 2 5 o
HUHsg(RN) + HutHLZ(RN) < G| v6i moi t > 17,
trong do
z , o X 2 . -, . s _ 2‘C5|
Do d6 ta c6 dieu phai chitng minh véi M = , ]
1

Bo dé 3.2.2. Gid st f(X,u) théa man diéu kién (3.2)~(3.5) va Uy € B.
Khi dé vdi méi e > 0, ton tai hang so duong T(e) va R(e) théa man

/ (JuP + f + [ViuP)dX <, 12 T(0). R>R(e), (3.11)

[ X[k=R
trong do 1
X[ = [P0 (14 k)22
va U(t) la nghiém cia Bai todn (3.6) vdi dieu kién ban dau Uy.
Chiing minh. Ta st dung ki thuat ham cit dé chiing minh cac uéc lugng
dudi nghiem. Gié st 9 la mot ham tron théaméan 0 < ¥(s) < 1véis € Ry
va
Y(s)=0 khi 0<s<1; J(s)=1 khi s>2.
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Khi d6 ton tai hing s Cy > 0, théa man |[¥'(s)| < Cy véi moi s € R,

Chung ta c6

X ! X[ (L+#)
Vit ( Rk | R2(1+k)19 R2(1+F) v’f|X‘k ’

trong do6

vk‘X‘z(l—Fk‘)
=21+ k) (ol e (U Ry (0 Bl ).

suy ra

Vi XM = 201 + k)P X 1R

I |2(1+k7

Nhan hai vé ctia phuong trinh (3.8) véi 9 (W) u va tich phan trén

RY, chiing ta c6

XECTY \X\k”’“ o

RN RN

2(1+F) 2(1+k)
) X1} I Xk _
RN

RN
‘ (14+k)
/ f(X,u) ( T )ﬂdX. (3.12)

Nhung

| 20+K) y[20H)
/G u <R2k1+k >_dX / <|Rz|k1+k (Viu, Vi) pyd X

1 \X| Hk 2(1+k)
+ /0’ k— w(Vi X[, Viu)ped X

R2(1+k) R2(1+k)
]RN
|X| 1+k

RN

23



R2(1+k R2(1+k)
RN

1d X (14Fk) X (1+k)
= o5 V¥ (%) Vi u|2dX+5/ ('Rl’“—w IV u|2dX
RN

1 [0 2(1+k)
+ /19’ k— H(Vk]X|k , Viu)pvd X,

1 X (14+k)
e / 9 ("f—> (Ve X Vi) ey d X

R2(1+k) R2(1+k)
RN

XY e L \X\k“‘“ -

RN

va

2(1+k)
2 [ X -
X 2(1+k)
_ (52 __ - k 2
= (o 55+1)2dt/19< i | JuPx

|X|2(1+k:)
+5(52 — B3+ 1) /19 (W) u?dX.

C(a,u) = (52 — B85+ 1) uf? + |Vl + [af?.
Khi d6 (3.12) trd thanh

1 d |X‘i(1+k) |X|k 1+I€ B

RN

‘X|Z(1+k i ‘X‘k(l"‘k) _
RN

RN
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1 (1 2(1+k)
_RQ(Hk)/é1 T R2(1+k) u(Vi| X , Viu)pnd X,

RN

va tir (3.5) ching ta ¢

‘ (1+F) \X\2(1+k)
/ f(X,u) < RQka) )ﬂdX = / f(X,u)v (W) (uy + du)dX
RN

‘X‘k 1+k |X|z(1+k)
]RN
(1+k)

1+k
—3 F(X,u)Y L dX +6§ [ f(X,u)d X dX
S dt o R2(1+k) U 20k | Y
RN RN
< _/ <R2(1+k) dX

+O%/19 <|)};§—1::> <F(X, w) —gl(X)>dX.

RN

Do do ta ¢co

R2(1+k)

|X|2(1+k)

7 [2(0H) 3 [204)
_<5_25>/ <R2k1+k >| fdX — Cy / <|R2|k1+k )gl(X)dX

RN

1 / ‘X‘ka) _ 2(1+k)
T R2(1+k) v TR2(1tR) u(Vi| X]y, , Viu)pvd X

RN

< - /19 (%) {M(e(a, w) — 2F(X, u)) + (%gl(X)] dX

RN

2(1+k)
1d fy (M) (e(a, w) — 2F(X, u))dX
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1 (1 2(1+k)

~ R2(1+k) /19 CR20+k) U(Vk\X\k , Viu)pyd X,
RN

trong d6 1 = min {0, %} > 0.

Mit khéc, do ¢1(X) € LY(RY), ton tai Ry > 0 théa man v6i moi
R > Ry, chung ta c6

5 ‘X|Z(l+k) s |X‘i(1+k)
_52 / v, (W gl(X)dX —52 / 0, —R2(1+k> gl(X)dX
RN

| X >R
<c / (X)X < &

| X|x>R

Ap dung bat ddng thic Holder, ta c6

1 X[ S(1h)
/ —
- R2(1+k) /19 R2(1+k) u(Vil X1, , Viu)pvdX =

RN

1 (X Y 2(1+k)
~ R2(1+k) / v TR20tk) u(Vi| X1, , Viu)pnd X
| X|k<2R

[

¢ — 2(1+k
< / @?dx / Vi X 22|V 2d X
X|xr<2R X|k<2R

1
2

C
<% / [a*dx / Viul’dX | < -,VR> R,.
X|k§2R X|k§2R

B~ m
AV

Ap dung bat ding thic Gronwall, ching ta c6

‘X‘Q(IJF,ZC)

RN
- XY (et
<e 2Nt/19 (W (G(U,O,U()) — 2F(X, 'LL()))dX
RN
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+ 6(1 — B_ZMt), VR > R(e).

Do Uy € B nén ton tai hing s6 M > 0, théa man

|X| 1+k
/19 (W) (e(ao,uo) _9F(X, uo))dX <M.

]RN
Két hop véi (3.9) va dinh nghia ctia ham 9, chiing ta c¢6 diéu phai chiing
minh. []

Tt Bo dé 3.2.2, véi mdéi U = (u(t),u(t)) 1a nghiem cia
Bai toan (3.6), v6i diéu kien ban dau Uy = (ug, u;) € B, ching ta c6

T,R—+0c0

T

1

lim f/ / (juf? + Jusl? + Vi) dX ds = 0. (3.13)
0 [X[p=R

Bo6 dé 3.2.3. Gid st f(X,u) théa man cdc diéu kién (3.2)~(3.5) va

U, — U trong H. Khi dé vdi moit > 0 ta co

S(t)U, — S(t)U trong . (3.14)

Chiing minh. Do U, — U trong H. Nén day {U,} 1a bi chan trong khong
gian H. Khi d6 theo Bb dé 3.2.1 ta c6 day {S(¢)U,,} bi chin trong khong
gian L>°(0,T;H) v6i moi T > 0. Ma f(X,u) théa man diéu kien (3.2)
nén { f*(S(t)U,)} ctng bi chan trong khong gian L>°(0,T; H). Mat khac
S(t)U, 1a nghiem ctia phuong trinh (3.6) nén {$S5(t)U,} bi chan trong
khong gian L°°(0,T;H~1). Do dé6 c6 mot day con {n,,} thda man
St)U,, — @( ) trong L2(0,T;X),

[ (S®U,,) = trong L*(0,T’; 30), (3.15)

ng(t)U — (i@(t) trong L2(0,T;H™1).
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{S(t)unm — 6,(t) trong L2(0,T;S2(RM)), (3.16)

S(t)v,, — 05(t) trong L*(0,T;L*(RYM)),

o 0
2= (g e )
Chung ta can chiing minh yx = f(-, 61(¢)).

That vay, v6i moi v € SZ(RY),¢,t + a € [0,T] ching ta c6

t+a

(S(t + a)uy, — S(t)un,,, v) 2@y = /((S(T)unm)',v)Lz(sz)dT
t
t+a

< lolsgen / IS, ) sy 4 < Ca ollgany

§ d6 C' 1a hang s6 doc 1ap véi n,,. Chon v = S(t + a)u,, — S(t)u,, , ta

cO

hm sup / |1S(t+ a)u S(t)uanig(RN) dt =0, VT > 0. (3.17)

a—0 p,,
Gia st ¢ € C1([0, +00), [0, +00)) 1a ham théa man
0<o(s) <1, o(s)=1, Vsel0,1], o¢(s)=0, Vs> 2.
V6i moéi n, va k > 1, ta dinh nghia

(X, 1) = 6 (3 ) S (B,
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Khi d6 ta c6 v6i moi k > 1, day {wn,, x}n,,>1 bi chan trong khong gian
L?(0,T; 53 0(Qax)) N L®(0, T; L)) v6i moi T' > 0. Hon niia, ta c6

a—0 p,.

a T
lim sup ( / e (X, )2, / e (X 1) gy 1) = 0.
0 T—a

trong d6 Qg = {X € RV : |X| < 2x}.
M3t khac tit (3.17) ta c6 v6i moi k > 1,
T—a
fimsup [l (X, 40) = 0, (X, ), = 0.
0

Hon ntta, do 29, 1& tap bi chin nén khong gian 51370(92,{) nhung
compact vao khong gian L?({,). Khi d6, do Bd dé compact trong [57],
ta c6 {wn, «}n,>1 12 compact tuong déi trong L?(0,T; L* ().

Mat khac wy,, (X, t) = S(t)u,,, v6imoi X € Q,, ta cod véi moi k > 1
day {S(t)un, |o.} 1a tién compact trong L?*(0,T; L*(€)). Nén ton tai
mot day con cta day {S(t)un,,} ky hiéu la {S(t)u;m},, >1 théa man

S(t)u,™ — 01 trong Q, x (0, +00) khi n,, — 00, Vs > 1.

Khi do, do f(-,-) 1a lién tuc nén f(X,S(t)u") — f(X,0) hau khap

noi trong €2 x (0,+00). Ma day {f(X,S(t)u;=)} 1a bi chan trong
L*(Q, x (0,T)). Nen ta co

FX, S(tpu) — F(X,6,) trong L2(0, T: L2(52,).
T tinh duy nhat ctia gidi han ta c6
x* = f(-,01(t)) hau khap noi trong Q. x (0,7), VT >0,Vk > 1,
ma :L;(JDI Q. =RY, do vay
x* = f(-,01(t)) hau khdp noi trong RY x (0, +o0).
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Do dé6 ta c6
fF(SU,,) — ff(©) trong L2(O,T; H).

Do vay ta c6
t t

MU, + /GA(t_T)f*(S(T)Unm)dT — MU+ /BA(t_T)f*(@)dT trong K.

0 0
Do tinh duy nhat ciia gi6i han nén ta cé

t
O(t) = MU + / AU (@) dr,
0

do tinh duy nhat ctia nghiém do vay © = S(¢)U. Do mdi day con clia day
d
{S(t)Uy, ES(t)Un} c6 mot day con hoi tu trong khong gian L*(0, T; H x
. \ d
H1) vA gidi han ctia méi ddy con nay déu la (S(t)U,aS(t)U). Do
d ) . d
vay day {S(t)U,, ES(t)Un} hoi tu yéu dén (S(t)U, aS(t)U) trong
L*(0,T;3 x H1). Do d6 v6i mdi t € [0,7T] ta c6 S(t)U, — S(t)U
trong H 1. Mat khéac do v6i méi ¢ € [0,7T] day {S(¢)U,} 1a bi chan trong
H. Nén ta c6 S(t)U,, — S(t)U trong K. O

Bo dé 3.2.4. Gid st f(X,u) théa man diéu kien (3.2) va Q la mot mién
tron bi chan trong RN, u,, — u trong S(Q), v, — v trong L*(Q). Khi dé

Q Q
va

/F(X,un)dX%/F(X,u)dX khi n — oo.
0 0

Ching minh. Ta co
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| [ 7w~ [ 706 wpax

Q 0
= \ / FOC v = F(X,u)v + F(X,un)v = F(X,u)v) dX’
/ \f (X, ua)on — F(X,u,)o

/’qun vn—v’dX—F/‘Hqun X,u‘dX

g(/(f(xm ax)’ (/

/‘qun Xu dX /|U|dx

dX+/‘qun)v F(X,u) ‘dX

Up, —v‘ dX)é

Do u, — u trong S3(Q),v, — v trong L*(Q) va f(X,u) théa man diéu
kien (3.2). Do vay day {u,} 1a bi chan trong S2(Q2) va { f(X, u,)} bi chan

trong L%(2) nén
()

([ |recw
Q Q

Ly luan tuong tu nhuw Dinh 1 2.2.1 ta c¢6

2 3
vn—v’ dX) — 0 khi n — oc.

/(qun Xu dX /|v2dX — 0 khi n — oo.

Do vay

/f(X, Up )UpdX — /f(X, w)vdX khi n — oo.
9)
Chiing minh tuong tu ta cé

/F(X,un)dX%/F(X,u)dX khi n — oc.
Q
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Bo dé 3.2.5. Gid st f(X,u) théa man cic diéu kien (3.2)~(3.5), B
la tap bi chan trong H va € la mot s6 duong co dinh. Khi dé ton tai
To = To(e, B) sao cho vdi moi day {U,} la day bi chan trong B, hoi tu

yéu ve U trong H ta co

limsup |S(T)Uyll5¢ < |S(T)Us||g¢ + € vdi moi T > Tq. (3.18)

n—oo

Chiing minh. Ching ta dat

B(u(t), u®)) = 5 (160 2o, + [0y + ) e )
[B(0,R)] = {X e RY|X|;, < R} v6i mdi R € RY,
va gia st S(H)U, = (uy(t),uy(t)) 1& nghiém ctia Bai todn (3.6) cung
véi dieu kien ban dau U, = (u,(0),u(0)) va S(t)Uy = (u(t), u(t))
I3 nghiém ctia bai todn véi dieu kien ban dau Uy = (u(0),us(0)). T

B6 dé 3.2.1 suy ra ton tai C' > 0 sao cho

sup ||S()U,ll4 < C. (3.19)

£>0,n>0
Nhan phuong trinh dau ctia Bai toan (3.1) véi u; + gu va tich phan trén

RY, ching ta c6

Ld (e + %)2 +(1- 5—2)27} + Vgl = 2F(X,u)] ax

2dt 2 +
s
_ _g (ut + §u>2dX _ §(1 _ %) /quX
RN RY

—§/|Vku\2dX+§/f(X,u)udX.

St dung tich chat ctia ham f(X,u), danh gia tuong ty nhu Bo dé 3.2.1,
ching ta co

3 |
U + §U

2
2 2
o () Ity + 1l 2 f O

RN

L2
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2 < 62) 2
L2(RY) 4 LA®Y)

u(0) 4+ gu(O)

+ IV u(0) 32 gry — 2 / F(X,u(0)dX — 01> L0y, VE> 0.

RN

Do d6 ton tai Cy > 0, véi moi t > 0 ta c6

? 52 2 2
L2RY) 4 L2(RN) L2(RN)

Ut + =U

RN

Tu (3.10) suy ra

2 2
6 2 2
w gl () Wl + 19wl

L2

—2 / F(X,u)dX < Cj.

RN
Nhan phuong trinh dau ctia Bai toan (3.1) v6i u; + gu va tich phan trén
0, 7] x RY, ching ta c6

T
[ (2 4 9 = £y xa

0 RN
1
)

+|Vku(0)||%2(RN)] —/F(X,u(O))dX—l—/F(X,u(T))dX

RN RN

u(0) + gu(O)

? 3 2
# (14 5) O e
L2(RN)

i g’ .
# (14 5) B e
L2(RN)

+ \|VkU(T)Hi2(RN)
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Do do

dt| < C. (3.20)

[ | B u) -

Tuong tu nhu (3.20), do B 1a bi chin trong H va U, € B, v6i mé6i T' > 0

/f(X7 w)udX

ta co
T

[z

0

dt| < C. (3.21)

)y Une(t )—/f(X,un)undX
RN

Nhan phuong trinh mot ctia Bai toan (3.1) véi uy va tich phan trén
t, T] x RY, chiing ta c6

B(u(T), () ~ [ FOXLu(X. T)AX + 5 / e

RN

:Em@wﬁn—/ﬂXwaﬁMX (3.22)

RN

Tir (3.20) va (3.22), ta c6

Ewﬂwﬂw—/FMwaf %iihﬂpwdﬂt

RN

:%/’mmmwm—/Fawa@det
> %// ( — (X, u(X, 1) + (X, u)u)dth - % (3.23)

Tit (3.21) va (3.22), chiing ta c6

T T
M%GMW@D—/F@ﬂ%&ﬂMX+§//WWMWMM&
0 t

RN
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<2 / / (—F(X,un(X,t))+f(X,un)un)dth+%. (3.24)
0

Tu (3.23) va (3.24), suy ra

HunTHLZ (RN) drdt

'ﬂlﬁ

By (T), ung(T)) — / F(X, uy(X,T))

Tt

i

/T/ F(X, u(X, 1) = F(X,un(X,t))>dth

0 RN
T
1
+f//<f(X,un)un—f(X,u)u)dth+E(u(T),Ut(T))
0 RN
8 5 T T o
— [P a4 2 [ [l drae+ 22,
RN 0 ¢
hay
E(un(T), up (T // (X, u(X,t)) — F(X,Un(X7t))>dth

0 RN
T

+%// <f(X,un)un_f(X,u)u>dth+E(u(T),ut(T))

+ (R/ F(X, uy (X, T))dX — / F(X, u(X, T))dX) 4 %

6 T T T T
2 ( / / o412 g, e — / / ot 22 det>  (3.)
0 t 0 t

N N 2. - 2 [N £ 2 2
Tw U, — U suy ra u, — us, va bdi tinh ntta lién tuc yéu cua chuan,

chung ta co

.. 2 2
hégg)lf Hunt”B(RN) > HutHLQ(RN) ;
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khi d6 v6i mdi € > 0 ton tai Ny > 0 sao cho v6i moi N > Ny, ta c6

T

//HUTHLQ . det—//HumHLz ooy drdt < e (3.26)

0 ¢

Tu Bo dé 3.2.4, ching ta c6

T
. 1
Jim / / P(X,u(X, 1)) ~ F(X.0,(X,1)))dXdt =0, (3.27)
0 [B(0,R)]
! T
n—>+oo_ ’ N ’ - '
lim / (f(X Up )y — f(X u)u)dth =0 (3.28)
0 [B(0,R)]

n—-+o00
[B(0,R)]

lim / (F(X,un(X,T))—F(X,u(X,T)))dX:O. (3.29)

Mat khac ta ¢co

!

/ (FOXCu(X.1)) — F(X, (X 1)) ) dXdd

RM\[B(0,R)]

N[ =
o

T
C
p+1
< f/{”un_uLQ(RN\[B(O,R)] [(WHL2 (o1 (RN\[B(0,R)])
0
1
el sy )+ 176 O e s

gl e (Hun . o ) d,
LR RIABO.R)) “2 (RV\[B(0,R) 2 (RV\[B(0,R))

66



% /T / FOX ) — FOX, wpu)dX

0 RN\[B(0,R)]

T
C
<7 et = oy (191 oy ol 2

el Zrin p 0,y 1

(RMA[B(0,R)])

e@nso.a) T 170 e pom)

el g,y Nl a0, ) }dt
2N ) . 1 1 1
trongdén:MHéup#O, r1 = Ny néup:OvaT—quT—z:i

Vi vay, tit Bo dé 3.2.2 va (3.13), ta ¢6 v6i mdi s6 € > 0 tity ¥, ton tai
Ty va Ry thoa man véi moi T > Ty, R > Ry, chung ta c6

_/ / P(X,u(X, 1) — F(X,un(X,t))>dth

0 RM\[B
T
+ l/ / (f(X wn)n — f(X u)u>dth
T 9 )
0 RN\[B(0,R)
+ / <F(X, un (X, T)) — F(X,u(X, T)))dX + % <e (3.30)
RV\[B(0.R)

Do d6 tit (3.26), (3.27), (3.28), (3.29) va (3.30), sau d6 chuyén qua gidi

han chung ta c6

lim sup E(u,(T), un(T)) < E(u(T),us(T)) + e,

n—0o0
suy ra diéu phai ching minh. ]
Bay gid ta chiing minh tinh compact tiém can ctia S(t) trong K.
Dinh 1i 3.2.6. Gid st f(X,u) théa man cic diéeu kién (3.2)—~(3.5). Khi
do {S(t) }t>0 la compact tiem can trong H, nghia la, vdi moi day bi chan
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{U,}22 trong 3 va moi day khong am {t,}>2, théa man t, — +oo khi
n — o0, khi do {S(t,)U,}72, ¢6 mot day con hoi tu trong 3.

Chiing minh. Tt Bo dé 3.2.1, ching ta c6 ton tai mot tap bi chan B
trong H thoa man S(t,)U, C B,Vn € N, do d6 ton tai U € H va mot

day con {n;}?°, sao cho

S(tn,)Up, — U trong H,

tim inf [|S(t,) Unllge > 10 (3.31)

k—400
Bay gio, ching ta sé ching minh ton tai mot day con cta day
S(tn, )Up, hoi tu manh t6i U trong H, bang cach ching ta sé xay dung
day con S(tn,,)Up,, cua S(tn,)Un, thoa man

lim sup Hs(tnkj)Unkj

J—00

< Ul
That vay, tit Bé dé 3.2.5 ta c6 véi mdi [ > 0 ton tai Ty = To(l, B) sao
cho v6i moi {p;} C B, p; — ¢ trong H, ching ta cb
i sup 15 (Tl < [1S(Ta)ello + 7 (3.32)
Vit,, > Tp, khi do ta co

S(tnk — TO)Unk. C B.

Do d6 ¢6 Ur, va mot day con {ny, }7; -, cua day {ng};Z, thoa man

S(tnk,(l) — TO)Unk_(l) — Ur, trong K, (3.33)
nén st dung Bé dé 3.2.3, suy ra
S(tnkj(l))Unkj(l) - S(TO)S(tnkj(l) - TO)Unkj(l) — S(TO)UTO tI‘OIlg H.
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Do tinh duy nhat ctia gi6i han nen U = S(T;)Ur, .

Lay ¢x,,, = S(tnkj(l — TO)Unkj(l) trong (3.32), ching ta c6

)

' 1
lim sup HS(TO)S(t”k~(z> — TO)Unk,(Z) H < [|S(To) U, |4 + T
j(1) =00 ’ e

Suy ra,

1
< —. .
S U+ (334)

lim sup HS(t”km) U

FJURES o
V6i [ =1 tur (3.34) ton tai j1(1) théa man

Hs(t”knu) )Unkjl

< ||U 2.
< Ul +

Ta dinh nghia j;(1) béi j;.

V6i | = 2 tur (3.34) ton tai j2(2) théa man Ny, < N, Va

|t )0

<
" S U+ 1

72(2)
Ta dinh nghia j»(2) béi js.

Tuong tu, v6i | = m tu (3.34) ton tai j,(m) thoa man
va

My < My m)

st . )0

Ta dinh nghia j,,(m) boi j,,.

2
< |\|U —.
S+ =

Jm(m) Jm(m)

Ctt lam nhu vay ta c6 day {n, }72; la day con ctia day {n,}2, va

thoa man
limsup |[S(tu,, U, || < 1015
1—00 Ji JilH
Do d6 ta c6 dieu phai chiing minh. O

Ta chiing minh sy ton tai tap hat toan cuc ctia nita nhom S(¢)

trong JH.
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Dinh 1i 3.2.7. Gid st f(X,u) théa man diéu kién (3.2)—~(3.5). Khi dé
nita nhom S(t) sinh ra bdi Bai todn (3.1) c¢é mot tap hit toan cuc Ag

trong H.
Chiing manh. Ki hiéu
B = {U e U < M},

§ day M 1a hang sb trong (3.7). Khi d6 B 1a tap hap thu cia S(¢) trong
H. Hon ntta, S(t) 1a compact tiém can trong H do Dinh Ii 3.2.6. Vi vay,
ta c6 sy ton tai tap hat toan cuc Age ctia S(t) trong K. O

Vi du 3.2.8. Hay chiing minh sy ton tai tap hat toan cuc clia bai toan
Cauchy sau
o
ot?
u(z,y,0) = uo(z,y),

+5%+u = G%quf(X,u) v6i X = (z,y) € R%t > 0,
ou
ot
trong d6 ug(z,y) € S7,(R?),u1(v,y) € L*(R?), B la cic hing s6 duong

(z,y,0) = ui(z,y) véi (x,y) € R?

—u(l—u2)

X khi |U| < 1, ‘X‘Q = CU2 + yQ,

f(X,u) =

u(1—u? .
&Tﬂ) khi |u| > 1.

Khi do6 ta co y
F(Xou) = [ £(X.€)de.
0

Néu |u| <1 ta 6

u

_foeey 1 e
F<X’“>—O/X4—+1df—m(az>-
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Néu |u| > 1 ta c¢6

U 1 U
F(X,u) = / F(X, €)de = / F(X, €)de + / F(X,€)de
0 0 1
1 U
_ [0 -8) €1-8)
/mxm%+1d5+1|xﬁ+1d5

B 1 <u2 U 1>
COXPE+1N2 4 2/

Do do

1 2wt -
W(%—%—ﬁ) khi - ful > 1.

Bay gio chiing ta sé di kiém tra cac diéu kién (3.2)—(3.5) dbi v6i ham
N e 1 1

f(5X, u) tronSg dicu kien (3.2) 14 C'=3,p =4,9(X) = g7 + Xy €

Li(RY) N Li(RY) va Ny = 3.

That vay, néu |u| v |v| cing nho hon bang 1 ho#c cuing 16n hon bang
1, khi d6 ap dung bat dang thiic Cauchy ta c6

B u(l—uQ) U(l—v2)
£ = 10 = [t~ T

_1 ) _2‘
|X|4+1Hu(1 u) v(l v)

IA

3 3
le—lr§u2+ —02’

1
|Xﬁ+ﬂ@_ 2

< u—vHu4+04+ ! +( ! )2‘
- | X[+ 41 XPP+1/ 1
Néu |u| va [v] ¢6 mot s6 lon hon 1 va mot s6 nho hon 1 khi d6 ta c¢6

u =1 <fu—vl,|v=1] <|u—0],
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(X u) — f(X,v)| < |f(X7U)—f(Xyl)!+|f(Xa1)—f(X,U)2!
< u_1HU4+1+\X|41+1+<|X\j+1>‘
* U_1H1+U4+\X\j+1+<|X|j+1>2‘
< U_U‘<2+U4+U4+|X|4%+2<|X|4%>2)

1 1 2
< 3) - ’ ot .
< Jjlu—v (u +v 4+ ]X]4+1+ <|X\4+1>
Vay ham f(X,u) théa man diéu kién (3.2).
Ta c6 f(X,0) =0 € L?(R?), nén f(X,u) théa man diéu kien (3.3).

V6i diéu kien (3.4), ta chon Cy = 1, g1(X) = W € LY(R?).
That vay, ta tim Cy va go(X) = ‘X|4+1 thda man
Cy

> s
F(X,u) > Cof(X,uw)u+ X

( _
1 2 ull—u C .
| X]4+1 (u? o _) > C) |)g|4+1) + |X\42+1 khi \u\ <1,

< 4
\ \X\}l—kl (u; - %4 - %) > Cru(l—v?)+Cy khi |ul > 1,
'—1<§—§>z—u01 (1—w?)+Cy  khi Ju[<1,
< 4
\%—%—%chu(l—lﬂ)Jng khi |u| > 1,
(1 -C)ut+ (CL—35)u* > Cy khi |u] <1,
=
Ci—Hu'+(G-C)u?>Co+ 5 khi [ul > 1,

ta chon C = 1 khi d6 C5 thoa méan

T > Co+ 4 khi ful > 1,
nén ta chon Cy = % Khi d6 ta co
1 1
F(X,u)>-f(X,u)u — —————, VX e R> u e R.
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Ta co
—1 u?
X141\ 2

1 u?
| X[P4+1\ 2

— “—) <0, VX € R%V|u| < 1,
4
S|
_UZ_§> <0, VX € R% V|u| > 1.

Nen F(X,u(X)) <0, v6i moi u € 512/2(]1%2). Vay ham f(X,u) théoa man

diéu kien (3.5).

Do d6 f(X,u) théa man cac dieu kién (3.2)-(3.5). Nen ap dung
Dinh 1i 3.2.7, ching ta c¢6 Vi du 3.2.8 ton tai mot tap hat toan cuc
ASf/Q(RQ)xLQ(RQ) tI‘OIlg S%/Q(RQ) X L2<R2) d61 vOil nﬁ_’a nhém S(t) SiIlh bél

Vi du 3.2.8.
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KET LUAN
Cac két qua dat dudc

1. D6i véi phuong trinh hyperbolic tat dan chita toan tit Grushin trong
mién bi chan: Ching minh dudc sy ton tai va duy nhat ctia nghiem
tich phan. Chitng minh dudc sy ton tai ctia tap hat toan cuc lién
thong compact trong khong gian S ((Q) x L*(Q2) va chiing minh

duoc s6 chieu fractal ctia tap hiat 1a hitu han.

2. Déi v6i phuong trinh hyperbolic tat dan chita toan tit Grushin trong
toan khong gian: Ching minh duge sy ton tai va duy nhat cia
nghiém tich phan. Ching minh dugc sy ton tai ctia tap hat toan
cuc trong khong gian S2(RY) x L*(RY) .

3. Dua ra dudgc vi du minh hoa cho cac bai toan vé sy ton tai nghiém

yéu va ton tai tap hut toan cuc trong cac khong gian tuong Ung.

Kién nghi mot s6 van dé nghién ciu tiép theo

Bén canh cic két qua dat dugc trong dé tai, mot so6 van dé md lien

quan can dudgc tiép tuc nghién ctu nhu:

1. Nghién citu diéu kién ton tai nghiém ctia cic bai toin bién néi trén
trong mién khong bi chan, trong mién bi chan véi dieu kién bién

Dirichlet khong thuan nhat.

2. Nghién cttu cac tinh chat ctia tap hat toan cuc nhu: sé chieu, su

phu thuoc lién tuc vao cac tham sb, tinh tron, ....
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3. Nghién cttu sy ton tai nghiem va dang diéu tiém can nghiém cla
cac phuong trinh hyperbolic suy bién véi cac dieu kién bién khac
nhau, chidng han diéu kién bien khong thuan nhat, diéu kién bién
Neumann, diéu kién bién hén hop, diéu kién bién phi tuyén, ... Dé
lam duge diéu nay can xay dung duge khong gian c6 trong tuong

tng, dinh 1i nhiing kiéu Sobolev.

4. Nghién ctu sut ton tai tap hat khi ham phi tuyén phu thuoc thoi
gian nhu tap hat 1ui, tap hat deu.
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