TRUONG DAI HOC HOA LU
KHOA TU NHIEN

NGUYEN THI YEN

KY THUAT CHUNG MINH BAT PANG THUC
BANG PHUONG PHAP DON BIEN

KHOA LUAN TOT NGHIEP DAI HOC
NGANH SU PHAM TOAN - TIN

Hé dao tao: Chinh quy

Khoéa: 2012 - 2016

NINH BINH - 2016



TRUONG DAI HOC HOA LU
KHOA TU NHIEN

NGUYEN THI YEN

KY THUAT CHUNG MINH BAT PANG THUC
BANG PHUONG PHAP DON BIEN

KHOA LUAN TOT NGHIEP DAI HOC
NGANH SU PHAM TOAN - TIN

Hé dao tao: Chinh quy

Khoéa: 2012 - 2016

Ngudi huéng dan Ths. Duong Trong Luyén

NINH BINH - 2016



CONG HOA XA HOI CHU NGHIA VIET NAM
Doc lap - Tu do - Hanh phic

BIEN BAN XAC NHAN
CHINH SUA KHOA LUAN TOT NGHIEP

Ho va tén tac gid: Nguyén Thi Yén.

Dé tai luan van: Ky thuat ching minh bat ding thic bing phuong
phap don bién.

Chuyén nganh: Su pham Toan - Tin.

Tac gia va ngusi huéng dan khoa hoc, xac nhan tac gia da sita chia,

b6 sung luan vin theo bién ban hop Hoi dong ngay 10 thang 6 nam 2016.
Ninh Binh, ngay 11 thang 6 nam 2016

Giang vién huéng dan Tac gid khoa luan

Duong Trong Luyén Nguyén Thi Yén



L.OI CAM ON

Luan vin dugc hoan thanh duéi sy huéng dan tan tinh ciia thay Duong
Trong Luyén. Em xin giti dén thay sy kinh trong va long biét on sau sic.

Em xin bay té long biét on dén quy thay co gido da gidng day 16p D5
Toan kho4 2012 - 2016 cua truong Dai Hoc Hoa Lu, dic biét 1a cac thay
co trong Bo mon Toan - Khoa Ty Nhién da giang day tan tinh va quan
tam, dong vién em trong sudt qua trinh hoc tap va thyc hién dé tai.

Em ciing xin gt 16i cam on nhitng ngusi than trong gia dinh, ban be,
tap thé 16p D5 Toan da luon tng ho, dong vién va nhiét tinh gitp dé em
trong sudt thoi gian vita qua.

Tac gia

Nguyén Thi Yén



Mé dau 1
1 Mot s6 kién thitc co ban 4
1.1 Téng quan vé phuong phap don bién . . . . . . . . ... .. 4
1.2 Dinh li dén bién tong quat . . . . . . ... ... ... 6

2 Ki thuat chitng minh bit ding thiic bang phuong phap dén
bién 11
2.1 Mot s6 phuong phap don bién thong dung . . . . . . . . .. 11

2.2 Mot s6 bat dang thic don gidn diing phuong phap don bién 41
Két luan 64

Tai liéu tham khao 64



MO DAU

1. Ly do chon dé tai

Trong chuong trinh Toan THPT, bat dang thic ngay cang dudge quan
tam ding mic, né cé stic hap dan manh mé nho vé dep va tinh doc déo
cua phuong phap ciing nhu ky thuat giai ching.

Bat dang thitc 13 mot trong nhing dang toan hay va khé déi véi hoc
sinh trong qué trinh hoc tap va cac ki thi néi chung va céac ki thi hoc sinh
gidi ¢ cac cap tinh, qubc gia, Olympic néi rieng.

Cac bai toan bat dang thic khong nhitng réen luyén tu duy sang tao,
tri thong minh ma con dem lai say mé va yéu thich mén Toan 6 ngudi hoc.

Hién nay c6 nhiéu tai lieu viét vé cidc phuong phap ching minh bat
ding thic nhung it c6 tai lieu viét vé ki thuat st dung cac phuong phap
dé ching minh bat dang thic, dic biét 1a ki thuat ching minh bat dang
thiic bang phuong phap don bién.

Mot bai tap ching minh bat ding thic cé thé giai theo nhiéu cach
khéc nhau, tuy nhién nén chon theo céch nao dé dugc 15i giai ngin gon,
xtc tich, hay nhat dé cé thé md rong, tong quat thi can hiéu sau, nim
dugc mot sé ki thuat co ban dé chitng minh bat dang thrc.

Tt nhitng 1y do trén em lya chon nghién citu dé tai “K¢ thuat ching

minh bdt dang thic badng phuong phdp doén bién”.



Ngoai phan md dau, tai lieu tham khao, khéa luan chia lam 2 chuong

Chuong 1 Mot s6 kién thic co ban.

Chuong 2 Ky thudt ching minh bat dang thitc bing phuong phdp don
bién.

Chuong 1 dugc gianh cho viéc trinh bay céac kién thiic co ban cua
phuong phap don bién.

Chuong 2 dugc gianh cho viéc trinh bay cidc phuong phap don bién
bang k§ thuat ham s6, don bién bang ham 16i, don bién vé gia tri trung
binh va cac bat déng thitc don gian ding phuong phap don bién dé chitng
minh bat dang thic 3 bién véi cuc tri dat dude déi xting, bat dang thic 3
bién véi cuc tri dat dudc tai bieén, bat dang thic 4 bién. Trong chuong nay
luan van trinh bay chi tiét cho mdi phuong phap don bién va cach ching
minh cac bat ding thitc vita néu, dua ra hé théng phong phi cac vi du
minh hoa cho méi phuong phap va cac bat dang thic do.

2. Muc tiéu nghién cttu

Nghién citu sau vé ki thuat ching minh bat ding thic bing phuong
phap don bién.

3. D6i tugng va pham vi nghién ciu

- D6i tugng nghién ctu: Phuong phap don bién va céc bat dang thiic
stt dung phuong phap don bién dé chitng minh.

- Pham vi nghién ctu: Cac bai toan ching minh bat ding thic bang
phuong phap don bién trong chuong trinh Toan pho thong va cac ki thi.
4. Phuong phap nghién citu

- Nghién citu ly luan: Doc va nghién citu cac tai liéu lien quan dén de

tal.



- Phuong phdp phan tich, tong hop: Cac bat dang thic st dung phuong
phap don bién dé chiing minh.

- Phuong phap lay 1§ kién chuyén gia: Lay ¥ kién ctia gidng vién huéng
dan va cac giang vien khac dé hoan thién vé mit noi dung ciing nhu hinh
thiic ctia dé tai.

5. Y nghia khoa hoc va thuc tién ctia dé tai

Viéc nghién cu noi dung "Ky thuat ching minh bat diang thic bing
phuong phdp don bién" sé gitp tac gid ndm viing hon noi dung va cach sit
dung phuong phap don bién vao ching minh mot s6 bat dang thrc.

Dé tai nghién cttu thanh cong sé cung cap cho sinh vién va nhiing ai
yeu thich Toan hoc nhing kién thic bo ich, c6 hé théng vé phuong phap
don bién trong chiing minh bat dang thiic; Tt d6, c6 cai nhin tong quat va
st dung linh hoat phuong phap don bién. Day ciing 1a tai lieu tham khéo
cho sinh vién hoac cac ban yéu thich moén Toan, dac biét la yéu thich bai
toan chiing minh bat dang thrc.

6. B cuc ctia khéa luan

Ngoai phan mdé dau, tai lieu tham khdo, khéa luan chia lam 2 chuong:

- Chuong 1: Mot so kién thic co bdn.

- Chuong 2: K9 thudt chiing minh bat dang thitc bang phuong phdp don

bien.



Chuong 1

Mot s6 kién thic co ban

1.1 Tong quan vé phuong phap doén bién

Dic diém ctia nhiéu bat ding thic, dic biét 1a cac bat dang thitc dai
s6 1a dau bang xay ra khi tat cid hodic mot vai bién so6 biang nhau. Phuong
phap don bién dua vao dic diém nay dé lam giam sb bién clia bat dang
thitc, dua bat dang thic vé dang don gidn hon cé thé ching minh truc
tiép bang cach khao sat ham mot bién hodc ching minh bang quy nap.

Dé chiing minh bat dang thiic
f(x1, z9, ooy xy) > 0. (1.1)

Ta c6 thé ching minh

f(xl,xg,...,.fn) Zf x1+x23$1+$27“'7xn ) (12)
2 2
hoac
f(xla X9, 7xn) Z f(\/flfl.flfQ, \/xl,IQ, 73771) (13)
Sau do6 chuyén viéc chiing minh (1.1) vé chitng minh bat dang thiic
flxy, @y, ooy xn) > 9(Y1, Y2y ooy Y1) > 0, (1.4)



ttic 1a mot bat ding thiic v6i s6 bién it hon.

Tém lai, trong cac bat dang thic ma ta gip, c6 cac trudng hop dau
bang xay ra rat thuong gip, dé 1a truong hgp tat cad cic bién bang nhau
(ta goi 1a “cyc tri dat dugc tai tam”), tong quat hon 1a trudng hop c6 mot
s6 bién bang nhau (ta goi la “cyc tri dat duge c6 tinh d6i xting”), mot
truong hop khéc 1a dau bang xay ra khi c6 mot bién c6 gia tri trén bién
(ta goi la “cyc tri dat dugc tai bien”). Phuong phap don bién dugc dit ra
dé giai quyét cac bat ding thic ¢6 dang nhu tren. Y tudng chung 1a néu
ta dua duge ve truong hop c6 hai bién bang nhau, hoac 1a mot bién c6 gia
tri tai bien thi sé bién sé gidm di. Do d6 bat déng thitc méi don gian hon
bat dang thitc ban dau, dic biét néu bat ding thic méi chi con mot bién
thi bang cach khao sat ham mot bién s6 ta sé chiing minh bat dang thic

kha don gian.

Vi du 1.1.0.1. (Bdt dang thic cé cuc tri tai tam) Cho x,y,z > 0 khi do

ta co

T+y+z>3Fxyz.
(Bét dang thic Cauchy cho 3 so )

Vi du 1.1.0.2. (Bat dang thic cé cuc tri doi xing) Cho z,vy, 2 la cdc so
thuc va * + y> + 22> = 9. Khi dé, ta co

2(x +y + 2) —zyz < 10.

Vi du 1.1.0.3. (Bdt dang thiic c¢é cuc trj tai bién) Cho a,b,c la 3 s6 thuc

khong am va cé toi da mot s6 bang 0. Khi dé ta luon cé

b 5
¢ + ¢ Sz\/a—i—b—i—C.

+
vVa+b Vb+c c+a




1.2 Dinh 1i don bién tong quat
1.2.1 Dinh li vé dén bién

Dinh 1y 1.2.1. Cho D la tap dong va bi chan trong R™ va gida sv f : D — R
la mot ham so lién tuc va doi zing vdi tat cd n bién x1, xo, . . ., T, zdc dinh
tréen mot mien lien thong ([a,b],[a,b), (a,b], (b, +0), (—00,a),...) théa

man diéu kién sau

f(l’l,xg,... )>f($1—|—1172 xl;—x2,$3,...,xn>. (15)

Khi dé ta cé bat dang thic sau

flxy,z9, .. x0) > fla,z,. .. ),

trong do
L3 S /2 e i i )

n

Diéu kién (1.5) c6 thé bién doi thanh mot s6 dang khdc, ching han

flxr, 20, ... 2n) > f(V@129, \/T122, 23, . . ., Tp),

r? + a3 1? + 73
flxy, 29, .. ) > \/1 2 \/ 1 2 15 ...,xn),...,

va con rat nhieu dang khdc nia tiy theo yéu cau bai todn.

1.2.2 Dinh Ii don bién manh (Stronger Mixing Variable —
SMYV)

Bo dé 1.2.2. Gid st ay,as, ..., a, la day sé thuc tuy §. Ta thuc hién lién
tiép phép bién doi sau
e Choni,je€{1,2,...,n} la 2 chi s6 sao cho
a; = min {al,ag, . ,an}, a; = max {al, as, . .. ,an};

6



o Thay a; va a; boi
a; + a;
2

(nhung van gitt ding thi ty ciia ching trong day s6).

Khi doé sau vo han lan thuc hién bién doi noi trén thi moi so a; déu tién
ap + az + -+ ap
- :

tdi gidi han a =

(Goi phép bién dbi trén 1a phép bién ddi A ).

Chiing minh. Ki hieu diay ban dau la {a%,a%, e ,a,ll}. Sau mot phép
bién doi ta thu dudge day méi {a%,a%, . ,a%}. Lam tuong tu, tu day
{a]f,ag, . .,aﬁ} ta thu duge day mdi ki hieu 1a {alfﬂ,agﬂ, e ,aﬁ“}.

Khi d6, v6i moi s6 nguyén i = 1,n ta phai chiing minh

_a1+a2+---+an

lim af = a,a

k—o00 n
Gia stt mj; = min {a]f,alg, . .,afl} va My = max{a’f,a’f, e ,aﬁ}.

Dé thay phép bién déi A khong lam ting gia tri cia M va khong lam

gidam gia tri cua my.

Vi my, va M, déu la cac day bi chan nén 3 m = lim m; va M = lim M;,.
k—o0 k—o0

Ta phai ching minh m = M. Phan ching, gia st M > m. Dat
dk = Mk — M.

Nhan xét 1.2.3. Gid st sau mot so phép bién doi /A day {a%, ai, ... ,al}

n

M;+m
trd thanh day {a’f,aﬁ,...,a’fb} sao cho my = % thi ta c6 mg =
My +my
—

Nhu vay, khong mat tinh tong quat clia bai toan gia si

1 1 1 _
My=a,>ay>--->a, =m.

\]



(Dé cho gon ta ki hiéu a; thay cho a; ).
ar+a, (ai+ay
2 2

va k 1a chi s6 nho nhat théa man a? > my, Vi = 1, n.

14 mot s6 hang nao dé ctia day (af, a3, . .. a2)>

Neumy = , Q)

Gia su
S = {kaz > klmy, + My = 2ml} = S = {k\mk + M, = kaﬂ},
P = {kﬂl > klmy, + My = 2Ml} = P = {k\mk M, = 2Mk+1}.

Néu S hogc P ¢6 vo han phan i, gid st |S| = oo thi véi mdi k € S, ta c6

dir1 = My — mpp1 = My — -
V1 dj, 1a day gidm nen |S| = oo thi | S| = oo va do d6 m = M. O
Tu bd dé trén ta suy ra mot két qua sau

Dinh 1y 1.2.4. (Stmnger Mixing Variable — SMV) Cho I = |a, ] X
[, B] X -+ - X [, B] , 0, B ER, wa [ : I — R la ham lién tuc doi xing théa
man diéu kien f(ar,as,...,a,) > f(b1,ba,...,by), vdi {b1,ba,..., by} la
day thu dugc tic day {a1,as, ..., a,} theo phép bién doi A. Khi dé ta c6

flar,as, ... a,) > f(a,a,...,a) vdia=

Ngoai ra, phép bién doi A c6 thé khdc hon, ching han thay thanh

2 72
a®+b )
Vvab, _2|_ hodc bat ki mot dang trung binh nao khdc. Tuy theo gia

thiét cta bai todn ma ta can chon cdach don bién cho pht hop.

1.2.3 Dinh li don bién tong quat

Dinh 1y 1.2.5. Cho D la tap dong va bi chan trong R™ va A la mot tap
con dong cua D. Anh za T : D — D la mot phép bién déi bt ki va
f D — R la mot ham s6 lién tuc théa man f(z) > f(T(xz)), Vo € D\A.

8



Khi dé gid tri nhé nhat cia [ dat duoe trén A, tic la

f(z) > Zréiil f(y), Vx & D\A.

Chiing minh. Do D la tap dong va bi chin trong R"” va f : D — R 1a mot
ham s6 lien tuc nén Izy € D sao cho f(zg) < f(x), Vo € D. Néuzy ¢ A
thi f(xo) > f(T(xO)) (mau thuan). Vay zy € A. ]

Dinh 1y 1.2.6. (GMV — General Mizing Variables ) Cho D la tap dong
va by chan trong R™ va A la mot tap con dong cia D. Anh ral;: D — D
la cdc phép bién doi sao cho ton tai cic ham s6 hj lien tuc D — R thoa
man h(T;(z)) < hj(z),Ve € D\A,Vj e {1,...,k} va f: D — R lien tuc

thoa ma > in f(T; D.
éa man f(x) > je?ll,l..l.l,k} (Tj(x)),vx €

Khi do ta co

f(z) > ryréigf(y), Vx € D.

Chitng minh. Tt gia thiét ta 6 ton tai yg € A sao cho f(yo) > Eréiglf(y).
Ta chitng minh bang phuong phap phan ching tic 1a gid st ton tai Iz € D
sao cho f(z) < f(yo) va hj(l‘) > 0,Vz € D,Vj = 1,k. Chon ¢ > 0 du
nhé ta ¢ f(2) +ehi(2) < f(n), Vj =1, k.

Dat g;(z) = f(z) + ehj(z) < f(w),Va € D,Vj = 1k va
g(z) = min{gi(z), g2(x),...,gx(z)},V € D thi g : D — R lién tuc,
g(z) > g(T(z)),Vz € D\A va g(z) < f(yo) < 222 {g(y)} (mau thuan
v6i dinh 1i 1.2.4).

Suy ra diéu phai chting minh. ]

Hé qua 1.2.7. (Undefz’ned Maixing Variables — UMV) Gia s D la
tap dong wva bi chan trong khong gian R"™ thoa man D C {x =

(X1, Ty, ..., z,) € R"|x; > 0,Vi :1,_71} Goi A la tap cac phan ti trong D

9



6 t thanh phan bang 0 va n—t thanh phan bang nhau (t > 0). Hai phép bién
doi Ty, Ty : D — D théa mén véi méi phan tiia = (a1, as, . ..,a,) € D\A,
chon ra 2 chi s6 i # j sao cho a; = min{a; > 0,t = 1,...,n} va
a;j = max{ay,as,...,a,}, sau dé thay a;,a; bdi o, B € (a;,a;) (dng vdi
Ty) va a < a; < a; < Il (tng voi Ty ), va dnh za f: D — R lién tuc thoa
man
f(a) = min{f(Ti(a)).f (T:(a)) }, VaeD.
Khi do
f(x) > minf(y), Vx € D.

yeA
Ching minh. Chon
hi(a) = max {al, as, ... ,an} — min {al, as, . .. ,an},
ho(a) = —hl(a), Va = (al,ag, . .,an) e D.
Thay T} béi T7 = T7 va Ty = T3 dé c6 hi(a) > hi(T7(a)), hao(a) >

ho(T5(a)),Va = (a1, az,...,a,) € D.
Ap dung dinh i GMV ta c¢6 diéu phai ching minh. O

10



Chuong 2

Ki thuat ching minh bat dang thic
bang phuong phap don bién

2.1 Mot s6 phuong phap don bién thong dung

2.1.1 Doén bién bang ky thuat ham sb

Y+ z

2
xét ham g(s) = f(x,t+s,t —s) v6i s > 0. Sau d6 chiing minh g tang véi

Phuong phéap: Dé chiing minh f(:c, v, z) > f(a:, t, t) véi t = ta

s > 0. Suy ra g(s) > ¢(0),Vs > 0 va ta ¢6 diéu can chiing minh.
Day 1a mot ki thuat kho, bdi n6 chita duyng nhiing nét tinh té ctla
phuong phap don bién. Nhitng bai toan sau day thé hién rat ré vé dep va

stic manh ciia phuong phap don bién.

Vi du 2.1.1.1. Cho k > 0 va a,b,c la cdic s6 khong am va chi cé toi da

mot s6 bang 0. Ching minh rang

k k k
¢ + b + ¢ > min 2i
b+c c+a a+b) — "ok [

\ I 3
Nhan xét 2.1.1. Ta chi can ching minh bat dang thic ding khi 2 = — &

ok
In3 , .
k= 111—2 — 1. Vi k nhu trén thi dang thic xay ra tat 2 cho la a = b = ¢
n

11



hodc a =b,c =0 (va cdc hodn vi ).

Chiing minh. Khong mat tong quat, gid sia+b+c=1va b > c > a.

b b—
Dat t = +Cvam: ¢

,suyrab=t+m,c=t—m,a=1—2t.

Khi do6 vé trai ctia bat dang thiic can chitng minh la
F£(m) 1 -2t k+ t+m k+ t—m \"
m)=|—— - " ).
2t 1—t—m 14+m—t
Vic > a nén
t—m>1—-2t>0&3t—1>m > 0.

Val>b+ c= 2t nén

1 1
—>t> —.
2 73
N 1
Khéo sat ham f(m) trén mien m € [0;3t — 1] v6i t € !§’ ] la hang so
Ta co6 - -
: k(t+m) k(t—m)"
f(m) = 1 k+1
(1—t—m) (1+m—t)
Do d6
fim) =0
(t+m)" (t—m)""
< 2 )
(1—t—m) (1+m—t)
k+1
< (Inft — m] — In[t + m]) — l_k(ln[l—t—m]—ln[1+m—t]) > 0.
Gia st
k+1
g(m) = (In[t —m] — Inft + m])—1 — k(ln[l —t—m]—In[l+m—t]) >0.

Tiép tuc khéo sat ham g(m) ta c6

) Lo 1 kel L -
m) = —
g t—m t+m) 1—k\1—t—m 1+m—1t)"

ot k+1 2(1 — 1)
U)okt (e m ) = 21

12



k41

Ma - > 2 nén dé chitng minh (2.1) ta can chitng minh

—t 2(1—1)
—m?  (1—1)"—m2

& ulm) = =3t3 + 42 — t + 3tm? — 2m* > 0.

That vay, vi ' (m) = 6tm — 4m < 0,Vt € E,%] ,Vm € [0;3t — 1].
Suy ra u(m) nghich bién. Ma m < 3t — 1 nén u(m) > u(3t — 1) =
2(3t — 1) (2t — 1)* > 0. Vay g(m) ddng bién. Khi d6 ta ¢6
g(m) = g(0) =0
= [(m) >0
= f(m)>0.

Khi m = 0 thi ta ¢6 b = ¢ = t. Cudi clung, ta can ching minh h(t) > 2,

h(t) = (i—t%) " (%)k

. 1
Khdao sat ham h(t) trén mieén ¢ € [0; §] Ta ¢6

trong do

k-1
, k (1—2t) 2heth-1 1
& R < (1 — )M (1 = 2t)F L, (2.2)

Trong bat dang thitc (2.2), vé trai la ham dong bién theo ¢ va vé phai la
) 1 . .
ham nghich bien theo ¢, ¢ day t < 3 nén de ching minh (2.2) ta can

2k k+1 k—1
o+1 L <(1- 1 1— 2 .
3 3 3

Bat dang thitc nay luon ding nén h(t) nghich bién. Suy ra

h(t) > h(%) _o

13



Ta sé dua ra mot so6 truong hop riéng ctia vi du 2.2.1.1.
a. Truong hop k = 1, ta thu dugc bat dang thic Nesbit

a n b L c >3
b+c c+a a+b 2

Ching minh. Cach 1.

Dat
a b &

b+c+c+a+a+6
Gia st z = min {a, b, c}. Khi dé ta c6

f(a,b,c) =

f(a,b, c) — f(a,b, \/%)

_a b c a b Vab
_b+c+c+a+a+b_b+\/£_a+\/%_a+b
B a(\/%—c) N b(\/%—c) Jrc—\/%
_(b+c)(b+\/%) (c+a)(a+ Vab) a+b
a b 1

:(\/a_bC)<(b+c)(b+\/%)+(c+a)(a+\/%)a+b)

a b 1
Z(bJra)(bJr\/%)Jr(b+a)(a+\/%)_aer
_ 1 ( a N b _1)
atb\Vh(va+vh)  Va(Va+Vb)

1 a b
(a+b)(\/5+\/5)<\/5+\/5_\/5_\/5>

" (a+0) (1¢5 +V/b) (akb " b\;;)

- 1 (a—p) YoV
(a +b)(v/a+ Vb) Vab
WA=

(a-l—b)\/% B

14



Mat khac

a n b -I—\/%
b++vab a-++ab a+b

b \ﬁ
-l a_, Va
b
9+ﬁ 1+ﬁ L
a a a a
1 12 t
+

f(a,b,Vab) =

et 14t 211
M —t+2 3 3

ST | L N

( )Qt(t2—1) 272

trong d6 t = \/g, (t > O).

Dau “=" x4y ra khi vi chi khia =b=c= 1.

Nén ta c6 dieu phai chitng minh.

Cach 2
Dat
a b c
b.c) = )
f(a, ’C) b+c+c+a+a+b
Ta ¢co
a+b a+b
b.c) —
f(a’7 ,C) f( 9 ’ 9 7C>
_a+b+c_a+b+a+b+c
b+ec c+a a+b a+b+2¢c a+b+2¢c a-+b

__a . b 2(a+b)
b4+c¢ c+a a+b+2c
B (a2+b2+ac+bc)(a+b+20)—2(a+b)(b+c)(c—|—a)

(b+c)(c+a)(a+b+2c)
a’® + ca® + cb® + b3 — 2abc — ab® — a®b
(b+c)(c+a)(a+b+20)

15



Tt bat ding thitc AM-GM ta c6

3 303
a3+ca2+cb2+bg—%+?+ca + cb?

_@+ﬁ+w+@+m+w
N 3 3
> ab + ab® + 2abc.

+ ca® + cb?

Suy ra
a® + ca® + cb* +b° — (a® + ca® + cb® +b*) > 0
Suy ra
b b
f(a,b,c)—f or 7iac 207
2 2
hay
a+b a+b
> .
Fabo = £(450 55 )
Do d6 theo dinh 1i SMV thi
3 b
fltte) =5, wit:a;.
Ta co
3 t t c 3
tt = —>-s2t—c)?>0.
f( C) 2 t+c+t+c+2t_2 (t=e 2

Bat dang thic trén luon dung.

Dau “=" xay ra khia =b = c.

1
b. Truong hop k = =, ta thu dugce bat dang thitc sau

Chitng minh. Ap dung bat ddng thic Cauchy

a 2a S 2a
\/b—l—c 9 /a(b+c)_a+b+c



2D

b 2b
N _ > .
atc o /b(a+c) a+b+c

c 2c S 2c
\/a-l—b 9 /c(a+b)_a+b+c

Suy ra
x/“a“ b \/F_T?__ 2a 2b 2¢
+4/ + > + —
b+ c a—+c b+a  a+b+c a+b+c a+b+c

_ 2a+2b+2a

 a+b+c
2(a+b+c)

 a+b+tec

= 2.

[]

Vidu 2.1.1.2. Cho k > 0,a,b,c >0 vaa+b+c= 3. Chitng minh rang
k k k 3\ "
(ab)" + (be)" + (ca) f;nmx{3,<§) }.

Chiing minh. Khong mat téng quat, gia st b > c.

b b—
bat t = +Cvamz ¢

,suyrab=t+m vac=t—m. Khido vé

trai clia bat dang thiic can chitng minh tré thanh
k k k 2 ok
fom) =" [(t+m)" + (¢ —m)"] + (2= m)".

Ta khao sat ham f(m) trén mien m € [0, t].

Ta ¢co



Suy ra ¢ (m) dong bién, do d6 ¢6 t6i da mot nghiem trén (0, t).
Vi g(0) = 0,9(t) = 400 nén chi ¢6 hai kha nang g(m) dong bién hoac
g(m) déi dau tit am sang duong tai 0 nén cie dai dat & bien.
Do do
f(m) < max {(0), f(1)}.
Khim =0suyrab=c=1tvam =1 kéo theo c = 0.

Dé thay khi ¢ = 0 thi
3 2k
oy =200’ < (3) -
Xét truong hgp b = c =t. Dat

h(t) = f(0) = 2t"a" + 2% = 2% (3 — 2t)" 4- 7,

Ta co
B (t) = —4k(3 — 2t) 1 4 2k (3 — 20) B 4 2k0P
, 3—20\"""  /3-2t\"
h(t)20<:>—2<T) +<T> +1>0.
5 3— 2t k—1 k k k-1
bit x = csuy ra u(x) = 22" 42V +1=2"—-22""+1>0.
Ta co

u (z) = ka* ! — 2(k —1)2* % = [ko — 2(k — 1)]z" 2.

Vi v (x) ¢6 téi da mot nghiem trén tap sé thuc duong nén u(x) c6 téi da
hai nghiém trén tap sé thuc duong, trong d6 mot nghiem 1a z = 1.

Tu do, gia stt @ = min {a, b, c}. Khi d6, xét ¢ > 1 tuong tng véi z < 1. Vi

u(z) ¢6 t6i da mot nghiem trong (0,1) nén A'(z) chi ¢6 t6i da mot nghiem

18



3
trong (1, §> :

Ta co

/ (3
h (1)=0,h (5) > 0.
Do d6 chi c6 hai kha nang h(t) dong bién hodc h(t) ddi dau tit am sang

duong tai 0 nén cyc dai dat tai bién, suy ra

h(t) < max {f(l), f@) } ~ max {3, <g>2k}

]
Vidu 2.1.1.3. Cho a,b,c > 0,a + b+ c = 3. Chitng minh rang
b b 11v/33 — 45
a N c N ca < ‘
3+c¢2 3+4+a2 3402 24
Chiing minh. Gia st a > b > c.
Diat a = s+ t,0 = s —t. Khi do, ta c6
) — —c 20(52 — t2) c 20(32 — t2) 2t

- 2 5+ 5+ o
3+ (s+1t) (3+[3+ﬂ2) 3+ (s—1t)

Diit u =3+ (s+1¢)°,0 =3+ (s —¢)°. Khi d6 ta c6

/o Aest N 8est(s? — %) (u+v) 2t

t — <0, Vte (0,s —c).
F®) U uly? 3+ c2 ’ (0.5 —¢)
(2.3)
That vay, ta sé chi ra véi t € (0,s — ¢) thi
4cs 1
< . 2.4
w3+ c? (24)
Va
8cst(s? — ) (u + v 1
=) »

u2v? — 3+

19



Chtng minh (2.4).

Vic+2s=1vas>1néncs <1.

Hon nta
u:3+(3+t)2>4,v:3—|—(3—t)2>3+c2.
Suy ra
uv
— >34+
1 +c
Vay
4CS< 1
w342

Chitng minh (2.5).
Dung bat dang thiic Cauchy ta c6

wv? = ((3 + s+t B3+ [s— t}2))2 > 16(s* — t7)

2¢s(u+v) (34 %) = 203(3+ [s+t]2—|—3+ [s—tf) (3+¢?)
= 405(3—!—32 -|—t2) (3—!—02)

_ (4cs+3+82—|—t2—|—3+02>3
—_ 3 .

Tacoc=3—-2svat<s—c=3s—3.
Suy ra
des+3+ 8+ +3+P=4(3—25)s+6+ 5"+ 1>+ (3—2s)
< 4(3—2s)s+6+ 5>+ (35 — 3)* + (3 — 2s)*
= 65 — 185 + 24
=124+6(s—1)(s—2) <12
Suy ra
QCS(U—HJ) (3+62) < 43

20



Do dé6
8cst(82 — t2) (u + v) s2 — t22¢s (u + v) (3 + 02)
=4
s2 — 12 43 1 43 1

—4— — _
16(s2— )3+ 413+ 3+

Vay Vt € [0,s — ] thi

2sc 52
t) < —
f(t) = £(0) 3452 342
B 23(3 — 23) 52
3+5% 34 (3-2s)
Gia su
25(3 — 2s 52
g(s) = ( ) (2.6)

3
Khi d6, xét g(s) véi s € [1,5].

Ta co
/ 2[3 — 2s] —4s) (3 + s%) — 4s(3 — 2s
g(s):([ | —4s)( 2) ( ),
(3—|—32)
28 (3 + [3 — 23]2> + 457 (3 — 23)
+
3+ (3—2s)°
18 — 245 — 652 24s — 1252
- 5 T N
(3+52) (3+[3-2s")
108(s2 — 3s +4) (s —1)"(— s* — 35+ 6)
— . '
(3+[3-25") (344’
Dé thay

3 9 7 3\* 7
52—38+4 :SQ_2§S+Z+Z:<S_§> +Z>O,

33 —3 33+ 3
—s2—3s5+6 :<s—\/_2 )<s+\/_2+ )
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Vv33-33\ . V33 -3
—_— va am trén [ 0, —— |.

Suy ra ¢ (s) duong trén ( —

2 2 2
Ta c6
LV33-3(, V333 V33 -3\
V33-3 2 2 2
I\N—"o )~

)o (YE3) (f_)

2
_AVEB-3)(6-VE) (VB3
124 (VB3 -3)° 4(3+ [6+\/§]2)

~ 11v33 - 45
B 24 '

3
Vay Vs € [1; 5] thi

V33 -3 11v33 — 45
< gl 2=/ = ) 2.7
o) <9V 0) = TV 27)

Z N V 33_3

Trong (2.6) va (2.7) dau “=" xay ra dong thoi tai t =0 va s = 5
V33 -3 V33 —3
Tﬁclaa:b:—VaC:3—2T:6—\/33.
ab bc ca 11v33 — 45 V33 -3
Va < taia = b = ———— va
ay3—|-02+3—|—a2+3+b2_ 24 ad 2 va
V33 —3

c=3—-2——=06—+33. O

2
Bai tap ap dung
Bai tap 2.1.1.1. Cho cdc so thuc duong a,b, c cé tich bang 1. Chitng minh

rang

81(1+a®) (1+0°)(1+¢) <8(a+b+c)".

Bai tap 2.1.1.2. Cho cdc so thuc duong a,b, c cé tich bang 1. Chitng minh
rang

64(1+a®)(1+8°)(1+¢) < (a+b+¢)".
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2 ) )
Bai tap 2.1.1.3. Cho k > 3 va a,b, c la cic so khong am va chi co toi da

mot s6 bang 0. Ching minh rang

k k k
a n b n & >i
b+ c c+a a+b) — 28

Bai tap 2.1.1.4. Cho z,y,z la 3 s thuc thuoc [1,4] vax >y, y > z.

Tvm gid tri nhé nhat cia biéu thic

x Yy z
= - - .
20 +3y  y+z z4uw

Bai tap 2.1.1.5. Cho z,y, 2 la 3 s6 thuc duong thay doi. Tim gid tri nhé

nhat cia biéu thic
x 1 1 z 1
P:x(—+—)+y(g+—>+z<—+—>.
2 yz Z 2T 2 xy

2.1.2 Doén bién biang ham 16i

Mot trong nhitng cong cu chinh dé don bién trong cac bat déng thic

2 2 N N X
“dang co dién” la ham 16i.

Dinh nghia 2.1.2. Gid s I la mot tap loi tren R. Ham s6 f : I — R

duge goi la ham 10i trén khodng I néu
fltz+[1—ty]) <tf(z)+ (1 —-1¢)f(y), Va,y€lab], Vie|0,1].
Dinh 1y 2.1.3. Cho f : [a,b] = R la ham loi. Khi d6 ta c6
fla)+f() > f(z) + fla+b—21), Yz € [a,b].

Ching minh. Vi x € [a, b}, x bat ki nén z = ta + (1 —t)b véi t € [0, 1}.
Khi do
a+b—xz=(1—t)a+th
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Mt khac, f 14 ham 16i nén ta c6
f(z)+ fla+b—2x)
= f(ta+ [1—t]b) + f([1 —t]a+ tb)
< (tf(a) + [1=t]f (b)) + ([ =] f(a) + 11 (b)) = f(a) + f (D).
Suy ra
fla)+ f(b) > f(z) + fla+b—1x), Va € [a,b].
O

Dinh 1y 2.1.4. Cho I la tap loi tren R, va f la ham khd vi trén I. Khi
dé f la ham 101 khi va chi khi f' la ham khong gidm trén I.

Hé qua 2.1.5. Cho I la tap loi trén R, va f la ham khd vi cap 2 trén 1.
Khi d6 f la ham 10i trén I khi va chi khi f* >0, vdi moi x € 1.

Dinh 1y 2.1.6. Cho I la tap loi tréen R, va [ la ham lién tuc trén I théa

man diéu kién

, Yo,y € 1.

f<x;y><if@);f@)

Khi dé f ham loi trén I.
Dinh 1y 2.1.7. (Bét dang thac Jensen) Cho I la tap loi tren R va f la
ham o3 trén I. Khi dé ta c6

Zf(%’xz’) < ZO‘if(xi)avxi € I,Va; € [0,1],i=1,2,...,n, ZO% = 1.
i=0 i=1 i—1

Hé qua 2.1.8. Cho I la tap loi trén R va f la ham loi trén I. Khi dé ta

co
n

> M Zn: m f (i)
=

Ve, €e I,m; >0,1=1,2,...,n.

n

2. M

n Y
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Vi du 2.1.2.1. Chitng minh rang

a;+as+---+ay
n

> Yaqas...a,, Vai,as,...,a, > 0.

Ching minh. Cach 1.
R6 rang bat dang thiic ding véi n = 2.

Néu bat déng thic ding véi n s6 thi cling ding véi 2n sb, vi

ai +as + -+ agy, =nifaiaz...a, + NYap 1040 ... G2,
> 2n ¥/ajas . . . as,,.

Do dé, bat ding thic cling ding khi n 1a mot liy thita clia 2.
Mat khac, néu bat dang thic ding véi n sb thi cing ding véi n — 1 s6.
That vay, ta chi can chon

S

Ay = , S=a;tag+ -+ ap_1.

n—1

S aias ...Aap—1S
>ny —
n—1 n—1

s> (TL — 1) "L_\l/CLlag e Qp—1.

Suy ra

s +

hay

Suy ra diéu phai chiing minh.

Dang thiic xay ra khi va chi khi a1 = as = -+ = a,,.

Cach 2.

+ Néu min {a,as,...,a,} =0 thi ajas...a, = 0. Do d6 bat dang thic
trén la dang.

+ Xét truong hop con lai

Dat f(z) = —Inz, Vo > 0. Khi d6 f(x) 1a ham 16i v6i z > 0.
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Ta co

" ]_
f(x) :;>O, Va > 0.

Ta co

ar+as+---+ay lnal—l—lnag—l-“-—l—lnan
n —_

n n

Do do

ap +az + -+ ap
n

> Yaqas . ..a,, Vai,as,...,a, > 0.

Vi du 2.1.2.2. Ching minh rang Vo € R , ta cé

12\ 15\" 201\ "
— — — ] >3"4+4" +5".
(5) +(7) +(5) 2o
Ching minh. Xét f(:z:) = —Inx. Khi do f(m) 14 ham 161 trén (0,+oo).

Ta ¢co

1 1
—In (al _; CLQ) S _w = —In . /A1G9.

12\° 15\°
Chon a1 = (E) , Ay = (Z) . Khi do, ta c6

—1In

2 ) 4

() () . _1\/<g><§>

Khi do

2 5) 4

CL6. ey
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Suy ra

B e

12\ 201\ "
Chon a; = (E) , Qo = <€> . Khi do, ta c6

(1—52)%+ @) - 1\/(9)(@)

2 5 3
Do doé
(12)x+(20)$
) “\5) | [y oy
2 - 5 3
Suy ra

(2) 4 (2) s2r ”

15\" 20\
Chon a; = (;) , Qo = (é)) . Khi do, ta co

6. ey

—In
4 3
Do dé _
(15>l+<20)x
o) \5) | sy
2 - 4 3
Suy ra

(%)m - <?>w > 2.5, (2.10)
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T (2.8),(2.9) va (2.10) cong vé theo vé ta duge
5 4 5 3 4 3
> 2.3 424" +2.5"
12\" 15\ 200\ *
21 — — — >2(3"4+4"+5°
=2|(5) < (5) +(5) Jz20 e e
12\" 15\ 200\ *
& | = — — | >3"+4"+ 5%
()« (3) +(5) =

O
Vi du 2.1.2.3. Chitng minh rang
2 2 2
* e >a+b+c, Va,b,c>0.
b ¢ a
Chiing minh. Xét f(xr) = —Inz. Khi d6 f(x) la ham 16i tren (0, +00).
Ta co
1 1
& _g 1 < — na1—21r nz_ —In+/aias. (2.11)

2
Chon a; = %, az = b, (a,b > 0) thay vao (2.11) ta dugc

2

a
— +b a2
b < /L,
9 b
2
a
—+b 9 2 2
b >y et pp>2/th=2 2.12
5 2\ @b—F > ; a. (2.12)
2

b
Chon a; = —, as = ¢, (b, ¢ > 0) thay vao (2.11) ta dugc
c

Do do

b2

— +c b2
—In £ < —Iny/—c.
2 c
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Do do6

b2
;‘FC b2 b2 b2
>(\|—cE& — 4+ c> 2\ —c=
2 c c c

c
Chon a1 = —, as = a, (a,c > 0) thay vao (2.11) ta dugc
a
2
—Fa 2

—In& < —1In C—a.
2 a

—+a o2
> —a<:> +a>2

Tir (2.12), (2.13) va (2.14) ta ¢6

Do do

9 b2 9

a c

S Tbt— et —t+a>2+2+2
c a

a? b A

(:>—+€+E+(a+b+c) >2(a+b+c)

b
2 2 2

S —+—+—>a+b+c
b c a

Q

) 1
Vi du 2.1.2.4. Cho x,y,2 la cic so duong thoa man — + —
x

Chatng minh ring

1 1 1
+ +
2v+y+z2 x+2y+z +y+2z

1
Chitng minh. Xét f(x) = —. Khi do, ta ¢6
x
/ —1
flx) =

"

f (z) :%>0, Vz € (0, +00).

x2’

29
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Suy ra f(x) la ham 16i trén khoang (0, +00). Khi do, ta c¢6

; (2&1 ot a3> < 1 (2/(@) + fa2) + fa)-

Thay (a1, az, az) lan lugt bdi ba bo s6 (x,y, 2); (y, 2, 2); (2, x,y) ta duge

cac bat dang thic

1 <1 2+1+1 (2.15)
2e+y+z " 16\ y =z '
1 <1 2+1+1 (2.16)
r+2y+z " 16\y =z =z '

1 <1 2+1+1 (2.17)
r+y+2z " 16\ x y '

T (2.15), (2.16) va (2.17) cong vé theo vé ta duge

1 n 1 n 1 <1 4+4+4
2vr+y+z2 x4+2y+z xz4+y+2z 16\ y =z
1
Y

Vi du 2.1.2.5. Chiing minh rang

1 1 b
< 2<g+—+f),Va,b,c>O,Vsc,y,z>0.
ar+by+cz = (a+b+e)’\z Yy =z

1 .
Chiing minh. Xét f(z) = —. Khi d6 f(x) la ham 16i tren khoéng (0, +00).
i

Ta ¢co

+ by + 1
f(aanrl;er CCZ> < m(af(x)+bf(y)+cf(z)).

Suy ra

1 (a b c>> a+b+c

a+b+c\z vy z)  ar+by+cz
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Do do6

1 1 a b ¢
ax + by + cz (a+b+c)"\z Yy =z
[]

Nhan xét 2.1.9. Trong vi du 2.1.2.5, néu a = b = c = 1 thi ta duogc bat

dang thic

1 1 1 9
4> Va,y,2>0.
r Yy z T+y+=z

Vi du 2.1.2.6. Chitng minh rang

ab be ca <a+b+c

Ya.b,c > 0.
G 3bt2 bi3eroa ersarwm= g 0 mbe

Ching minh. T nhan xét

1 1 1 9
-—+—-—+->—— Vzy,2z>0.
r Yy z T+yY+=z

Thay x,y, z bang 3 bo s6
(a+c,b+c,2b); (a+b,a+c,26); (b+c,a+b,2a).

Khi do, ta dugc
1 1 1 9
>

a+c+b+c+2b_a+3b+20’

1 1 1 9
>

a+b+a+c+2c_ 2a + b+ 3¢’

1 1 1 9
>

b+c+a+b+2a_3a+2b+c'

Do doé, ta c6

ab 1 n 1 +1 S ab
9\a+c b+c 2b0) " a+3b+2c
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be 1 n 1 +1 S be
9\a+b a+c 2c) " 2a+b+3c

ac 1 1 1 ac

— + +— >

9\b+c a+b 2a 3a+2b+c
Cong theo vé cac bat ding thic trén ta dugc

ab n be n ac
a+3b+2c 2a0a+b+3¢c 3a+2b+c

<1 bc+ac+ab+ac ab+bc+ab+bc+ac
— 9\ a+b b+ c a-+c 2a + 2b + 2c¢

1/bc+ac ab+ac ab+bc a+b+c
== + + +

9\ a+b b+ c a-+c 2

lL/cb+a) alb+c) bla+c) a+b+c
=2 + +

9\ a+b b+c a+c 2

L +a+b+a+b+c
:—C N

9 2

a+b+c 1
— T (14=

(14 3)

a+b+c
5 )

Bai tap ap dung

Bai tap 2.1.2.1. Cho cdc so thic x,y, z théa man v +vy + 2z = 1. Chiing

minh rang
x Y z 9

< .
1—|—x2+1—|—y2+1—|—z2_10

Bai tap 2.1.2.2. Cho cdc s6 duong a,b,c théa man a +b+c = 3. Tim

gid tri nhé nhat cia biéu thic
P =a®+2b° 4 3c°.
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Bai tap 2.1.2.3. Cho cdc s6 a,b,c € [1, 2]. Chatng minh ring
ad + b+ & < babe.

Bai tap 2.1.2.4. (Olympic 50 - 4 - 2001 ) Cho x,y,z € [1,2]. Tum gid

tri lon nhat cia

P:(x+y+z)<l+1+1>.

r Yy oz
Bai tap 2.1.2.5. Cho 0 < p < q va n so thuc x; € [p, q]. Ching minh
rang

2
(l’1—|—l’2+'-'—|—$n)<i—|—i+...+i> <n2_|_|:n_] (p_q) .
rr T2 Ty,

2.1.3 Don bién vé gia tri trung binh

K¥ thuat don bién vé gia tri trung binh phat huy tac dung t6t nhat
khi s6 bién ting lén, cu thé 1a trudng hop n bién tong quat. Khi st dung
k¥ thuat don bién vé gia tri trung binh thi sau méi lan don bién s6 lugng
bién c6 gia tri c¢6 dinh ting lén. Do d6 chi can hitu han lan don bién ta
sé dua duge tat ca cac bién vé cac gia tri c6 dinh va bai toan sé don gidn

hon.

Vi du 2.1.3.1. Cho n so6 thuc khong am ay,as,...,a, théa man
aias . ..a, = 1. Ching minh ring
1 1 1 3n

S T >n+3, Vn>4.
a;  as an, a1 +az+---+ay

Chiing minh. Khong mat tong quat ta cé thé gia st a; > as > -+ > ay,.
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Ta sé chitng minh

f(ah az, . .. 7an) Z f(ah \/a2an7 \/a’2ana ag, a4, a’nfl)- (218)

That vay, khang dinh trén tuong duong véi

f(al, as, ... ,an) — f(al, V200, /20y, a3, A4, an_l)
_CL_ 1y_ 3n(v/@2 — /)
- \Var  a, (a1 +as+ -+ +ay) (a1 + 2y/a2a, +ag + -+ + ap_1)

Do dé, ta phai chiing minh
(a1 +ag + -+ an) (a1 + 2+/asa, +as+ --- + anfl) > 3nasa,,.
Via; > ay > -+ > a, nén

(a1 +ag + -+ ay) (a1 + 2y/aza, +az + -+ a,-1)
> (2a2 + (n — 2)an) (a2 + 2 /asa,, + (n — 3)an)

> (2 + 2v/n — 3)2\/2(71 — 2)a2an

> 3nasa,, Yn > 4.

Suy ra bat dang thic (2.18) dudc chitng minh.

Tt dinh Ii SMV suy ra

f(al,ag,...,an) Zf(al,b,b...,b), b= "Vasas...a,.

Tiép theo (thay n béng n + 1 cho gon) ta phai ching minh g(b) > n + 4.

T 3(n+1)_ o 3(n+1)bn
0 DL e
bn
/ R 3(n—|—1)(nbn_1[nbn+1—|—1]—[n—l—l}nb%)
b) =nb""" — =+
g( ) b2 (nbn+1 i 1)2

. n—1 n 3n(n + 1) n—1 2n
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Do doé
g (0) =0 (b= 1) ([ 4+ 1] =3[0+ 1)6") =0,
Theo bat ding thic AM - GM thi
(6" 4+ 1)° > dnb™! > 3(n + 1)0" .

Vay g (b) < 0,vb < 1vag (1) =0.Suyrag(b) > g(1) =n+4. Ding

thic xay ra khi va chi khiay = a0 =--- =a, = 1. ]

Vi du 2.1.3.2. Cho cdc sé6 duong a,b, c,d théa man a® +b*> + ¢ + d* = 4.

Chitng minh rang

%(a+b+c+d) < i’/(abcd+1)(é+%+%+é>.
Chatng minh. Truéc hét, ta sé chiing minh rang
9(a+b+c+d) < 4abed + 32.
That vay, gia st d = min{a, b, c, d} = 1>d>0, dat

P(a,b,c,d) = 9(a—|—b—|—c—|—d) — 4abed + 32.

va

a’® + b + 2

:>2\/§23pr2:6\/§,le.

Ta ching minh



Tt bat ding thitc Schur bac

ZaQ(a—b)(a—c)ZO

cyc
(p? — 622) (p° + 322
12p )

= abc >

Ta can ching minh

p(Br —p) = 4d (5’73 [P =627 [p* + 327 >

12p

p

& (Sx —p) (27—

d 3 2 2 3
P + 3p*z + 6pa —|—6x}> > 0.

DonZpr\/gnén

3d(p® — 3p*x + 6pa?* + 627)
p

81 — > 81 — 782%d

=81 —26d(4 — &%)
=3426(1—d)(3—d—d*) >0.

Ta con phai chitng minh

P(z,z,z,d) <0
& 93z +d) — 42°d < 32
& (9 —42%)d <32 —27x
& (9 —42°)V/4 — 322 < 32 — 2Tz

o) A
B (9—49&3)\/4—3372 -

Ta co

) 12(x — 1) (81z* — 4723 — 11922 1
f(x)z (x )(Sx 72$ 9$3+9aj+8)20
(9—4x3) (4—3:1:2)2

= f(z) > f(1) =1
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Tré lai bai toan, sit dung bat dang thitc AM - GM, ta c6

\ bd<11+1+1 144
x* = abc —+= = —.
- b d ™ vabed X
Do dé, két hgp v6i bat dang thiic & trén, ta chi can ching minh dugc
4(x* +1
2t +8) <o D
x
3
:L‘(x4 + 8) 729
& = < .
9(x) +1 T2

, (2* +8)%(92° — 112* + 8)

1)
729
= g(z) <9(1) = -
Bat déng thtc dude ching minh. Dang thic xay ra khi va chi khi
a=b=c=d=1. O]

Vidu 2.1.3.3. Cho a,b,c € [0,v/3—1] théa man a® +b*>+ >+ 2abc = 1.
Chitng minh rang

3(a+b+c)>4(1+ abe).

Chitng manh. Do tinh déi xing, gid st a >b>c= V3 —-1>a>
f(a b, c) = 3(a—|—b—|—c —4(1 —i—abc) ta sé ching minh

fla,bc) > f <a,\/1_“ \/1_a>

& 3(b+c—4/2[1—a])+2a(l —a—2bc) >0
3([b+¢]” +2a - 2)
b+c+4/2(1 —a)
3([b— ]’ +2[2bc+a —1])

b+c+4/2(1—a)

l\DlH

<~

+2a(1—a—2bc)20

<~

+2a(1—a—2bc) >0
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3
b+c+4/2(1—a)

b—0)2 +21—a—266)[a—
b—l—c—l—\/Z 1—a

Chi y rang (1 +a)(1 —a—2bc) = (b—c)Q, bat dang thic tuong duong

2(b—c)2la_ 3

b+c+4/2(1—a) 1+a b+c+

B

2(1—a)] ="

Do a <1 nén
a2+(b+c)22a2+62+62+2abc:1
=b+c>V1—a2>+V1—a.

Suy ra
3(1—a > 90— 3(1—@)

b+c+4/2(1—a) V1—a+4/2(1-a)

5 1
—Q
V2 +

2a —

Tiép theo, ta sé chitng minh rang

(o) 2

& 3(a+y/2[1-d]) = 20(1—a) —4>0.

2

Dat t? =2(1—a), (t>0)=1>t>+3-1, a=

tré thanh
2 — t2 2 — 2
3 t) —¢2 —4>0

, bat dang thic

& -(1-)(*+2t—2) >0.

| —
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Bat dang thic trén hién nhién dang. Dang thic xay ra khi va chi khi

1 V2 -1

a=b=c=§hoacb:c: 5
ing. [l

A B C
Nhan xét 2.1.10. Ddt a = sing, b= sing, c= SinE thi A, B,C la

,a = V3 — 1 hodc cac hoan vi tuong

3 gdc cua mot tam gidac va A, B,C < 2arcsin(\/§ — 1, ta duoc bat dazng
thiic Jack Garfunkel véi mot gid thiét "long " hon la
A B . C >

sin§ + sinE + Sing > 3 (1 + szn§s¢n531n5

Vi du 2.1.3.4. Cho cdc so khong am x1,xo, .. ., T, (n > 3) thoa man
T+ 29+ -+, = 1. Tim gid tri lon nhat cia biéu thic

3.2 3.2 3.2 2(n-1)3 3 3
P(a:l,xz,...,xn)=:1:1:U2+:U2$3+---+$nx1+n( )ajle...xn.

Ching minh. Gia st x1 = ma:c{:vl, To, ... ,xn}. Ta ching minh
P(ml,xg,...,a:n) < P(:J:l,x3+3:3+---+azn,0,...,0).
That vay,

P(.Il,xg-l-il?g—l-'"+len,0,...,0)

::E:f(x2+x3+-°-+xn)2
2

n

3 3 3 3,2 3,2 30,2
(xlxgxg + Tir3x4 + -0+ a;‘lxn_lxn) + (3;‘23:3 + a3y + -+ xnflxn)—k

3 3 3 3,2 3
> 2(3:19621‘3 + Tir3r4 + -+ xlxn_lxn) + 2775 + 1T

Vv

3.2 3.2
+ rjxs + 27,

3.2 3,.2 3.2 3
> X1TH + 2523 + -+ - + X X] + TIToxs.

Ta ching minh

2(n—1),.3,.3 3
TiT2x3 = N ( )x1x2 RN
1
2.2 3 3
& Tx3xy ... X, < )



Ta co

2 23 2

x2x3x4...xi§ (:1:2:1:3:1:4...:Un)
2(n—1
- (x2+x3+---+xn) (n=1)

- n—1
T1+2To+23+ -+, 2(n-1) 1
< = )
— n n2(n—1)
Do do
P(xl,xg,...,xn) < P(xl,xg—l—xg—l—---—l—xn,O,...,O).
Lai c6

P(a:l,:n3+m3+---+xn,0,...,0)zx (:L‘2+x3+---+:cn)2

3
1
= :C‘I’(l — x1)2

2 3 2
Déngthﬁ’cxéyrakhixl:g, $2:g, T3=ox4=---=x, =0.
Vay

108
T 3125

Bai tap ap dung
Bai tap 2.1.3.1. Cho z,y, 2 la 3 s6 thuc duong thay doi va théa man diéu
kien xyz = 1. Tum gid tri nhd nhat cia biéu thic

22 (y + 2) y? (2 + o) 22 (z+vy)

:y\/ﬂ—l—Qz\/E 2z 2T T+ 2y
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Bai tap 2.1.3.2. Cho tam gidc ABC. Tivm gid tri nhé nhat cia
(1 + COSQA) (1 + COS2B> (1 + COSQC) .

Bai tap 2.1.3.3. Cho n so thuc khong am aq,as,...,a, théa man
aias . ..a, = 1. Ching minh rang

4(n —1 4(n —1
LU U S (et ) Hn-1)

a;  a a, ay+as+---+a, n

Bai tap 2.1.3.4. Cho n so thuc khong am aq,as,...,a, théa man

aias . ..a, = 1. Ching minh rang

n

)271—2

(1+af)(14a3)...(1+a)) §n2n_2(a1+a2+---+an

Bai tap 2.1.3.5. Cho cdc so khong am ay,as, ..., a, (n > 3) thoa man
ai + a3+ -+ a2 = 1. Chiing minh rang

1
—(a1—|—a2—|—~-+an) > a1as + asag + - - - + apaq.

&

2.2 Mot sb bat dang thiic don gian dung phuong
phap don bién

2.2.1 Bét dang thic 3 bién véi cuc tri dat dudc dbi xing

Phuong phap: Gid st ta can ching minh f(x, v, z) > 0 (hoac
f(z,y,2) <0), véi z,y,z 1a 3 bién s6 thuc théa man céc tinh chat nao
day ta thuc hién nhu sau

Budc 1. Danh gia f(z,y,z) > f(x,t,t) v6it la mot bién mdi sao cho
bo s6 (x,t,t) thda man tinh chat cia bo sb6 (2,9, 2).

Thong thuong ta hay dit ¢ 1a céc dai luong trung binh dé khong lam méat di

2 2
. > T x
cac tinh chat cho truéc, chang han t = %,t = Jxy,t = —21- d -
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Budc 2. Danh gia f(x,t,t) > 0.

Viec kho nhat 1a ta di danh gia f(z,y,2) > f(z,t,t). Diéu d6 st dung
nhiéu ki thuat, con & budc thit 2 hau hét 1a don gidn vi bat dang thitc khi
d6 chi con lai 2 bién sb.

Vi du 2.2.1.1. (Bat dang thiic Cauchy cho 3 s6). Cho x,y, 2z la 3 56 thuc

khong am. Chiing minh rang

T+y+z > 3Fxyz.
. . y . T4y
Ching minh. Dat f(:z:, v, z) =r+y+z—3Yryz vat = ——.

2
Khi do, ta co
2
2 = (x;y) > xy.

Suy ra
f(z,y,2) — f(t.t,2) :3(%—\7@) > 0.

Ta di chitng minh
f(t,t,2) =2t + 2 — 3V22 > 0.
That vay
U+2z—3VE2z >0 (2 +2)° =212 > 0= (t — 2)*(8t + 2) > 0.

Vay
fa,y,2) > f(t,t,2) > 0.

Dang thiic x4y ra khi va chi khi

b=+ =>Tr=Yy==z
t2 = xy R

42



Nhan xét 2.2.1. Ngoai ra ta con cé thé gidi quyét bai todn trén bing
cach chuan héa, gia st xyz = 1 va ching minh f(x,y,z) > 0 vdi
f(z,y,2) = v +y+ 2z — 3. Khi do, budc don bién sé la ching minh
f(x,y,z) > f(t,t,z) >0 wvdit =./ry.

Vi du 2.2.1.2. (Bat ding thiic Schur) Cho a,b,c > 0. Ching minh rding

a® + b 4+ ¢ 4 3abe > a*(b+ ¢) + b*(c + a) + (b + a).

Chitng minh. Xét f(a,b,¢) = a®+b*+ &+ 3abc — a®(b+¢) — b*(c+a) —
02(1) + a).

b
Dt ¢ — % Khi do, ta c6

fla,t,t) =a® + £+ + 3at® — 2ta® — *(t + a) — *(t + a).
Ta chitng minh
fla,b,¢) > f(a,t,t).
Xét d = f(a,b,¢) — f(a,t,t) = [b+ c— Za] (b—c)”.
Gi& st a = min {a, b, c}. Khi do, ta co
d > 0.
Mt khac
fla,t,t) =ala—1t)*>0.

u

Nhan xét 2.2.2. Viec gid sit a = min{a, b, ¢} (hodc a = max{a,b,c}) la

mot thi thudt thuong gdp dp dung dé don bién doi vdi bat ding thic 3 bién

hoan vi vong quanh.

Vi du 2.2.1.3. Cho z,y,z la cic so thuc théa man x> + y*> + 22 = 9.
Chatng minh ring
2(:U+y+z) —zyz < 10.
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Ching minh. Dat f(a:,y,z) = 2(:19+y+z) —xyz vat = 5 ,t>0.
Ta co

flz,t,t) =2(x+2t) — zt®. (2.19)
Dat

=y
I

f(xayaz) _f($7t7t)
2(x+y+z) —xyz—?(:z:—I—Zt) + at?
2(y+z—2t) —m(z—tQ).

Dé thiy y + 2 — 2t <0 vayz —t2 < 0. Suy ra d < 0 khi = < 0. Gia st
T = min {x,y,z}.

Truong hop 1. Xét x < 0. Khi do, ta chitng minh

f(z,t,t) <10
Ta c6 t2 = ) _ng =t= - x27 thay vao (2.19) ta dugc
g(z) = f(z,t,t) =22+ 24/2(9 — 2?) —5139_2962.
Ta co

9(x) 2 /18— 2:2

Ta thdy ¢ (z) = 0 c6 mot nghiem = = —1.

_3:1:2—5 4

Mit khac, ¢ (z) lien tuc va g (—2) > 0 > ¢(0) nén suy ra g (z) déi dau ti
duong sang am khi qua diem z = —1.

Vay Vo < 0 thi g(x) < g(—1) = 10.

Truong hop 2. Xét x > 0 suy ra x,y,z > 0.

Néu x > Z thi

3
foon ) = lorr)-ane <2y - () ~2vE-Z <
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) 3

flay,2) =2(x+y+z)—zyz <2(1/2(2 + 2%) + = =2(V18+= ) < 10.
O
Vi du 2.2.1.4. Cho x,y, z la 3 s6 thuc duong thay doi théa man
z(z+y+z) =3yz.
Chitng minh riing
(e+2)° + (@ +9)° +3@+y)(r+2)(y+2) <5(y+2)".

Chitng minh. Cach 1.
Dat
a=x+yb=c+z,c=y+ =z
Khi dé dieu kién bai toan tré thanh
¢ =a*+b* — ab.

Bat dang thic can chiing minh tuong duong véi a® + b3 + 3abe < 5¢? thoa
méan dieu kién

2 _ 2, 12 2 3 2

c“=a"+b"—ab= b)? —3ab2(a+b) —Z(a+b)

(a+
1

Suy ra

(a + b)2 <4 s a+b< 2. (2.20)
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Ta co

a® + % + 3abe < 53
& (a + b) (a2 —ab+ 62) + 3abe < 5¢3
& (a + b)02 + 3abe < 5¢°

& (a+b)c+ 3ab < 5¢2.
3
T (2.20) suy ra (a + b)c < 2¢? va 3ab < Z(a + b)2 < 3¢%. Suy ra
(a4 b)c+3ab < 52

Dau “=" x4y ra khi vi chi khi a = b= c hay v = y = z.

Cach 2.

Nhan xét 2.2.3. Quan sdt bat dang thic can ching minh ta thay hai bién
Y va 2 6 vai tro nhu nhau va dau “=" zdy ra khi va chi khi x = y = 2 nén
+ z
datt =212,
2

Dt

fr,y,2) =@+ 2’ +(@+y)’ +3@+y) (v +2)(y+2) =5y +2)°.

Khi do, theo gid thiét ta co
vz +2t) = 3yz < %(y+ 2)” =31

Vivay 22 + 2tz + 12 < 42 hay (z+1)° < (2t)* = 2 < .
Ta ¢6

Fa,tt) =2(z +1)° +6t(z +1)" =5y +2)°.

F(xy,2) = fat,t) = (z+2)° + (e +9)” —2(z +1)° —6t(y — 2)".
Xét ham s6

gz) = (@ +2)"+ (e +y)’ —2@+1)° —6t(y — 2)", 2 € [0,4].
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Ta co

g (z) = 3[(z + 2)2 + (z + y)2 —2(z + t)2].

"

g (x)=6[(z+2)+ (z+y) —2(x+1t)] =0.

Vay
/ / 3
g(r)=9(0)=5y—2)°>0
Do do
g(z) < g(t) = (t+ y)3 + (t+ z)3 — 2(275)3 — 6t(y — z)2,
(t + y)3 = 3 + 3t%y + 3ty* + o,
(t+2)° = £ + 322 + 3t22 4 2%,
va
(t+y)° + (t+2)" =20 4382 (y + 2) + 3t + 2°) +° + 2°
= 81 + t(3y” + 32" + 2y* + 22° — 2yz)
= 8t% + ¢(5y” + 52" — 2yz).
Neén

g(t) = t<5y2+5z2 — 2yz — 2[y+z}2 —6[y— z]2> = —3t(y+z)2 < 0.

Do do6
f(x,y,z) —f(:z:,t,t) SO(:)f(x,y,z) < f(a:,t,t).

Ta can ching minh
Flatt) =2(x+1)" +6t(x +1)> =405 <0, x <.
That vay, vi f(z,6,8) < 2(t+1)° +6t(t + )" — 403 = 0. Vay

f(z,y,2) < f(z,t,t) <O,
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hay
(x+z)3+ (x+y)3+3(a:+y)(x+z)(y+z) < 5(y+z)3.

DAau “=" x4y ra khi v& chi khi

r=t
3 Sr=1y=2z.
3yz=1(y+z)2

[]

Vi du 2.2.1.5. Cho z,y, 2 la 3 s6 thuc théa man x + vy + z < 1. Ching

1 1 1
i+ S5+ P+ 5 A 5 > Ve,
x y 2
Chiing minh. Dat f(z,y, 2 \/:CQ—I——%—,/y + 5 t4/22+

Do vai tro cia x, vy, z 1a nhu nhau nén khong mét tmh tong quat ta c6 thé

minh rang

giastx <y <z
bDit t = \/yz, ap dung bat ding thitc Cauchy cho 2 s6 duong v, z ta dudc

yTH >\ Yz = 2\/yz <y 4+ 2.

Suy ra
2t<y+zeor+2t<r+y+2< 1.

Ta co
o, 1 .
f(z,t,t) = x+ﬁ+2 t+t_2'

Suy ra

1 1 1
floy2) = flott) = [+ 5+ [2+ 5 =20+ 5
:\/ZJQ—FE—\/t2+t—2+\/22+§—\/t2+t—2




hay

2,42 2242

yte—1 - —1
sl ) 0
,/y+ + /12 + 1/2+ +‘/t2+t_2

1
Vi g(u) = u? —i——glamkh10<u<1nen1/ +—> 22 +
Suy ra
y2t2—1 22 —1
(v—2)

\/y+ +1/t2+

f(:L‘,y, z) — :zjtt

f(x,y,z) —f(a:,t,t) >

:yzz[yz y)]
\/y+ + t2—|——
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(y — 2)°
2,2 (1 - y2Z2)
__ Y > ().

2 1 2 L
y+?+ t+t_2

Ta phai ching minh f(z,t,t) > /8

Theo diéu gia st x < ¢ va f(x,t,1) :\/x2+——|—2\/t2 —nentaco

f(z,t,t) >3 t2+t—

Bang cach kho sat ham sb ta co
f(z,t,t) > V82

Vay
Fla,t,t) > V82 = f(x,y,2) > V82,

Dau bang xay ra khi

W —

Bai tap ap dung

Bai tap 2.2.1.1. Cho a,b,c la 3 s6 thuc duong cé tich bang 1. Ching

minh rang
1 1 1 6
-+ ———— 25
a b ¢ a+b+c
Bai tap 2.2.1.2. ( Iran 1996) Ching minh rang vdi a,b,c > 0 thi
1 1 1 9
(ab—l—bc—l—ca)( s+ s+ 2)2—.
(a+b)” (b+c¢)” (c+a) 4

Bai tap 2.2.1.3. (Gabriel Dospinescu) Ching minh ring néu a,b,c > 0

va a® 4+ b? + 2 = 3 tha
ag(bJrc) +b3(c+a) +03(a+b) < 6.
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Bai tap 2.2.1.4. Cho a, b, c la cdc s6 thuc duong bat ki. Chiing minh rang
a4+ b + & + 2abe + 3 > (1+a)(14+b)(1+c).

Bai tap 2.2.1.5. Cho a, b, ¢ khong am théa man a® + b* + ¢ = 3. Chiing
minh Tang

a+b+c>a’h? + v’ + Fd

Bai tap 2.2.1.6. Ching minh ring néu x,y, z la cdc so thuc khong am

théa man diéu kien x* +vy* + 22 = 3 thi ta c6 bat dang thic

7(zy +yz + zz) < 124 ayz.

2.2.2 Bét dang thidc 3 bién véi cuc tri dat dudc tai bién

Phuong phap: Xét bat dang thic f(z,y,z) > 0 véi z,y, z > 0. Khi do
ta sé danh gia f(a:, v, z) > f(O, s, t), trong do s,t la cac dai lugng sinh ra
tlr cac bién x,y, z (chon s,t sao cho f(x,y, z) > f((), s,t)). Sau do6 kiém
tra f(O,s,t) > 0.

Vi du 2.2.2.1. Cho a,b,c khong am thoa man ab + bc + ca = 1. Ching

minh rang
1 1 1

a+b+b+c+c+a

5!
> —.
-2

Ching minh. Cach 1.
Khong mét tong quat gia st a > b > ¢. Chon s6 t > 0 sao cho

t? 4+ 2tc=ab+bc+ca=1
Suy ra

= (t+c)2:ab+bc+ca+02: (a+c)(b+c) =1+
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Ta sé chitng minh

1 . 1 . 1 S 2 +1
a+b b+c c+a t4+c 2t

That vay, bat dang thic trén hién nhién dang vi a >t > b > c. Vay ta
chi can chiing minh bai toan khi a = b > ¢. Khi do6, ta c6 bat dang thiic
2 1 5
T\ (221)
1—¢
2t
vao (2.20) ta dugc

Vi 2tc+ 1P =1 c=
1 — ¢

Thay ¢ =

2 2 1

t+1—t2 +2t
2

- At +1 5>0
24+1 2t 27~
9t2 4+ 1 5

& —— — — >0
(12 +1) 2~
2 . 2

9t + 1 5t(t+1)>0
2t(t2 + 1) -

L 2 _

5t° + 9t 5t+1>0
2t(t2 + 1) —

& 588 4+92 —5t+1>0

oY
—=>0
5 =

& (1—t)(5* —4t+1) > 0.

Bat dang thic trén hién nhién ding vi ¢ < 1.

Dau “=" xay ra khi va chi khi @ = b =1, ¢ = 0 va cac hoan vi clia né.
Cach 2

Nhan xét Bai toan trén dang thic khong xay ra tai tam, ma taia = b =
1,c =0 va cac hoan vi ctia noé.

Xét trudng hop rieng khi ¢ = 0, khi d6 bat dang thiic can ching minh tré
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thanh

1 1 1 5
4z >
a b a+b 2
trong d6 ab = 1.
Diat s = a + b, khi do6 ta c¢6
1+1+ 1 >5
a b a+b 2
1.5
&S s+ -2 =
s 2

=282 —55+2>0
& (23 ——1)(3 ——2) > 0.

Vis=a+b>2vVab=2nén (25—1)(3—2) > 0 luén diang.

1 1 1
Dat b = )
af@’m) a+b+b+c+c+a
Xét hiéu

d= f(al)c) a—%b b
1

= -
1
a+b b+c cta Gt bt
a+b

1 N 1 N 1
1 —ab 1 —ab
a+b a+ ¢ b+ ¢
a-+b a—+b

1
a-t a+b+
a+b
R SRR S 1
Cl+a? 140 1+ (a+b)
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1+H+1+a2_1_ 1
(1+a*)(1+0) 1+ (a+0b)°
ab(2[1 - ab] - abla + b))

(1—|—a2)(1—|—b2)<1—|— [a+b]2)'

Ta thay d > 0 khi 2(1 — ab) > ab(a +b)”.

Gia st ¢ = max {a, b, c} thi 2(1 — ab) = 2c(a + b) > ab(a + b)Q.

Khi d6 d > 0. ]
Vidu 2.2.2.2. Cho a,b,c la 3 s6 thuc khong am va cé toi da mot so bang

0. Chitng minh rang

a b c
+ + <-Vva-+b+ec.
vVa+b Vb+c Vet+a T 4

ot

Chiing minh. Khong mét tong quat ta gid s a = max{a,b,c} va
a+b+c=1
Détt:a+c,s:a_c
2 2
Suyraa=t+s,c=t—s,b=1—2t. Khi do, ta c6
© L b vy
—Va c
Va+b Vb+c et+a 4
N t+s n 1—2t +t—8<5
Vs+1—t J1—t—s 2 4
t+s 1—2t t—s
bat f(s) = + + ,s € 10,1, ta sé chiitng minh
) == s vt :

f(s) < max {f(0), f(t)}-

Ta c6
t+ s
v/ 1—t—
)= 2Werl i, -2 1
(Vs+1—1)° 2(yT—t—s) V2t

1 t+s 1—2¢ 1

VstI—t 2/s+1-1) 2(I—-t-s) V2

o4




1 3(t+ s) N 3(1—2t)
(\/s—f—l—t)?’ 4(\/s+1—t)5 4(\/1—15—3)5.
9 15(t + s) 15 (1 — 2¢)

frle) = i(Vsri=t) s(Vsti—i) TSI =s)

C18+3s—33t  15(1—20)

Vit ST T=s)
Vay fm(s) > 0,Vs € [0,t]. Suy ra f/(s) ¢6 t01 da hai nghi¢m trén [0, t].
Mat khéc f(0) < 0 va f(t) > 0 do dé f(s) chi c6 thé doi dau toi
da mot lan tren (0,t), hon nita f (s) chi c6 thé c6 1 trong céc dang
sau f/(s) < 0,Vs € (O,t) hoac f/(s) > 0,Vs € (O,t) hoac f/(s)

doi dau tit am sang duong tai s = 0 trén khoang (0,¢). Tuy nhién,

>0, (dob=1-2t>0).

trong truong hop nao f(s) ciing chi c6 thé dat cuc dai tai bien. Vay
f(s) <max{f(0), f(¢)},Vs € [0,t]. Do d6, ta ching minh

max {£(0), £()} <

That vay, dé thay f(0) < Z, f(t) < Z.
Suy ra
5
max {(0), /(0)} <

Vidu 2.2.2.3. Cho a,b,c > 0,a+ b+ c = 3. Chitng minh rang
(a3 + b+ 03) (a3b3 + 033 + C3a3) < 36 (ab + bc + ca).

Chitng minh. Khong mat tong quat gia st a > b > c.
bat

f(a,b,¢) = 36(ab+ be+ ca) — (a® +b° + ) (a’b® + b + *a?).
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Khi d6
fla,b+¢,0) =36a(b+c) — (a®+ [b+c]")a®(b+¢)’.
Ta sé chiing minh
f(a,b,¢) > f(a,b+c,0).
That vay, ta c6
36(ab + be + ca) > 36a(b+ c),
(¢ + 5+ &) (a0 + B’ + a?) < (a® + [b+ ] ) (b + o),
(M a3+ 0+ <P+ (b+¢)’ va a3 + b3 + 3a® < a3(b+ ¢)’). Do dé,
ta chi can chitng minh bai toan trong trudng hgp ¢ = 0 hay
36ab > a’b*(a® + b*)
& 36 > ab*(a® +b%).
Dit t = ab, khi d6 bat ding thic c6 dang
(27 — 9t) < 36
& O’ + 36 > 27¢°

S0+ 4> 37
L o L s
Bat dang thitic trén la bat dang thic Cauchy ctia 3 so 279 4.
c=0 a =2
Dang thitc xay ra khi va chikhi { a+b=3 hay { b=1 ( vacachoan
ab =2 c=0
vi ). O

Bai tap ap dung
Bai tap 2.2.2.1. ( Bat dang thic Schur ) Cho a,b,c > 0. Ching minh
rang
a® +b> + ¢ + 3abe > a2(b+c) —|—bz(c+a) +02(a+b).
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Bai tap 2.2.2.2. Cho a,b,c >0, a+b+c=2. Tim gid trj [6n nhat cia
(a* —ab+ V) (b* — be+ ¢*) (¢* — ca + a?).

Bai tap 2.2.2.3. Cho x,v, 2 la cdc s6 thiuc khong am va chi cé toi da mot
56 bang 0. Chiing minh ring

1 n 1 n 1 S 10
$2+y2 y2+22 Z2+552_(x+y+z)2

Bai tap 2.2.2.4. Cho a,b,c la do dai 3 canh ciua mot tam gidc. Ching
minh rang

a N b N c S 3
W2 +ca 224+ab 2a2+bec " a+btc

Bai tap 2.2.2.5. Gid st x,y, 2 la 3 s6 thuc khong am nhung chi c¢é nhiéu
nhat mot s6 bang 0. Chitng minh rdng

1 n 1 N 1 S 20
x3_+_y3 y3_|_z3 Z3+x3—(a+b+c>3

2.2.3 Bt dang thiic 4 bién

Dic thit clia bat dang thic 4 bién dé 1a khi c6 4 bién ta c6 thé don bién
theo titng cip va c6 thé chitng minh ngay duge bai toan (chang han nhu
bat dang thitc Cauchy). Tuy nhién, trusng hop nay chi xuat hién trong
nhitng bai toan don gidn. D6i véi cac bai toan phiic tap thi thuong chi don
duge mot cap nho tha tu sip duge gitta cac bién. Sau khi don duge hai
bién biang nhau hodac dén mot bién ra bién thi chua c6 ngay bat dang thic
mot bién, ma phai qua mot bat dang thic trung gian (2 hay 3 bién ). Cac
bat dang thiic trung gian thudng dé dang ching minh tryuc tiép hodc danh
gid dé quy veé mot bién. Tom lai, khi giap bat dang thic 4 bién, can quan
sat ki moi lien heé gitta 4 bién dé c¢6 cach xtt Ii thich hop.
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Vi du 2.2.3.1. (Bat ding thicc Tukervici ) Gid st a,b,c,d la cdc s thuc
khong am cé tong bing 1. Chiing minh ring

1 176
< — 4+ — )
abc + bed + cda + dab < > + > abcd

Chitng minh. Khong mat tinh tong quét clia bai toan ta gid st a < b <
c <d.

Dat
f(a, b,c, d) = abc + bed + cda + dab — 12—776abcd,
hay
176
f(a, b, c, d) = ac(b + d) + bd(a +c— 2—7ac).

Khia<b<cec<dtaco

1
(a+b+e+d) =2,

N | —

a+c<

Do do, suy ra

1 1 4 176
— 4= > >8> —.
a ¢ a+c— T 27
Ta co
b+d b+d
f(aa b7 ¢, d) _ f(a’a 9 ) G, 9 )
176
:ac(b+d)+bd a+c—2—7ac —ac(b+d)—
2 27
176 b+dl?
—(a+c—?ac><bd—[—2 ])
2
176\ (b—d)
(a+c 27ac> 1 <0
Do do
b+d b+d
f(CL?b?C?d)Sf(a? —+2_ 7C7 —+2_ )'
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Theo dinh 1i SMV ta c6

b d
fa,b,c,d) < f(at,t,t) = %
Ta can chitng minh néu a + 3t = 1 thi
1 176
Sat’ + 13 < — + ——at’.
sty

That vay, thay @ = 1 — 3t hién nhién ta c6 bat dang thic

(1 —3t) (4t — 1)* (11t + 1) > 0.
Déngthﬁcxéyrakhivéchikhia:b:c:d:ihoaca:b:c
1

3 d = 0 (ho#c cac hoan vi tuong tng).

Vi du 2.2.3.2. Cho a,b,c,d la cic so6 thuc duong. Chitng minh rang

L]

at + b+t + dP + 2abed > b + B2 + Ad® + dPa? + 2P+ VA

Chiing minh. Khong mat tong quat ciia bai toan gid st a > b > ¢ > d.

Dat

f(a, b, c, d) = ot + bt 4 & + dF + 2abed — @*V? — B2 — Ad? — dPa® — a*? — VAP
= a* + b + ¢ + d* + 2abed — @’ — b*d® — (a® + &) (b* + d?).

Ta ¢co

f(a,b,¢,d) — f(v/ac,b,/ac, d)
=a'+ 0" + '+ d' + 2abed — o’ — V*d® — (a* + %) (V> + d°) —
— (a*¢® +b* + a*¢® + 2abed — a*c® — b d* — 2ac (b° + &%)
=a'+c' —2a° — (V* + d*) (a® + ¢ — 2ac)
— (> = &)’ = (B +d) (a— )
— (a—c)*([a+c]* = [p+d]) > 0.
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Vay

f(a,b,c,d) > f(\/&,b, \/%,d).
Do d6, theo dinh 1f SMV ta chi can ching minh réng f(a,b,¢,d) > 0 trong
truong hgp khia=b=c=1 > d.
Ta c6 bat dang thic f(¢,t,¢,d) > 0 tuong duong véi

3t' + d' + 2t°d > 3t + 3t3d?

& d' +2t°d > 3t

& d 4+ Pd+ °d > 38 d%.
Bét dang thiic trén hién nhién ding theo bat dang thiic AM-GM.
Dang thitc x4y ra khi va chi khia =b=c=d hoica=b=c,d =0 (v&
céc hoan vi). O

Vi du 2.2.3.3. Cho a,b,c,d > 0,a+ b+ c+ d = 4. Chiing minh ring
(1+3a)(1+43b)(1+3c)(1+3d) <125+ 13labed.
Chiing minh. Xét biéu thic
f(a,b,¢,d) = (1+3a) (14 3b) (1 + 3¢) (1 + 3d) — 131abed.

Khong mét tong quat ta gid st a > b > ¢ > d. Khi d6

a+c  a-+c
f(CL?b)Cad)_f( 9 7b7 9 7d)
[a+c}2 [a+c}2
:9(1+3b)(1+3d)<ac—T)—131bd<ac— 7 )
(a+c)2

= (131bd — 91 + 3b] [1 + 3d]).

Khia<b<c¢<dtaco
1
b+d§§(a+b+c+d):2,

bd<(b+d)2:

< 1.
4
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Do do6

131bd — 9(1 + 3b) (1 4 3d) = 131bd — 9 — 27(b+ d) — 81bd
= 50bd — 27(b+d) — 9
< 50bd — 54v/bd
< 50bd — 54bd = —4bd < 0.

f(a,b,c,d) _f(a;_cal%a;_C)d) Soa

hay

f(a,b,c,d) §f<agc,b,a;“6,d>.

Do d6, theo dinh 1f SMV ta can chiing minh f(a, b, ¢, d) < 125 trong truong
hop khi a =b=c=1t<dhay f(tt,t,d) <125 khi 3t <3t+d = 4.
Ta co
f(t,tt,d) <125
& (143)°(1+ 3[4 —3t]) — 131£3(4 — 3t) < 125
& 150t — 416t + 270t* + 108t — 112 < 0
& (t—1)%(3t — 4) (50t + 28) < 0.
Bat dang thiic nay hién nhién ding.
Ding thic xdy ra khi va chi khi @ = b = ¢ = d = 1 hoac
4

a:b:c:§,d:0(vécéchoénvi). O

Vi du 2.2.3.4. Cho a,b,c,d > 0,a+ b+ c+d = 4. Ching minh ring
16 + 2abed > 3(ab + ac + ad + be + bd + cd).
Chiing minh. Khong mat tong quat ta gia st a > b > ¢ > d.
Xét biéu thiic
f(a7 b,c, d) = S(ab + ac + ad + bc + bd + cd) — 2abcd.
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f(a/;_caaa—{_c)d) —f(a,b,c,d)

2
:3(“+Cb+ [a‘;c] +“;Cd+a‘;cb+bd+a;cd>—

+c

2
) — (3[ab+ac+ad+bc+bd+cd] —Qabcd)

5] o) -am([5] )

Ta ludn c6
1
2\/@§b+d§§(a+b+c+d) =2.
Suy ra
bd < 1.
Vay

)

f<a+c,b,“;6,d> ~ fla,b,e,d) = (a_c>2(3—2bd)

(a;C>2(3—2) > 0.

550 5 ) = Fabed).

Theo dinh 1i SMV ta chi can chitng minh f(a, b, c, d) < 16 trong trucng
hop @ = b = ¢ =t > d. Tic la can ching minh f(¢,¢,¢,d) < 16 khi
3t <3t+d=4.

Y

Thc la

Ta co
f(t.t,t,d) < 16
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& 9(t? +dt) —2t°d — 16 < 0
& Ot +9¢(4—3t) —2t3(4 — 3t) — 16 < 0
=23t —4)(t—1)°(t+2) <0.

Bat dang thic trén hién nhien dang. Dang thic x4y ra khi va chi khi

4
a:b:c:dzlhoaca:b:c:§,d:0(Vacéchoénvi). O

Bai tap ap dung
Bai tap 2.2.3.1. Cho a,b,c,d > 0,a+ b+ c+d = 4. Chiing minh rdang
abc + bed + cda + dab + (abc)2 + (bcd)2 + (cda)2 + (alab)2 < 8.

Bai tap 2.2.3.2. Cho a,b,c,d > 0,a+b+ c+d = 4. Dat F}, =
(1 + ak) (1 + bk) (1 + ck) (1 + dk). Chaing minh rang

a)Fy > Fj.

b)Fy > Fj.

Bai tap 2.2.3.3. Cho a,b,c,d > 0. Chiing minh rang

a b c d 4
> .
b2+c2+d2+a2+02+d2+a2+b2+d2+a2+b2+c2 “a+b+c+d

Bai tap 2.2.3.4. Cho cdc so thuc khong am a, b, c,d co tong bang 4, k la

mot so thuc duong cho trude. Ching minh rang

(abe)" + (bed)* + (cda)* + (dav)” < ma:z:{4, (§>3k}

Bai tap 2.2.3.5. Chiing minh rang vdi 4 so khong am a,b,c,d cé tong
bang 4 th

1 1 1

< 1.
5—abc+5—bcd+5—cda+5—dab_
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KET LUAN

Dudc sy dong v clia nha truong, em da tién hanh nghién citu deé tai
Khoa luan t6t nghiep “Kg thudt ching minh bat ding thic bang
phuong phdp don bién”. Trong qué trinh nghién ciu, dé tai da dat
duoc cac két qua sau

- Trinh bay mot cach cé hé thong cac dinh 1i don bién, dinh 1i don bién
manh, dinh 1f don bién tdng quét.

- Trinh bay cac phuong phap don bién bang ki thuat ham s6, don bién
bang ham 156i, don bién vé gié tri trung binh va cac bat ding thic don gian
diing phuong phap don bién dé ching minh bat ding thic 3 bién véi cuc
tri dat duge déi xiing, bat dang thic 3 bién véi cuc tri dat dude tai bién,
bat dang thiic 4 bién.

- Trinh bay chi tiét cho mdi phuong phap don bién va cach chitng minh
cac bat dang thic néu trén, dua ra hé théng phong phi cac vi du minh
hoa cho mdi phuong phap va cac bat dang thic dé.

Vé co ban Khéa luan da dat dude cdc muc tiéu va hoan thanh cac nhiem
vu dat ra khi tién hanh nghién ctu. Tuy nhién, do 1a lan dau nghién citu
mot van dé khoa hoc nén chiac chan Khoa luan con c6 thiéu sét, em mong
nhan dudc cac ¥ kién déng goép clia cac thay co dé dé tai duge hoan thien

hon. Em xin chan thanh cam on.
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