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LOI GIOI THIEU

Ly thuyét phuong trinh vi phan dao ham riéng dudc nghién cttu dau tién
trong cac cong trinh ctia J.D’Alembert (1717 - 1783), L.Euler (1707 - 1783),
D.Bernoulli (1700 - 1782), J.Lagrange (1736 - 1813), P.Laplace (1749 - 1827),
S.Poisson (1781 - 1840) va J.Fourier (1768 - 1830), nhw la mot cong cu chinh
dé mo ta co hoc ciing nhu mo hinh giai tich ctia vat 1y. Vao giita thé ky XIX
v6i sy xuat hién cic cong trinh clia Riemann, 1y thuyét phuong trinh vi phan
dao ham riéng da ching té 1& mot cong cu thiét yéu clia nhicu nganh toan
hoc. Cudi thé ky XIX, H.Poincaré da chi ra mdi quan hé bién ching gitta
ly thuyét phuong trinh vi phan dao ham riéng va cac nganh toan hoc khac.
Sang thé ky XX, 1y thuyét phuong trinh vi phan dao ham riéng phat trién
vo cling manh mé nhd ¢6 cong cu gidi tich ham, dic biet 1 tir khi xuat hién
Iy thuyét ham suy rong do S.L. Sobolev va L.Schwartz xay dung.

Khi xét mot bai toan phuong trinh dao ham riéng (c6 thé dé 1a mot bai
toan bién, bai toan diéu kién ban dau, bai toan dicéu kien hén hgp, ...) ta
thuong gap nhitng khé khan khac nhau vé nghiém ctia né nhung nhin chung
cac van dé dit ra doéi véi nghiem ciia mot bai toan la:

- Su ton tai nghiém ctia bai toan.
- Tinh duy nhat nghiem.
- Tinh tron ctia nghiém.
Muc dich ctia luan van nghién cttu su ton tai nghiém khong tam thuong

cua bai toan dang:

Lep(u)+g(u) = Apu+ f2(x) Ayu+ h? (z) Au + g (u) = 0 trong
u =0 trén 0f),

(2.3)



trong do  1a mién gi6i noi véi bien Of) tron trong R™ x R x R™, v6i
n1>1,ng>1,n3>1,va{0} € g(u)eC(R), g(0)=0,

fx)=f(1,....,2n,) € C?(R™), h(x) = h (2, ey Ty ) € C? (R™),

= (21, Tny) s Y= (Y1, ooy Uny) s 2 = (215 vy Zny) s

u(z,y,2) =u(x, .., xnl, yl,...,ynwzl,... Zns ) s

Ba _282’ Za?’ Zayj

Luan vin bao gom 2 chuong chinh sau day:

Chuong 1. Nghién ctiu sy ton tai nghiem khong tam thuong ctia bai toan:

Ly (u)+g(u) =24+ f(x )azZJrg(u):OtrongQ,
u =0 trén 02,

(1.1)

trong d6 g (u) € C(R), ¢g(0) =0, f(z) € C?(R),  la mién gidi noi trong
R? véi bien 99 tron va {0} € Q.

Két qud dat dugc: Chi ra mot s6 truong hop dic biet ctia ham f(z),
g(u) va mién  ma bai toan (1.1) khong c¢6 nghiém khong tam thuong, dong
thoi ciing chi ra sy ton tai nghiém yéu clia bai toan trén nho st dung phuong
phéap bién phan.

Chuwong 2. Muc dich chinh ctia chuong 1a xét bai toan tong quat:

Lep(u)+g(u) =Asu+ f2(x) Ayu+ h? (z) Au+ g (u) = 0 trong €,
u =0 trén OS2,

trong dé 14 mién gidi noi v6i bien I tron trong R™ x R x R, véi
ni>1,ne>1,n3>1,va{0}eQ, g(u)eC(R), g(0)=0,

f(x)=f(21,...,2,,) € C*(R™),h(z) = h(x1,...,2,,) € C*(R™),

= (21,0, Tn) s Y= (Y1, ooy Uny) s 2 = (215 ooy Zny) s

(2.3)



U(Z, Y, 2) = U (X1, ey Tpyy YLy eoes Yoy 21y ooy Zng ) s
m g2 na
AI_Z(??’AZ’:Z@” Z@y
J=1 Jj=1 J

Két qud dat duoc:

Chi ra dugec mot s6 truong hgp dic biet clia ny, no, ng, f(z), h(z) va g(u)
v6i cac diéu kién nhat dinh thi phuong trinh khong c¢6 nghiém khong tam
thuong, dong thoi ciing chi ra duge diéu kién ton tai nghiem clia bai toan
trén nho st dung phuong phap bién phan.

Luan van nay dugc hoan thanh véi syt chi bao nhiét tinh va chu dao cua
PGS.TSKH. Nguyén Minh Tri.

Toi xin bay t6 long biét on vo cling sau sic dén Thay, ngusi Thay da ting
bude huéng dan va chi duong cho to6i timg buée lam quen véi viée nghién ciu
toan hoc, trong do c¢6 chuyeén nganh Phuong trinh vi phan Dao ham rieng dé
tit d6 ndm ving 1y thuyét va tu gidi dude cac bai toan ctia minh.

Toi xin bay t6 long cdm on chan thanh dén cac Thay gido, Co gido cua
Vién Toan hoc, phong Phuong trinh vi phan da dong vién khuyén khich, chia
sé kinh nghiém va huéng dan toi trong sudt qua trinh hoc tap vita qua. Xin
gli t6i cac dong nghiép ciia Khoa Ty Nhién, Truong Dai hoc Hoa Lu nhitng
16i cAm on chan thanh vi da dong vién, tao diéu kién cho toi trong sudt qué
trinh hoc tap va hoan thanh luan véan.

Mic du da rat ¢6 gang nhung luan van cling khong tranh khoi nhitng thiéu

s6t, toi rat mong su déng gép quy bau ctia thay co va dong nghiép.

Ha No¢i, thang 8 nam 2011

Hoc vién thuc hién

Duong Trong Luyén



Chuong 1
Pong nhat thitc Pohozaev va
dinh ly nhing cho khoéng gian
Sobolev c6 trong lién hop
v6i toan ti Elliptic suy bién

1.1 Dong nhit thic Pohozaev
Gia stt  1a mién gidi noi trong R? v6i bien 9Q tron va {0} € Q. Ta xét
bai toan sau:
0%u 2 2u
Ly(u)+g(u) =gz + f*(z) 5z + 9 (u) =0 trong Q,

(1.1)
u = 0 trén 01,

trong do6 g (u)uE C(R), g(0)=0, f(x)e C*R).

Diat G (u) = [ g (t) dt va v = (vg,vy) 1a vector phap tuyén don vi ngoal trén
0
oS

Dinh nghia 1.1.1. Gid st k la mot so thuc duong, khi dé mién Q duoc goi
la Ly - hinh sao doi vdi diem {0}, néu bt ding thic xv, + (k+ 1) yv, > 0

théa man hau khdp noi trén 0S).

Vi du 1. Hinh tron By = {(z,y), 2% + y* < 1} 1a L, - hinh sao d6i v6i moi
k duong.

B6 dé 1.1.2. (Dong nhét thitc Pohozaev). Gid st u(z,y) la nghiém cia
bai todn (1.1) thuoc khong gian H? (). Khi dé vdi moi 8 > 0 ta c6 u(x,y)

théa man dang thie:



/ [(1 LI =) u] dedy =
Q

L (5_) (02 + 2 (2) 02) (e + By, ds

ov
o0

s [er@re om0 ) (L) w

Q
Ching minh.
Do 13 mién tron va bi chan nén theo dinh 1y nhing Sobolev ta c6

H?(Q) CcC"(Q), 0<a<1mai:

0 ou
& (a6 (w) = G (w) + 29 () 2o,
gyw )= G (w) + yg <u>§—;‘.

Theo cong thitc Gauss — Green ta co:

/ G (u) dzdy = — / 2g (1 )?dxdy,

Q
[3/ u) dedy = —B/yg —d:z:dy

Ma wu(x,y) 1a nghiém ctia bai toan (1.1), nén ta co:

(6+1)/G(u)dX _ —/( ?wya )g(u)da:dy

ou ou O%u 0%u
— / (x% —|—6ya—y) <8x2 + 2 (x ) o7 > dxdy.
)

Ta tinh:



Theo cong thitc Gauss — Ostrogradskii ta co:

ou 0%u ou 1 ou\ >
x%@dxdy— —5/ <8:1:> dxdy + 2/ <%> v, ds.
Q Q o9

Tinh :
0%*u Ou
12—/8/ 8 26’ —dxdy
Q
Ta co:
0 8u8u B 82u8u+ ou 0%*u
or Vozoy |~ Yozoy " Vororoy
Do doé:
82u ou ou 0%*u ou Ou
Your oy = /y&caa}@ y+/yaxay“ i
Q oN
Ma
o[ o\ _ (o), oudu
ay 17\oz) (~ \o Y or 022
Nén ) )
ou 0%*u 1 u 1 u
Q o0
Suy ra
_/B/ ou\ / Ou Ju ﬁ ou\?ou
I, = 5 5 dxdy + S Y92 D vy ds o ayvyds
Q o0 aQ
Tinh:
ou 0%*u
_ 2 o
I3 = /a:f (x) 8xay2dxdy
Q
Ta co:




Tinh:

Ta co:



Do vay ta co:

2
1o otran 4 (23 (o
5 ouw\ 2 Ou Ou I5; ou\
+§/ <%> dl’dy-l-ﬁ/y%a—y%ds—g/y(a_x) vyds
o
1 0 NG ) 0u0
s [P ( af;) iyt [ af (@) (o) ( a“) dady-+ / 2 (2) 5 s

Q Q

2
L apw (Z_Z) s / o <au> dedy+2 /yf )(5e) vt

17)9)

Ma ta co

o _ o o on
Ox _Ux(‘?v’ﬁy ~ Yoy

Nén ta co:

+5/G ) dady = 52 /(g;f) drdy+
Q/ s @7 @+ 52 0|28 doay

2
+ %/ <%> (vi + f2 (x) Ui) (v, + ﬁyvy) ds.

o0

Do u(x,y) la nghiém ctia bai todn nén ta co:

[0+ 96w -5 @l doay -

Q

2
%/ (%) (vi + 2 (x) U;) (xvy + Byvy) ds

29

+ [ (e @ @+ - 5) £ @) (a_y)dey.

Q0

Chon B = k + 1 khi d6 ap dung bo dé trén ta cé cac dinh Iy sau:
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Dinh Ii 1.1.3. Gid st Q) la Ly - hinh sao doi vdi {0}, va théa man dieu kién
sau:

i. (k4+2)G(u) —Lg(uw)u <0, khiu#0,

i, of (x) f' (x) > kf? (x), trong Q.
Khi dé khong ton tai nghiém khong tam thuongu € H? () cho bai todn (1.1).

Dinh 1i 1.1.4. Gid s Q) la Ly - hinh sao doi vdi {0}, va théa man dieu kién
sau:

i. (k4+2)G(u)—Lg(u)u <0, khiu>0,

i. o f (z) f () > kf*(x), trong Q.
Khi dé khong ton tai nghiem duong khong tam thuong u € H? () cho bai
toan (1.1).

Ta xét mot s6 trudng hgp dic biet ciia f(z) trong truong hop g (u) =
Au+ |u| .
Trudng hgp 1: V6i f (z) = e_|x|_6, 0 > 0, khi d6 ta c6 dinh 1y sau:

Dinh i 1.1.5. Gia su

] N
f(x):e—lx\ 5, d > 0, Q{(x,y),x2+y2< <ﬁ> }, A<0, v>0.

Khi dé khong ton tai nghiém khong tam thuong v € H? () cho bai todn (1.1).

Ching minh.
Gia stt ton tai nghiem khong tam thuong u € H? () khi dé ta co:

' (x) = sign(z).Ja| P .l
af (z) > kf ()

& 5|x|7667|$‘_6 > kel o lz| < <g> :

Ma ta co: Y
o |ul?
G (u) =
(u) 2 + v+ 2’

9



Chon k = % = xf' (z) > kf (x)trong Q, khi d6 8 = HTV thay vao ta co:

4+ 2v [ Iu? 72 2
y 2 v+ 2 v
Q

1 u\ 5 olz| 4+
- i =207, 2
28{ (81}) (Ux—l—e vy) (xvx—l— . yvy> ds
s 4 _ 2
—l—/ <$5|$‘562|x| T g2 5) (@) dxdy
g dy

Q

1 [ (0u\’ - 4
& /Aquxdy = 5/ (a%) <U§ 4 ¢ 2zl 61}5) (xvz + ﬂyw) ds
Q G !
s 4 B 2
-|-/ <x(5\x\_66_2x| " el 6) <@> dxdy,
) g Iy
Do A <0 nén: [ Au*dzdy <0, va
Q
1 ou\” 9 2fz| 44~
- - —2|z| 2) L d
2/(&0) (Ux—i—e (O (:wan 5 yvy> S
o9
R 2
-I—/ (xé\x\_ée_”' " 22l 5> (8_u) dxdy > 0,
) g dy

Nén phuong trinh khong c6 nghiém khong tam thuong u € H? (9). O
Trudng hop 2: Véi 2 (z) = |2[*" (1 + ¢ (2)), trong d6 ¢ (z) € CA(R),

o (x) > —1, 2¢' (z) > 0 trong Q, va k 1a mot s6 thue duong.

Dinh li 1.1.6. Gid st:Q la Ly, - linh sao déi véi {0}, va f2 (x) = |2 (1 + ¢ (x)),
¢ (x) > -1, ¢/ (x) >0 trong Q, g (u) = Iu+ [u"u vdi X <0, v> 1.
Khi dé bai toan (1.1) khong cé nghiém khong tam thuong u € H? (Q).

Ching manh.
Gia st ton tai nghiem khong tam thuong v € H? (Q), khi d6 ta c6 dang thiic

10



Sau.

/ [(k: +2)G (u) — gg () u} dady = / 2Pz (2) (%)2dxdy

Q

+%/<%)2(U§+‘$‘2k(1+gp(ag))fu§> (zvy + (k4 1) yv,) ds.

12)9)

thay vao ta co:

a2 ju k 5
k42 ——(H W) daudy —
/(+)<2+7+2 5 u” + |ul xdy

Q

E+2 k ou
2 2+~ v _ 2k /
<:>)\/ dxdy+/| | <7+2 Q)dxdy /|:c| zy () <8y> dxdy
0 0

0
+ 5/ (a%) (024 [2P* (1 + 0 (2) v2) (2w, + (k + 1) yv,) ds.
o
Néu v > # va A < 0 khi d6 ta co:

E+2 k
M [ widxd 2y — 2 )\ dxd
/ afy+/H <’y+2 2>xy<0,

)
Néu u # 0, dieu nay dan dén mau thuan.

Neuy— va A = 0 khi do6 ta co:

%/ (%)2 (Uf + 1z (1 + ¢ (2)) U;) (zvr + (k+ 1) yvy) ds

o9
/\x\%xgp ( ) dxdy =0

11



@' (x) =0

3_3|39 = 0.
Khi d6 tit dinh 1y duy nhat ctia Aronszain — Cordes suy ra u = 0. Khi 2 =0
khé khan c6 thé loai bo nho sit dung u € C% (Q). O

Nhan xét 1. Néu {0} ¢ Q, thi dinh 1y 1.1.6 ¢6 thé khong ding. Trong trudng
hop QN {—e <z < e} = {®}, c6 thé chitng minh duge dinh 1y vé sy ton tai
nghieém cho bat ky g(u) duge han ché béi do tang ciia da thic nho sit dung
dinh 1y nhiing Sobolev.

Trong truong hop dac biet ¢ (z) = 0, cac két qua da duge cong bo trong

/3].

1.2 Dinh ly nhing Sobolev cho khong gian c6é trong

Dinh nghia 1.2.1. Ta ky hieu S (), 1 < p < 400 la khong gian cic ham
u € LP(Q) théa man 52 € LV (Q), f(z) 5t € L7 (Q).
Chuan trong St (), 1 < p < 400, dugc dinh nghia nhu sau:

D
lulsgor = | [ (|u|p+ ) ddy
9]

Véi p =2 ta c6 tich vé hudng trong S? (Q) nhu sau:

ou Ov ou ov
(wodsp = (ol + (G ge) (@5 @5)
S1(8) L*(Q) 0x" 0z ) 120 oy 3y ) 120
Dinh nghia 1.2.2. 57 (Q) duoc goi la bao déng ciia C} (Q) trong khong gian
ST (Q).

SHE

p

ou

ox

+ |f<x>§—;‘

Dinh nghia 1.2.3. Ham u € S}, (Q) dugc goi la nghiem yéu cia bai todn
(1.1) néu dang thic :

8?dbagpa’:z;‘aly /f 8uﬁgpdma’y—/g(u} wdxdy,
Q

thoa man vdi moi ¢ € C§° () .

12



Dinh 1i 1.2.4. 57 (Q) la khong gian Banach, S () la khong gian Hilbert,

Chitng minh. xem [3] O

Ta xét mot truong hop dac biét cta
£ (@) =[x (1+ @ (), voi ¢ (z) € C*(R), @ () > 1, z¢' (x) > 0.
Ta c6 cac két qua sau:

(k+2)p

Dinh li 1.2.5. Gid st 1 <p < k+2. Khi d6 S (Q) C L=+ (Q) vdi T la

50 duong di nhé.

Chitng minh. Ta chiing minh v6i méi u (x,y) € Cg (), ta c6 bat dang thiic
sau:

HuHLgck-sz—)p_ S CHuHSfO(Q) (*)

P(Q)
Ta chitng minh (*) dung véi p = 1,

Lay sd6 M > 0 dt 16n dé Q C [-M, M] x [-M, M].
Khi do6 ta cé:

[ ou
u(z,y) = e (t,y)dt, (z,y) € Q,

-M

Do vay
+M
ou
i< [ |5 e en e
M

Tuong tu ta co:

+Ma
ol < [ |5 @ old @y eo
—-M

M 0

= Juey)l < | [

M

%(m,t)'dt (x,y) € Q,6 >0,

13



Nén ta co:

+M +M +M8 —HWa
[ntaay < [ [ ]G wnla) | []5en]a) o
0 MM M M

AM [/ AM g M [ +M
_ /(/ g?(x t)‘dt) da:./ (/

ou
5 (, y)‘ dt) dy
-M M -M

+M +M +M [ +M 0
= )| dxd / / 9u (z,y)|dy | dx
= x — :
y y Y y y
—M M \-M

Ap dung bat ddng thic Holder ta co:

+M [+M
J
M \-M

1
5 (ﬂf,y)) dy) dx

)

g(?M\xw( 1+¢<>)‘“dx> { VIt e( (

é
(z,y dy’) } ;
Do vay

+M +M 5 +M y 1—6
/Mx’y)‘mdmy = // g (414 4ot (/ Ll 1+90(:c))16d><>
Ox
Q

-M -M M
( +M +Ma 0
u
CJurvire@ | [ G | a
\—M M

Ta c6 ¢ (z) € C*(R), ¢ (z) > —1, nén trén [—M, M], ham s6 /1 + ¢ (x) 1a
lien tuc déu, nén 3xg € [—M, M| deé

_mnj\lﬂ\/l—l—go(x): V1+(xg) =C1 >0,

-8

Nén( 1—|—g0()>15<02, v6i 0 < 6 < 7. Co > 0.
Do do6 v010<5<k+1,khi do tich phan
+M » o
/|x|1—5< T (@) dx
-M

14



1a hoi tu.

Do vay ta co:

/Iu (2, )" dxdy < C
Q

ou
2"+ (l’)a—y

Ap dung bat déng thitc Young ta co:

ou
2|1+ w(x)a—y

=

6
1+

ou

¢ ox

HUHLH‘S(Q) S

L(Q)

ou
2" /1 + ¢ (x)a—y

_|_
L)

1)
L)

ou

ox

L9

1
1+6

L(Q)

D

L1(9)> |

Déi véi p bat ky 1ay |u|”,y > 1 thay vao cong thitc trén va ap dung bat dang

thite Holder ta co:

d
< i,

trong do % + 1% = 1.
Chon v =

[

2 VIF so<x>|u\”‘1§—;‘

ou
2" /1 +¢ (x)ﬁ—y

p 2.
T=3p73 ta co:

(1+3)p o (1+d)p ﬁ
(UI)”P”d:v) < C( (IU)”P”dﬂf) (
/ /
C <
< o (

ou
2" /1T + ¢ (fﬁ)a—y

Jull ey <C
Ll—P5+5 (Q)

15
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-+ H\UW 19

LP(Q) ‘

ou
2" /1 + ¢ (fﬂ)a—y

ou
2"+ (x)a—y

ou
2" /1 + ¢ (x)ﬁ—y

LP(Q) |

L Ll(fz))
me)) ’

@
ox

3.

LP(Q) Ox Lr(Q)
|2

Lr(Q) Oz Lr(Q)
|2

Lr(Q) Oz Lr(Q) ’

%
ox

LP@)) |



Cho § di gan =5
Tiép theo ta chimg minh dang thic (*) dang véi u (z,y) € ST, ().

+1 . Khi d6 ta c6 diéu phai ching minh.

Do ST, (€2) 1a bao déng ctia Cj (€2) trong khong gian S7 (€2). Nén ton tai mot
day {u, (z,9)}ory,un (z,y) € C) (Q) ma u, (z,y) hoi tu dén u (z,y) trong
khong gian ST (€2) .

Nén ta c6: u, (z,y) hoi tu dén u (z,y) trong khong gian L? (Q) va ta co:
fuallse e = Ilsp s Tl oy = Nl gy, i 7= o0,

M3t khac ta co: % — 7 >p,nén : ||u, — uHL,, < Clluy, — uH TR

Ma {u, (2,y)},—, 1a mot day Cauchy trong khong gian ST, (2), nén
Ve > 0,INg > 0,Yn > No,Vp > 0 ta c6 [Jup — tnipllgr ) < €, theo chiing

minh trén ta c6: ||u, — unﬂ)H G2y <€
- T (0
@ (k+2)p

Do vay {u, (z,y)},—, 1a mot day Cauchy trong khong gian L+~ (Q).

(k+2)p

Nén ta c6 Juy (z,y) € L2 (Q) dé u, (v,y) hoi tu dén u (z,y) trong

(k+2)p

khong gian L#2»" " (Q) suy ra uy (x,y) € LP (Q).

Theo bat dang thic trén ta co:

||un—u1HLp <C’Hun—u1|\ (2 @

Do vay ta c¢6 day u, (x,y) hoi tu dén vy (x,y) trong khong gian L? ().
Do gi6i han ciia mot day 14 duy nhat nén ta c6: u, (z,y) hoi tu dén u (z,v)

(k+2)p

trong khong gian Lk2=»"" (),

hay [|u,|] oo || P khi n — oo.

LkF2-p () LE+2-p " (q)
Ma theo chitng minh trén ta c6: Hu””yﬁﬁﬁ—f@) < CHUH|‘S§O(Q)> cho n — oo,
ta c6 diéu phai ching minh. O

(k+2)p

Luu y 1. Trong truong hop 1 < p < k+2, phép nhing St () C L=

+7 (Q)
khong ton tai v6i 7 1a duong bat ky.
Dinh 1f 1.2.6. Gid stt 1 < p < k +2.

(k+2)p

Khi do anh xa nhing ST, () C L2277 (Q) la compact vdi moi 7 la duong
du nho.
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Dinh 1i 1.2.7. Gid sip > k+2. Khi d6 S, C C° () .

Dinh 1i 1.2.8. Gid st g(u) théa man cic dieu kién sau:

i g(u) € Ol (R),

ii. |g(u)] <O+ Ju|™) voi 1 <m <,

. g(u) =0(u) khi u— 0,

i. Ton tai A sao cho vdi |u| > A, G (u) < pg (u)u, trong dé p € [0,4).
Khi do bai todn

L(w) = 3%+ o (14 p (2)) 2 + g (1) = 0 trong O,
u =0 trén 0S2,

luon cé6 nghiém yéu khong tam thuong.

Ching minh.
V6i u € Si, (Q2) xét ham sau:

D (u) = / ( 2) drdy — / G (u) dady,

Tu céc dieu kien cia g(u) ta ¢c6 ® (u) thoéa man cac dieu kien (Iy), (1),

ol
ox

2/ w»g—;

(I3) trong [1]. Do vay ® (u) c6 diém t6i han khong tam thuong, nén bai toan
trén c6 nghiém yéu khong tam thuong thuoc khong gian S7 (€2). O
Trong truong hop dac biet ¢ (z) = 0, cac két qua da duge cong bo trong

/3].
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Chuong 2
Pinh 1y ton tai vA khéng ton tai
nghiém cua bai toan bién
déi v6i mot sé 16p toan tu

nita tuyén tinh Elliptic suy bién

2.1 Toan ti¥ Baounedi — Goulaouic
Gia stt © 1a mién gidi noi trong R? véi bien 9Q tron va {0} € Q . Ta xét
bai toan sau:
2U 2U 2U
Ly(u) +g(u) = %"‘g—zﬁﬂ-ﬂ(@%—kg(u) = 0 trong ,

(2.1)
u =0 trén 01,

trong d6 g (u) € C(R), g(0) =0, f(z) € C*(R).

Dat G (u) = [ g (t)dt, v = (vy, vy, v,) 1a vector phap tuyén don vi ngoai trén
0

0.

Dinh nghia 2.1.1. Gid st k la mot so thuc duong, khi dé mien Q dugc goi la
Ly, - hinh sao doi vdi diém {0}, néu bat dang thic zv, +yv,+ (k+ 1) zv, > 0

théa man hav khdp noi trén 0S).

B6 dé 2.1.2. Gid st u(x,y,2) la nghiém cia bai todn (2.1) thudc khong gian
H?(Q). Khi dé véi moi 8> 0 ta cé u(x,y,z) théa man dang thic :
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/ [(2 + )G (u) - gg(u)u}dXz / [2f'(2) f(z) + (1 - B) f%@]@l‘) dXx
Q

Q

2
+;/(U +U + f2(z)v )(xvx+yvy+ﬁzvz) (%) ds,

00

trong do dX = dxdydz.

Ching minh.
Do € 1a mién tron va bi chin nén theo dinh ly nhing Sobolev ta co:

H?(Q) c C"(Q),0 < a <1, ma

0 0
7 (2G () = G (u) + 29 (u) 5.
0 0
5y WG (W) = G (w) +yg (w) 5
0 0
5= (G () = G (u) + 2g (u) a_Z'
Theo cong thitc Gauss - Green ta co
9, 0
/G(u)dX = —/xg(u)a—ZdX:—/yg(u)a—ZdX,
Q Q Q
ou
B | GudX = -0 [ zg(u)=—dX.
Q/ Q/ 0z

Ma u(z,y, z) 14 nghiém ctia bai toan (2.1), nén ta co:

(@+2>/G(u)dx _ —/(a:g—“ a“+5 —) (1) dX

du Ju Pu  P*u o, O%u
= [ (et 5e) (o g+ 100 ) ax
Q
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St dung cong thitc Gauss — Ostrogradskii ta co:

Ou 0%u
Q

1 ou\” 1 o\’
Q

20



0%u Ou

Q

0%u du

(911, 0%u

_ 2 b
Iy = ﬁ/zf 82822d

Do vay

Mat khac ta co:

Q

Cha y 2.1.1. Dong nhat thitc van ding trong truong hop todn ti nia tuyén
tinh Elliptic la khong suy bién.

Chon 8 =k + 1, ap dung bo dé trén ta c6 dinh 1y sau:
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Dinh Ii 2.1.3. Gid st Q) la Ly - hinh sao doi vdi {0}, va théa man dieu kién
sau:

i. (k+3)G(u)—Elg(u)u<0, khi u#0,
ii. xf (x) f' (z) > kf%(x), trong Q.

Khi dé khong ton tai nghiém tam thuong v € H? () cho bai todn (2.1).

Dinh 1i 2.1.4. Gid st Q) la Ly - hinh sao doi vdi {0}, va théa man dieu kién
sau:
i. (k+3)G(u)—ELg(u)u<0, khi u>0,
it. xf (z) f'(x) > kf*(z), trong Q.
Khi dé khong ton tai nghiem duong khong tam thuong v € H? (Q) cho bai
todn (2.1).

Ta xét mot s6 trudng hgp dic biet ciia f(x) trong truong hop g (u) =
Au+ |u| .
Trudng hgp 1. Véi f (z) = e_|x|_6, 0 > 0 ta c6 dinh ly sau:

Dinh i 2.1.5. Gia su

. S 3
f(z)=el 6, 5 >0, Q{(x,y,Z), 22ttt < <ﬁ) }, A <0, v>0.

Khi dé khong ton tai nghiém khong tam thuong v € H? () cho bai todn (2.1).
Ching minh.
Gia stt ton tai nghiém khong tam thuong u € H? (), khi d6 ta co:
f(x) = sz’gn(yc).\x\_é_lé.e_'””‘ﬂS
zf' (x) = kf (x)
1
3

& 5|x|7667|$‘_6 > kel o lz| < <g> :

A2 |u|v+2
G (u) = > v+ 2
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Chonk:%:xf’(x)Zkf(as) trong €2, khidétacé:ﬁz%. Do vay:
3y +4\ (Au? | ul" Y4/, o Y42 _
/( . )(2 Sl n ()\u+|u| )dX_
0
) 5 u\ >
= [ @) 1 @)~ k@] (20) ax
0

1 9 9 —2| |*5 2) 4 +f)/ 8u 2
- z . )= d
—|—28£(x—|—vy+e vy ) | vv, +yvy + S Ay BN s

tuong duong véi:

[ (= gl ) ax = [ e @] (2) ax

1 ol ? 44~ ou\”
+§8{ <U§+U§+e 2|x| vﬁ) <xvz+yvy—|— 5 zvz) (%) ds.

Do A < 0,7 > 0 nén ta co:

/ ()\u2 T |u|7+2> dX <0,
ry 2
0

Ma:

s @ -] (3) axs

1 - 4 ou\ >
+ —/ (Ui + US + ¢ 2l 61)3) <xvz + yv, + + 7zvz) (_u) ds > 0,
289 v ov

nén phuong trinh khong c6 nghiém tam thuong u € H* (Q) do d6 ta c6 diéu
phai chiing minh. O
Trudng hgp 2. V6i f2 (z) = |z|*", v6i k 1a mot s6 thye duong khi d6 ta 6
mot s6 két qua sau:

Dinh 1i 2.1.6. Gid st Q la Ly - hinh sao doi vdi {0}, va théa man:

kE+1
(k+3) G (u) —%g(u)u< 0, khiu # 0.
Khi dé khong ton tai nghiém khong tam thuong v € H? () cho bai todn (2.1).
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Dinh 1i 2.1.7. Gid st Q la Ly - hinh sao doi vdi {0}, va théa man:

1
= A Tuwvdi A <0, v > ——.
g(w) = Nu+ ful'w vdi A0, 9>

Khi dé bai todn (2.1) khong ton tai nghiém khong tam thuong u € H? ().

Dinh ly ton tai nghiém doéi vdi truong hop 2.
Ta xét bai toan sau:
Gia st © 14 mién gi6i noi trong R3 véi bien 990 va {0} € Q. Ta xét bai toan
sau:
Ly(u) + g (u) = (%z + ayz + | 21“;3 + g(u) = 0 trong €,
u = 0 trén OS2,

(*)

trong do g (u) € C(R), ¢g(0)=0.
bat G (u f g (t)dt, v = (vg, vy, v,) 1a vecto phap tuyén don vi ngoai trén
0.

Dinh nghia 2.1.8. Tu ki hiéu S_f(Q), 1 <p < +o0 la khong gian cac ham
u € LP(Q2) théa man:

ou ou

ou
p
8:1: € L7, (9y

€ I ’
(), Jo" 5~

e LF(Q).

Chuan trong S_f(Q) , 1 < p < 400 duge dinh nghia nhu sau:

ou
ol = | [ (1 + ol
Q

P
— )dxdy
Vdi p =2 ta c6 tich vo hudng trong S2(Q) nhu sau:

e e N L I
S RO N 02 O ) 1ag) \ Oy Oy L2() 02) ra)

Dinh nghia 2.1.9. % () dugc goi la bao déng ciia C3 () trong khong gian
ST ().

T =

p

ou

ox
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Dinh nghia 2.1.10. Ham u € %(Q) duge goi la nghiem yéu cia bai todan
(*) néu ding thic:

g;‘ gida:dyd / —ﬁdxdydz+ / [ au ggpdrcdydz = / g (u) pdzdydz,
a Q

thoa man vdi moi p € C§° (2).
Dinh 1i 2.1.11. 57 (Q) la khong gian Banach; S? () la khong gian Hilbert.

Ching minh. Xem [2] O

(k+3)p

Dinh 1i 2.1.12. Gid st 1 < p < k+3 . Khi dé S, (Q) C L=+ 7 (Q) vdi
mot T duong du nho.

(k+3)p

Luu y 2. Trong trucng hop 1 < p < k+3, phép nhl’mg%( ) C LEs—2"T(Q)

khong ton tai v6i moi 7 duong bat ki.

Dinh 1i 2.1.13. Gia s 1 < p < k+ 3. Khi do anh xa nhing

%(Q) C Liw T (Q) la compact vdi moi T duong di nho.
Dinh Ii 2.1.14. Gid st p > k + 3. Khi d6 S, (Q) € C°(Q).

Dinh i 2.1.15. Gid st g(u) théa man cdic dieu kién sau:

i g(u) € Cpi(R),

i, |gu)] < CA+ul™) vdi 1 <m <8,

iii. g(u) =0(u) khiu— 0,

w. Ton tai A sao cho vdi |u| > A, G (u) < pg (u)u, trong dé
W e [O, %)
Khi do bai todn

Li(u) + g (u) = &EQ Y+ 9 ayg g+ |x 2’“8 %4 g(u) =0 trong Q,
u =0 trén 0S2,

luon c6 nghiém yéu khong tam thuong.
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2.2 Toan ti¥ kiéu Grushin

Gia st © 13 mién gidi noi véi bien O tron trong R™ x R™2, véi

ny > 1,ny > 1va {0} € Q. Ta xét bai toan bién sau:

L (u) 4+ g (u) = Ayu+ f2(z) Ayu+ g (u) = 0 trong Q,

(2.2)
u =0 trén 0f),
trong do
i 82 no 32
T = (.',Ula ..,xnl) , Y= (yl, ...,ynQ) , Ax — Z W?Ay — Z W;
=1 9T =1 9Y;

f(@)=f(z1,...,2,,) € C*(R™), g(u) € C(R), g(0) =0,
U(T,Y) = U (X1, ey Ty YLy ooy Yy ) -

u
bat G(u) = [gt)dt, v = (le,...,vxnl,vyl,...,vy ) 13 vector phap tuyén
0

n2
don vi ngoai trén 0f).
Dinh nghia 2.2.1. Mién Q dugc goi la hinh sao doi vdi diem {0}, néu bat
2 AT 2 N 4
dang thiic ) w50, + > yivy, > 0 théa man hau khap noi trén €.
j=1 i=1
Vi du 2. Néu Q la tap 16i va {0} € Q thi Q 1a hinh sao dbi vé6i {0}. Nhung

mot mien hinh sao tong quat thi khong nhat thiét 1a 16i.

Dinh nghia 2.2.2. Gid st k la mot so thuc duong, khi dé miéen Q duoc goi la
? Z Z ? nl n2
Ly, - linh sao doi vdi diem {0}, néu bat dang thic Y xjvy,+(k + 1) > yvy, >
j=1 i=1
0 théa man hau khap noi trén OS).
Bo6 dé 2.2.3. Gid st u(z,y) la nghiém cia bai todn (2.2) thuoc khong gian
H?(Q) . Khi dé u(x,y) théa man dang thic:
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/ KH@) G (u) - ng(u)u} dady =
Q

2?11

[ @9t @) £ ) 9, dady
Q

+ 1 [(z,vz) + (y, vy)] [|U:c|2 + 7 (2) |Uy|2} (%) QdS,

2711
o0

trong do: v, = (le, ...,vxnl) , Uy = (Uyl, - Uynz), dzdy = dx;y....dx,, dy;...dyy,,.
Ching minh.
Ta co:
0 0
5. (G () = G () 19 () 5=
Tt cong thic Gauss ta co:

/ai (2,G (u)) drdy = /a:z-G (u) cos (v, x;) ds = 0
o0

1= 1, N

Q

ou ,
:>/G(u)dxdy=—/mig(u)a ds,i=1,...m
L
Q

1=1

1 ou
= /G (u) dexdy = o g (u) Z (azz 8@) dxdy
0 Q
= —— [ (z,V,u) g (u) dxdy.

Tuong tu ta co:

= — ix, 2 U L) ,Vyu u) dx
:\(Hﬁ)Q/G()d dy = /[n< V) + 2 (09,0 9 (0)dady

— / [i (x, Vyu) + n% (y, Vyu)] (Axu + 2 (x) Ayu) dxdy.

ni
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1
— | (z,V,u) Ayudzdy
ny

Q

n _2/|V ul*dxd —|—L/(x Uy) Ou 2\1} *ds
211 v 4 214 T\ Qv N
Q o0

B

= — [ (y, Vyu) Ayudzdy

no
Q

E / : E / OuN®
5 |V u| dedy + o3 (y, vy) 5 v, |“ds.
0

Q
B

= — [ (y,Vyu) f*(z) Ajudzdy

no

Q
Bne—2) [ 2 B 2 ou\* o
fia -3 / 72 (@), d:cdy+2—n20£ w00 20 (50 ) s

= i/(:zj,Vb,gu) f7(2) Ayudzdy

ny
1
2

o 2
o [ 2@ (5 Tofas
N

Q
[ £ @ 9aldudy - [ @ 9,f (@) £ (@) V0l dody
Q Q
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Do doé:

a 2
(1+5) /G da:dy— /|V n dxdy+—/ T, Uy) o vy |*ds
2n1 Ov
0
»3/|V ul dxdy—i——/ Y, Uy) ( ) \Ux\ ds -|- /f2 \VyU\ dzdy

0
" QL;Z / (y,vy) f* (2) (3_1:) |Uy’2d8 + 2 / 2 (x) \Vyu|2dxdy
o0 0

9 1 9 8'U/ 2 )
b [ 0 @) 0 Wy + 5 [ ) 70 (5 ffs
o0

(=2 p 2 Bna—2) 1 2 2
= ( o +§)/\qu| dxdy + (2—7”L2+§> /f (z) [Vyu|"dzdy
9) )

b [ @ Vaf (@) £ @)V dudy+
Q

+/ [27111 (z,v,) + 2%2 (y,vy)} [|UI|2 + £ (2) |Uy|2} (%)Qd&

o0
Chon 8 = Z—f khi dé ta cé:

(1 + %) /G(u) dwdy = M/mm ddy
1

Q
ny+ ng — 2
2711

+ /f2 (x) |VyU| dxdy + n—lf(x, V.f () f (x) |Vyu\2da:dy
@ Q

4 1 [(z,v:) + (y,vy)] [|Ufﬂ|2 + 1% (2) |Uy|2} (§Z> o

2711
o0

Ma u(x,y) 1a nghiém ctia bai todn nén ta co:

/[<1+Z—j)(}(u)_%zj_2g(u)u] dndy —
Q

L @Vt @) £ (2) |V uldady

n1
Q

+i-[mwm«mmDMM¢%@mﬂ(%fw-

2?11
2)9)
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]

Cha y 2.2.1. Dong nhat thitc van ding trong truong hop todn ti nia tuyén
tinh Elliptic la khong suy bién.

Dinh 1i 2.2.4. Gid s Q la hinh sao doi véi diem {0} va
i (1+Z—f) G (u) —%’?_Qg(u)u< 0 khi u # 0,

it. (x,V.f(x))f(x) >0 trong €.
Khi dé khong ton tai nghiém khong tam thuong v € H? () cho bai todn (2.2).

Dinh i 2.2.5. Gid si Q la hinh sao doi véi diem {0} va
i (1+Z—f) G (u) —%g(u)u< 0, khiu >0,
it. (x,V.f(x)) f(x) >0, trong Q.
Khi dé khong ton tai nghiem duong khong tam thuong u € H? () cho bai

todn (2.2).

Dinh i 2.2.6. Gid st Q la hinh sao doi vdi diem {0}, ny +ny > 2 va
i g(u) =M+ |u/"u vdi A <0, v > @,
it. (x,V.f(z)) f(xz) >0 trong Q.
Khi dé khong ton tai nghiém khong tam thuongu € H? () cho bai todn (2.2).

Ta xét mot s6 trudng hgp dic biét ciia ham f(z) va g(u).
Truong hop 1:

i 2 1
Vil £2(0) = (@) o= (S o) = £ (0) = £l k> 0
i=1 1=1

Khi d6 ta c6 dang thic sau:
—2
(1+5) / u) drdy = (”1n +§> |V.ul d:z:dy+—/ ()| yul *dady
Q ! Q
)/ (2)* |V yul*dzdy
1 5 k 8U 2
2 2 2
+ [ 5 <m,vx>+2—m<y,vy>] o+ @0, (G ) s
o0

| —

2
B (ng —2)
+< :—2)
Q
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Chon 8 = 2 (k+ 1) ta o dang thitc sau:

/[n1+n2(l€+1)G(u>_n1+n2(k:+1)—2

ny 2ny

g (u) u] dxdy
= o [ 1w + 4 1) o) [l + @)% o] (?)d

2711
17)9)

Dua vao dang thic trén ta c6 mot s6 két qua sau:

Dinh li 2.2.7. Gid st Q la Ly, - hinh sao doi vdi diem {0}, va

n1+n2(k—|—1)G(u)_n1+n2(k+1)—2

o o g(u)u <0, khi u##0.

Khi dé khong ton tai nghiém khong tam thuong v € H? () cho bai todn (2.2).

Dinh 1i 2.2.8. Gid st Q la Ly, - hinh sao doi vdi diem {0}, va

n1+n2(k+1)G(u)_n1+n2(k:—|—1)—2

o o g(u)u <0, khi u>0.

Khi dé khong ton tai nghiém khong tam thuong u € H? (Q) cho bai todn (2.2).

Dinh 1i 2.2.9. Gid st Q la Ly, - hinh sao doi vdi diém {0}, va

4

w) = M+ |ul"u, vdi A<0, v> .
9 () u T (k1) -2

Khi dé khong ton tai nghiém khong tam thuong v € H? () cho bai todn (2.2).

Truong hgp 2. Véi

fPla) = [ (L+e( ( L+ )) L+ ¢ (2),
_ . 2 ny N 8@(1‘)
e(x) = o(x1,...yxy,) > -1, p(x) € C*(R™), Za:z . >0

k = (kl,kg, ey knl) , k; > 0,2 =1...n.
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Khi dé ta c6 dang thiic:

_(m=2, 0 uldx
(1+B)Q/G()ddy—< ¥ )/!vuddy

—2)
+ <5 ke ) / (14 ¢ () |V ul*dedy+
0

ikz‘
S [l (g @) 9l dedyt o [0 ZW Vyul*dedy
Q Q =1
1 5 2 2% 51 [ Ou
o (@) + 5— (W, v) | | |ve]™ + [2]7 (L 4+ () [vy|7] | 5= ds,

Chon 8 = Z—f <Z k; + 1> ta co dang thic sau:
i=1

nl—l—n2<iki—l—1> n1+n2<ik¢+1>—2
=1 =1
/ o G (u) — o g (u)u| dedy
)
1 2% 2;0p (1) 2
= [z]™ (14 ¢ (2)) oz, |Vyul"dzdy
0 =1
-2 [ @) + ik-ﬂ :0) | ([0l + 2™ (1 + 6 (@) [y ] 0u\’y,
2n T — ' Sl ; 7 Y ov '
o0 =

Dua vao déng thiic trén ta c6 mot s6 dinh 1y sau:

Dinh 1i 2.2.10. Gid st Q la Ln, - hinh sao doi vdi diém {0}, va

S0
n1+n2<zki+1> n1+n2<zki‘|—1>—
7:1 G (u) — 222;1 g(u)u <0, khiu#0.

Khi dé khong ton tai nghiém khong tam thuongu € H? () cho bai todn (2.2).

Dinh li 2.2.11. Gid st Q la L~ - hinh sao doi vdi diem {0}, va

it
n1+n2(zki+1) n1+n2(zki+1)—
i=1 i=1 :
G (u) — 0, kh 0.
" (u) o g(u)u <0, khiu>
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Khi dé khong ton tai nghiem duong khong tam thuong u € H? () cho bai
todn (2.2).
Dinh li 2.2.12. Gid st 2 la Lg‘ - hinh sao doi vdi diem {0}, va

i3
i=1

4
ni -+ no (ikz—f—l) — 2

1=1

g(u) = u+ |ul"uvdi X <0, v>

Khi dé khong ton tai nghiém khong tam thuong v € H? () cho bai todn (2.2).

Ching minh.
Gid st ton tai nghiem khong tam thuong u € H? () cho bai toan (2.2).
Khi do ta c6 dang thic sau:

n1+n2<zki+1) nl"‘nZ(Zki‘l—l)—
i=1 i=1
/ o G (u) o g (u)u| dedy
Q
1 x;00
- [ a+p ) #Ivyulgdxdy
ny 8
Q 1=
1 i o\ 2
o [@c, o+ (L ) v ] ol e (14 @) ] (5 ds
oY) =
Ta co .
M? o |ul?
G () = 2 v+ 2
Nén

) 2
(M + |u|"*?) | dedy =

n1
k; 1 ki +1
ni + neo Z + )\uz |UW+2> ny + No (1:2:1 +

2 T y+2 on,

SEAN

yU
Q

= 1 5):16,

+ o [x " (Zml) y] ool + (& (14 (@) oy P (g—)d

=1
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A
= —/uzdxdy
ny

0

n1+n2(2ki—|—1> n1—|—n2<2ki—|—1>—2
2+ i=1 i=1

+ U — drdy =

/ u ni(y + 2) 214 Y

Q

_ nil 2]’ Z
o [x o) (Zk +1> y,vy] [\Ux\2+[x]2k(1+90(:13)) 0, <g—5)2ds.
o0

DoA<O0, v> 1 , Nén suy ra

ni1+no (Z kl—‘y—l)
ny
z+1> nl—i—ng(Z k‘ri-l) -2

ME

-2
ni+no (
1 . i=1
ny (y+2 211

7

A qudxdy—i— f ul** dxdy < 0.

V6i u # 0 diéu nay 14 mau thuan, nén ta c6 diéu phai ching minh.

0
Truong hop 3. Véi
nq -6
f(z)= e_<;1|xi|) , 0>0, g(u) = u+ |u|"u.
Khi d6 ta c6 dang thiic sau:
(14 8) /G(u) drdy =
QO
(=2 p 2 B(ng—2) 1 /2 2
= ( o + 2) /|qu] dxdy + ( 28 +3 [ (z) |Vyu| dedy+
Q Q
1
[ 09 @) @)1V uPdody+
Q
1 5 2 2 2] [ Ou ?
# [ g @+ o )| o+ @] (51 ds
o0
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Chon g = 22 (k + 1), ta c6 dang thitc sau:

/[n1+n2(l€+1)G(u>_n1+n2(k:+1)—2

ny 2ny

g (u) u] dzdy

= L Ve ) 1 @)~ k7 @) 9y
Q
+ QLnl (2, vp) + (B +1) (y,vy)] {|U:v|2 + /% (x) |Uy|2} (%) ds.
oN

Dinh 1i 2.2.13. Gia su

o\ n No 1
f(x) = 6_(1§xi> 7 5>O, Q= {(xi,yj) X_:xf—l—z% < (j’)f;) },

g(u) = Au+|u|"uvdi X <0, v>0.
Khi dé khong ton tai nghiém khong tam thuongu € H? () cho bai todn (2.2).

Ching minh.
Gi4 st ton tai nghiem khong tam thuong u € H? () cho bai toan (2.2).
Khi d6 ta co:

o (1) a0

(%fo( ) = kf ()

n -0 ny ) -6 ny ) -6 n 1
& 20 <Z xl|2> 6_(i; . ) > k‘.e_<i21 . ) & Z |27 < (%) ;

1=1

Ma
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Khi doé ta c6

/ ny +ng (k+ 1) (Au2+|u|7+2> ni+ns (k+1)—2
2

(Au + |u| ") u] dxdy

ni v+ 2 2n
0
1
= (2, Vof () f (z) — kf? ()] |V ul*dzdy
0
o [ 1w + (1) @) [l + 72 @) o, ] (o s
2ny ! Yy ! Y Jv '
o0
Chonk— - ta co:
A 2 / 214 (2 =1 —mp)y
— dzd 7 T dudy =

= QLnl [(%Ua:) + (Z k; + 1) (y,vy)] “Ua:|2 + [x]%'%'z} (%) st,
o0

Do A <0, v > 0, nén ta co:

— [ v dxdy + ul"dxdy < 0.
Q
V6i u # 0 diéu nay 14 mau thuan, nén ta c6 diéu phai ching minh. O

Truong hop 4: Véi
f(x)=e (iEIl' | >,5>O,g(u):)\u+|u|7u.

Chon 8 = 2 (k + 1) ta c6 dang thitc sau:

/[n1+n2(k‘+1)G(u)_n1+n2(k+1)—2

n 2n

g (u) u] dzdy

= nil / (2, Vaof (2)) f (x) — kf? (2)] | Vyul*dedy
Q
g [ o)+ 4 0) o [l + 72 ) o] (1) s
oN
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Dinh 1i 2.2.14. Gia su

1] i~ 5 L
fla) = e i£[1| | , 0>0, Q_{xlv% Zx +Zyg <n1< 7n1n2> }7

+7
g(u) = Au+ |u]"uwvdi A <0, v>0.

Khi dé khong ton tai nghiém khong tam thuong v € H? () cho bai todn (2.2).

Ching minh.

Ta co:
Of (2) _ s 1710, il
Ti—g— = 5}1]@\ e =1
(z, Vo f (2)) 2 kf (z)
o s T M on)?
@n15g\xz| e =l > ke -t H\xz|<<k) :
Ma ta co: -
u? o ul”
G(u) = 5 T sl

Gi4 st ton tai nghiem khong tam thuong u € H? (), khi d6 ta c6

/ ny +ny (k4 1) <)\u2+ |u|7+2> i tnp(k+1) -2

ny 2 ’Y+2
Q

o (Au + |u| ) u] dxdy
== [0V @) @) = kf? @] 19y

ni
Q

n 2_nl [(z,0,) + (k+1) (y,0,)] “Uﬂ? + f2 (x) \Uyﬂ <gz> ds
o0

A k+1 kK+1)—2

:>_/u2dxdy+/‘u‘2+7<nl+n2( + )_n1+n2( + ) )dﬂfdy:
ny ni(vy + 2) 21,

Q

_ 1 (2, v0) + (k+ 1) (y,v,)] [|Ux\2 +f(x)2|vy|2} (8u> ds.

2N ov
o0

Do:)\SO,7>0,vétachon:k:ikhidétacc’):

A 2 Y2 —n — 2+
— dzd Tdxd 0.
nl/u xdy + 2n(7+2 /\u\ zdy <
0
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Do u # 0, diéu ndy dan dén mau thuin, nén ta c6 diéu phai chitng minh. [

2.3 Toan ti kiéu Grushin tong quat

Gia st © 14 mién gi6i noi véi bien 0N tron trong R™ x R" x R"™, vdi

ny > 1,ny > 1,n3 > 1, va {0} € Q. Ta xét bai toan bién sau:

Lep(u)+g(u) = Asu+ f2(x) Ayu+ h? (z) Au+ g (u) = 0 trong €,

(2.3)
u =0 trén 0f),
trong do g (u) € C'(R), ¢(0) =0,
f(x)=f(21,...,2,,) € C*(R™),h(z) = h(x,...,x,,) € C*(R™),
Tr = (331) "733711)7 Yy = (yb -"7yn2) y &= (217 "'7Zn3)7
U(ﬂf,y, Z) — U(.CUl,..,ZUnl, yl)"'aynwzla"' an )7
n1 82 n2 62
A, = —, A, =
x 2 By 2
Z;axj ;5%‘ Z@yj
Diat G (u fg ) dt, v = (Vg .o, Vg, s Ugyy ooy Uy, s Uzpy ooy Uz, ) 120 vector

phép tuyén d(jn vi ngoai trén Of).
Dinh nghia 2.3.1. Mién Q duogc goi la tap hinh sao doi vdi diem {0}, néu
zZ ? nl n2 n3 N 4
bat dang thic ) xjv,, + Y yivy, + Y 20z, > 0 théa man hau khap noi trén
j=1 i=1 i=1
00Q2.
Vi du 3. Néu Q 1a 16i va {0} € ©Q, thi Q la tap hinh sao déi v6i diem {0}.

Nhung mot mién hinh sao tong quat thi khong nhat thiét 1a 16i.

Dinh nghia 2.3.2. Gid st ki, ko la cdc so thuc duong, khi dé mién Q
7z ? z 7z ?2 i
dugc goi la Ly, i, - hainh sao doi vdi diem {0}, neu bat dang thitc ) xjv,, +

j=1
no ng

(k1 4+ 1) Y yivy, + (k2 + 1) D ziv,, > 0 théa man hau khap noi trén 0.
i=1 i=1
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B6 dé 2.3.3. Gid st u(x,vy, 2) la nghiém ciia bai todn (2.3) thuoc khong gian
H?(Q). Khi dé u(x,y, z) théa man ddang thic:

/[<n1+n2+n3>G(u)_n1+n2+n3—29(u)u] dudydz
Q

2711

ni / (2, Vaf () f (x) \vyu|2dg;dydz+ni / (2, Vah (2)) h(2) |V.ul*dedydz
1 2 1
b [ 4 )+ ool [j 4 22 ) ] () s
o0

trong do: v, = (le, ...,vxnl) Uy = (Uyl, ...,Uynz) LU, = (vzl, ...,Uzng) ydrdydz =
dzy....dx,, dy;...dy,,dz...dz,,.

Ching minh.
Stt dung cong thic Gauss ta co:

ny — 2
2n

1 a(ng— 2 1 B(ns —2) / 2 2
+<2 + o )/f )| Vyul dmdydz—l—(2 + — 5 + o h* (x)|V u| dxdydz
Q

+—/ x, V. f(x x) |Vyul dxdydz—f——/ z,Vyh () h(z) |V.ul dedydz

(14+a+p) | G(u)dedydz = < + = + ) |V ul*dzdydz
J /

1
TN (x,v;) +

2%@’”@’”2%(2’“”} o+ 2 @l + 17 @) ] () a

of

o0

Chon a = =2, = 2, khi d6 ta co:
1 ni

/[(nl-l—m—l—ng)G(u)_n1+n2+n3—29(u)u] d:L‘ddeZ

ni 2n

nll (2, Vaof () f(x)]vyu|2d:cdydz+nil / (2, Voh () h (z) |V.oul dedydz—+
Q
o [ e+ ) [l + 2 @ o] (20 as

o0
]
Dinh 1i 2.3.4. Gid st Q la tap hinh sao doi vai {0}, va
i (—"1+n2+n3) G (u) — tnetns=2, (), < 0 khi u # 0,

ny 2711
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it. (x,V.f(x)) f(x) >0 trong €,
iti. (z,Vih(z))h(z)>0 trong Q.
Khi dé khong ton tai nghiém khong tam thuongu € H? () cho bai todn (2.3).

Dinh 1i 2.3.5. Gid s Q la tap hinh sao doi vdi {0}, va théa man:
i (n1+zf+n3) G (u) — —”1+”22:1”3_2g (u)u < 0 khiu >0,
it. (x,Vuf () f(z) >0 trong €,
iti. (x,V,h(z))h(x) >0 trong €.
Khi dé khong ton tai nghiem duong khong tam thuong u € H? () cho bai
todn (2.3).
Dinh i 2.3.6. Gid s Q la tap hinh sao doi vdi {0}, va théa man:

4
n1+n2+n3—2 ’

i. g(u)=Au+ |u/"uvdi A<0, v>

it. (x,Vuf(z)) f(z)>0 trong €,

iti. (x,V h(z))h(x) >0 trong €.
Khi dé khong ton tai nghiém khong tam thuong u € H? () cho bai todn (2.3).

Ta xét moét sb6 trudng hop ddac biét cia ham f(z) va h(x)
Truong hgp 1: Véi

2 (x) = (2)™ = (Z xk> 2 () = (2)* = (Z xk> k1 >0,k > 0.

i=1 =1

Khi do ta c6 dang thic sau:

—2
(14 a+pB) / G (u) dedydz = <n12n1
0

+ % + g) / IVl dadydz+
Q

k 1 —2
+ 2 | (2)*2|V.u dedydz + ( = + a(n = 2) + b / () |V yul*dadyd:
ni 2 2n9 2

1 —2 k
(Lo Bns—2) / ()% |V ul P dedydz + — / ()" |V ul*dedydz+
2 2 2n3 ni

Q

/[ 1 (x,vm)+2i(y,vy)+2i7;(z,vz)] [oal? + @) o2+ () o-f] (%)st

2711 o)
00
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Chon av =12 (k1 +1),8 =22 (k2 + 1) tac dang thitc sau:

/{nl—i—ng(kl—|—1)+n3(l€2+1)G(u)_n1+n2(k‘1+1)—|—n3(k‘2+1)—2
ny 2711

g (u) u} dxdydz
Q

- 2%1 [(z,02) + (ky + 1) (y, vy) + (k2 + 1) (2,02)] [|U$|2 T (@)%, 2 + (x)gkzlvzlz} (g_z) "
o0

Dua vao ding thiic trén ta c6 mot sb két qua sau:

Dinh 1i 2.3.7. Gid st Q la Ly, y, - hinh sao doi vdi {0}, va théa man diéu

kién sau:

ni+ng (k14 1)+ ng (ko + 1)G(u)_n1+ ng (k1+ 1)+ ng (ke+ 1) — 2
n 2ny

khi uw # 0. Khi dé khong ton tai nghiém khong tam thuong u € H? () cho
bai todan (2.3).

g(u)u <0,

Dinh 1i 2.3.8. Gid st Q la Ly, 1, - hinh sao doi vdi {0}, va théa man diéu

kién sau:

N1+ No (kl—f— 1)—|— ns (]{32—}— I)G(u)—nH— N9 (kl—l— 1) + ng (kg—l— 1) — 2
ni 2711

khiw > 0. Khi dé khong ton tai nghiém duong khong tam thuong u € H? (Q)
cho bai todan (2.3).

g (u)u <0,

Dinh i 2.3.9. Gid st Q la Ly, , - hinh sao doi vdi {0}, va théa man dieu
kién sau:

4

u) = Au+ |u|"u vdr A <0, v> '
g() ‘ ’ - v n1+n2(k1+1)+n3(k2+1)_2

Khi dé khong ton tai nghiém khong tam thuong u € H? () cho bai todn (2.3).

Trucong hop 2. Véi

£2 () = b (L4 1 (a)) 1= (H i/ T+ <x>)
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W () = [ (1+ ¢ (@) 1= <H|5E 1+ (o ))

ni

0 .
() € C (R 5 () > =1, 3 B 50, ¢y @) = s (er ) i = 1.2,

ki = (ki kg, ooy ki, ) s ke = (k21, k22, e k2n1) ki >0,k >0,0=1,....,n
Khi dé ta c6 dang thiic:

1

-2
(1+a+p) /G () dedydz = <”12n + % + §> / \Vul*dedydz+
Q Q

1 a(m—2) B 2k 2 ;kli 2k 2
(5 =2y —) / 2 (1 + 1 (2)) |Vuf*dudydz+=— / (2] (1 + g1 (2)) |V ul*dedydz+
Mo 2 ny
Q Q
Sk
1 —2 =
(545 + 252 [ 1™ (4t (o) Vol dndydt S [ 14 2 0) [V g
ns ny
Q
1 2h1 201 (2)
o [ At ))2 IV ul*dedydz+
Q =
1 2% ;02 (2)
+ - [2]7 (1 + 2 (7)) z; I V. ul*dedydz
Q =

8 2
o [ [ o)+ ) g G| Tl 5 P @l 402 @) ) (5 )

Chon o = 22 (Z ki; + 1) b= Z—i’ (i ko; + 1) ta c6 dang thic sau:
i=1

ni + noA + nsB ni + ne A+ nsB — 2
G (u) —
1251 2n

g (u) U} dxdydz

0
1 5 7,001 () 2 203 (x) 2
- - f (a:)z;a—xz\vym dxdydz+—/h z;a—%\vzu\ dzxdydz
0 i= i
tom Www+va>+B@vnWw%¢%@wF+M@muﬂé” s
2n1 ) or » Y ) YZ x Y 2 av
50

tI‘OIlg do: A = (iklz+1) ;B: <ik22—|—1> .
1=1 i=1

Dua vao ding thic trén ta c6 mot s6 dinh 1y sau:
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Dinh Ii 2.3.10. Gid st Q la Ln,  w - hinh sao déi vdi {0}, va théa man
;k’u,_;kzi

dieu kién sau:

n1+n2A—|—ngB n1+n2A+ngB—2
G (u) —
n1 277,1
Khi dé khong ton tai nghiém khong tam thuong v € H? () cho bai todn (2.3).

g(w)u <0, khi u#0.

Dinh Ii 2.3.11. Gid st Q la Ln,  w - hinh sao déi vdi {0}, va théa man
;ku,_;kzi

dieu kién sau:

ny + noA + nsB ny + noA +nsB — 2
G (u) —

o o g(w)u <0, khi u>0.

Khi dé khong ton tai nghiem duong khong tam thuong u € H? () cho bai
todn (2.3).

Dinh 1i 2.3.12. Gia si € la L% B hinh sao doi vdi {0}, va théa man
~ 1i’i:1 21

dieu kién sau:
4

=\ Tu o vor AN<0, v >
g(u) utfullu vdi A< 0,y ni +ngA +mn3B — 2

Khi dé bai todn (2.3) khong cé nghiém khong tam thuong u € H? (2).

Truong hop 3. Véi

fP@) = [ (1+e(2) = (ng . 1+90($)> :

ki = (]{?11, klg, ey klnl) , ki; > O,i =1,...,nq, ko > 0.

Khi d6 ta c6 dang thic:
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)/|qu|2da:dydz—l—%/(x)2k2|VZu|2da:dydz
1
QO 0

(% Lolmez2) | §) / 2™ (14 ¢ (2)) |V, udedyd=+

2”2
>k,
- 1 _
+= / (] (1 + ¢ (2)) | Vyul*dedydz + (— + 24 M) / (2)*"2|V u)*dzdydz
n 29 s
Q
1 (0% /B 2 2 2 2 2 au 2
+/ {in (z,v,) + o (y,v,) + o (z,vz)] [[va]™ + £2 () [vy|” + B* () Ju.|7] e ds.
o0
Dua vao dang thiic trén ta c6 mot s6 dinh 1y sau:
Dinh 1li 2.3.13. Gid su Q2 la L%:k . hinh sao doi vdi {0}, va théa man
1252
i=1
dieu kién sau:
ni+ neo <Zl /{311' + 1) + ns (1{32 + 1) ni+no (21: kli—i‘ 1) + ns (]CQ + 1) -2
=1 =1
o G (u) o g (u)u < 0.

vdi u # 0. Khi dé khong ton tai nghieém khong tam thuong u € H* (Q) cho
bai todan (2.3).

Dinh 1i 2.3.14. Gid su Q2 la L§k L hinh sao doi vdi {0}, va théa man

=1
dieuw kién sau:

TL1—|— N9 (Z k11—|— 1) + ns (/{2 + 1) nq + N9 (Z l{fh—F 1> + ns (kg + 1) -2
G (u)

=1 N i=1
nq 2711

g (u)u <0,

vdiu > 0. Khi dé khong ton tai nghiém duong khong tam thuong u € H? (Q)
cho bai todan (2.3).

Dinh 1li 2.3.15. Gid su Q) la L§k L hinh sao doi vdi {0}, va théa man
dieu kién sau: )
y 4
gw) = u+|ul"uvdi A <0, v> - :
ni + Ny (Zkh‘—Fl) +?’L3(l€2—|—1)—2
i=1

Khi dé khong ton tai nghiém khong tam thuong v € H? () cho bai todn (2.3).
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KET LUAN

Luan van da chi ra dugc cac két qua vé sy ton tai nghiém va khong ton

tai nghiem khong tam thuong cia bai toan bién:

Lep(u)+g(u) = Agu+ f2(x) Ayu+ h? (z) Au+ g (u) = 0 trong
u =0 trén OS2,

(2.3)

trong d6 € 1a mién gidi noi véi bien O tron trong R™ x R™ x R™, véi
ni>1ng>1,n3>1,va{0} e g(u)eC(R), g(0)=0,

f($> = f(xla --~7$n1) e C? (Rm) ,h(ZC) - h(:Ul, ---axm) e C? (Rm):

= (T1, ., Tny)s Y= Y1,y Yny) s 2 = (21, ey Zny) s

u(z,y,2) :u(ml,.. Ty, yl,...,ym,zl,... Zns ) s
A _Za 2 Ay _25 2’A _Zay]

Luan van xét mot s6 truong hgp dic biet cua f(z), h(x), g(u), ni,no, n3
ma trong d6 bai toan khong c6 nghiém khong tam thudng va chi ra diéu kien
ton tai nghiem ctia bai toan. Cac két qua ciia luan van mdi chi ding lai 6 viéc
chi ra sy ton tai v khong ton tai nghiem khong tam thudng ctia bai toan
trén bang cach st dung phuong phap bién phan. Huéng nghién ctu c6 the
phat trién thém nita, chang han 13 tinh tron ctia nghiém ciia bai toén trén
va tinh chat nghiém ciia bai toan trén bang cach st dung phuong phap bién

phan.
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