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THONG TIN KET QUA NGHIEN CUU

Nhom co ban ctia khong gian t6 po 1a khai niém co ban cua to po dai
s6 dugc nghién citu béi rat nhiéu nha khoa hoc véi mong muén dua cau
tric dai s6 vao khong gian t6 po dé tim dude cac tinh chat to po mot cac
dé dang hon. Trong dé tai nay, ching toi tong hop lai mot s6 két qua lien
quan dén nhém co ban ciia khong gian topo, dong luan clia cac con duong,
dong luan clia cac anh xa. Ngoai ra, ching toi trinh bay ching minh dinh
Ii rat quan trong vé nhém co ban clia dudng tron thong qua hai bo dé chia
khoé 1& b6 dé nang va bo dé dong luan. Tt d6 dua ra ting dung noi bat
cua nhom co ban ctia duong tron cting chinh 1a vi du minh hoa cho viéc

stt dung cong cu dai s6 dé dua ra cac tinh chat to po ciia khong gian topo.

ii



MG DAU

1. Téng quan tinh hinh nghién cdu

T6 po dai s6 1a mot huéng manh ciia t6 po chit yéu dung cong cu dai s6
dé nghien cttu. C6 nhiéu nha toan hoc trén thé gisi va trong nude da va
dang quan tam nghién citu dén t6 po dai sé trong s6 doé noi bat nhat phai
ké dén nhom nghién ctu cia GS.TSKH Nguyén Hitu Viet Hung v6i danh
muc cong trinh da cong bé thuoc linh vuc cia dé tai:
1. Nguyén H. V. Hung, Spherical classes and the lambda algebra, Trans.
Amer. Math. Soc. 353 (2001), 4447-4460.
2. Nguyén H. V. Hung and Tran Ngoc Nam, The hit problem for the mod-
ular invariants of linear groups, Jour. Algebra 246 (2001), 367-384.
3. Nguyén H. V. Hung, Erratum to“Spherical classes and the algebraic
transfer”, Trans. Amer. Math. Soc. 355 (2003), 3841-3842.
4. Robert R. Bruner va Lé Minh Ha, and Nguyén H. V. Hung, On behavior
of the algebraic transfer, 1 Trans. Amer. Math. Soc. 357 (2005), 473-487.
5. Nguyén H. V. Hung, The cohomology of the Steenrod algebra and rep-
resentations of the general linear groups, Trans. Amer. Math. Soc. 357
(2005), 4065-4089.
6. Nguyén H. V. Hung and Tran Dinh Luong, The smallest subgroup whose
invariants are hit by the Steenrod algebra, Math. Proc. Camb. Phil. Soc.
142 (2007), 63-71.
7. Nguyén H. V. Hung and V6 T.N. Quynh, The squaring operation on
A-generators of the Dickson algebra, Proc. Japan Acad. Ser. A, Vol. 85,
no. 2 (2009), 67-70.
8. Nguyén H. V. Hung and V6 T. N. Quynh, The squaring operation on
A-generators of the Dickson algebra, Math. Proceedings Cambridge Phil.
Soc. 148 (2010), 267-288.
9. Nguyén H.V. Hung, The homomorphisms between the Dickson-Mui
algebras as modules over the Steenrod algebra, Math. Ann. 353 (2012),
827-866.
10. Nguyén H. V. Hung, Vo T. N. Quynh, and Ngo A. Tuan, On the van-
ishing of the Lannes-Zarati homomorphism,C. R. Acad. Sci. Paris, Serie I,
352 (2014), 251-254.
Ngoai ra trén thé giéi GS G. Powell ciing cong b6 thanh cong nhiéu cong
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trinh ve to po dai sob:
1. Powell, Geoffrey M. L. Embedding the flag representation in divided
powers. J. Homotopy Relat. Struct.4 (2009), no. 1, 317-330.
2. Powell, Geoffrey M. L. Module structures and the derived functors of
iterated loop functors on unstable modules over the Steenrod algebra. J.
Pure Appl. Algebra214 (2010), no. 8, 1435-1449. 9
3. Powell, Geoffrey M. L. On unstable modules over the Dickson algebras,
the Singer functors Rs and the functors Fixs. Algebr. Geom. Topol.12
(2012), no. 4, 2451-2491.
4. Powell, Geoffrey On the double transfer and the f-invariant. Glasg. Math.
J.54 (2012), no. 3, 547— 577.
Do d6 cong cu dai s6 mang lai rat nhiéu y nghia khoa hoc trong viéc nghién
cttu tinh chat to po ctia khong gian to po.
2. Tinh cip thiét

To6 po dai s6 1a mot nhanh cia Toan hoc v6i muc dich 14 xem xét cac
khong gian topo va phan loai ching. Y tudng ctia to po dai sé 1a dua cac
dit lieu dai s6 vao khong gian t6 po sao cho cac van dé to po cé thé chuyen
thanh cac van dé dai s6 véi hi vong nhiéu thanh cong hon. Cu thé 1a, mdi
khong gian to po dudc dnh xa v6i nhitng ddi tuong dai s6 (chezmg han nhu
nhom); sau d6 nho két qua c6 duge tir viec xem xét cac cau tric dai s6
do6 dé suy ra céac tinh chat to po ciia khong gian t6 po. Diéu nay cho phép
chuyén cac van dé ve khong gian t6 po thanh cac van dé dai s6, gitp cho
bai toan c6 thé dé dang hon. Theo huéng nay c6 hai phuong phap chinh 13
thong qua nhém co ban va thong qua nhém dong diéu va déi dong diéu. Do
d6, nhém co ban 14 mot trong nhitng khai niém co ban va quan trong nhat
clia to6 po dai s6 va tit dinh nghia vé nhém co ban buéc dau ching ta tinh
toan nhom co ban ctia duong tron, trinh bay mot vai ap dung ciia nhom
co ban ctia duong tron, dong thoi md ra huéng nghién citu tinh nhém co
ban cila mot sd6 ddi tuong quen thuoc khac. Vi li do néu trén nén nhém
nghién cttu ching toi chon deé tai “Nhém co ban clia duong tron va ng
dung”.
3. Muc dich nghién ciru

Tinh nhém co ban cua duong tron va trinh bay mot vai ting dung cua

nhoém co ban ctia duong tron.



4. Dbi tuogng nghién citu

Dong luan cta cac con duong, dong luan ciac anh xa, nhém co ban cia
khong gian to po.
5. Pham vi nghién ciu

Nhoém co ban cua dudng tron va tng dung ciia nhém co ban ctia duong

tron.
6. Cach tiép can va phuong phap nghién citu

Cach tiép can: Nghién cttu 1y thuyét.
Phuong phap nghién ciu: Phan tich, tong hop.



Chuong 1

NHOM CO BAN

Trong chuong nay ching toi trinh bay dinh nghia nhém co ban ctia khong
gian to pod va mot sd tinh chat dé ching minh dinh 1f nhém co ban cla
duong tron. Dinh nghia dong luan ciia cac con dudng tham khao sach cla
W.S.Massey ([2]) 1a kién thiic md dau dan dén dinh nghia nhém co ban
cua khong gian t6 po.
1.1. DONG LUAN COA CAC CON DUGNG VA NHOM CO BAN CUA

KHONG GIAN TO PO
1.1.1. Dong luan cha cac con dudng
Ky hieu I = [0,1] C R, v& X, Y la céc khong gian t6 po.
Dinh nghia 1.1.1 ([2]). Mot con dudng trong khong gian t6 po X 14 mot
anh xa

o: 1 — X.

Diém zo := o(0) dugc goi 1a diém dau va xy := o(1) dudc goi diem cudi

cua con dudng o.

Dinh nghia 1.1.2 ([2]). Cho ¢ va 7 1a hai con dudng trong X véi cuing
diém dau z va diém cudi x1. Ta néi o va 7 1a dong ludn (vdi nhau), ky
hiéu 1a

o~ 1 rel{0,1},

néu ton tai anh xa F': [ x [ — X, (s,t) — F(s,t), sao cho

2. F(s,1) =171(s), Vs € I,
3.F(0,t):£€0, vVt e I,
3. F(l,t) =ux1, Vil

No6i cach khéc, hai con dusng dude goi 14 dong ludn néu con dusng nay
c6 thé bién doi lien tuc thanh con dudng kia trong X va trong qua trinh

bién doi diem cudi va diem dau luon dude gitt c6 dinh.

Cha y 1.1.3. V6imoi t € I,F; : [ — X,s —> F(s,t), la mot con
duong tit 29 dén z va Fy = 0, F} = 7. Ta cling viét F; : o ~ 7 rel{0, 1}.
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Ménh dé 1.1.4 ([2]). Quan hé dong luan ~ la mot quan hé tuong duong
trén tap cac con duong trong X, nghia la:

i) o~ o rel{0,1}

i) Néu o ~ 7 rel{0,1} thi 7 ~ o rel{0,1}

i) Néu o ~ 1 rel{0,1} va 7 ~ p rel{0,1} thi o ~ p rel{0,1}

vdi o, T, p la cdic con duong trong X.

Chiing minh. Ta thay ~ c6 cac tinh chat phan xa, déi xting va bac cau.

Cu thé la:
i) o ~ o rel{0,1} boi

F(s,t) = o(s).
That vay,
+) F(s,0) = a(s),
+) F(s,1) = o(s),
+) F(0,t) = o(0) = x,
+) F(1,t) = o(1) = 1.
ii) Néu o ~ 7 rel{0,1} b6i F(s,t) thi 7 ~ o rel{0,1} bdi
F(s,t) = F(s,1—1).
That vay,
+) Zj(s, 0) = F(s,1) =7(s),
+) ]i(s, 1) = F(s,0) = a(s),
+) F(0,t) = F(0,1 —t) = xy,
+)F(1,t) = F(1,1—1t) = .

iii) Néu o ~ 7 rel{0,1} bdi Fi(s,t) va 7 ~ p rel{0,1} b6i Fy(s,t) thi
o ~ p rel{0,1} boi

Fi(s,2t) néu 0 <t < %
F(s,t) = ]

Fy(s,2t —1) néu 3 <t<1
That vay,
+) F(s,0) = Fi(s,0) = o(s),
+) F(s,1) = Fy(s, 1) = p(s),
+) F(0,t) = x,
+) F(1,t) = x; O



B&i Ménh dé 1.1.4, ta c6 thé xem xét cac 16p tuong ducng clia cac con
duong trong X theo quan hé tuong duong ~. Méi 16p tuong duong dugc
goi 1a mot Idp dong luan cia khong gian X. Ta ky hieu 16p dong luan cla
con duong o : [ — X 1a [o].

Dinh nghia 1.1.5 ([2]). Cho o la con dudng tit zp va z1 , 7 la con dudng
tit 1 va x9. Ta xac dinh mot con dudng ky hiéu o7 bang cach di chuyen

doc o 16i di chuyén tiép doc 7, tic 1a

-}

o(2s) néu 0 < s

IA

!
o1(s) = 2

<s<

—_

7(2s —1) néu

N | —

Ta néi o7 1& con duong ndi hai con duong o va 7 trong X.

Bdi Menh dé 1.1.6, ta dinh nghia duge phép nhan ctia hai 16p dong luan

nhu sau.

Pinh nghia 1.1.6 ([2]). Cho hai 16p dong luan [o] va [7] clia hai con
duong o va 7 trong X sao cho diém cudi ctia o trung véi diém dau cia 7.

Phép nhan hai 16p dong luan [o] va [r] dugce cho béi

[o].[7] := [oT].

Dinh nghia 1.1.7 ([2]). Cho o 1a con dudng trong X v6i diém dau zg va
diém cudi x.

i) Con duong o dugc goi 1a con duong dong tai xg néu xo = x1.

ii) Con duong dong o tai zg dugc goi 1a tam thuong dong luan hay co rit
duge (vé mot diém) néu o ~ € rel{0,1}, trong dé € la con dudng hing tai
xo (nghia la e(s) = xg, Vs € I).

Cha ¥ rang, dé thuan tién ta thuong ky hiéu con duong hang € 1a xy.
1.1.2. Nhém co ban cta khong gian t6 po
Cho X la khong gian to po va zp € X. Ky hiéu m1(X, z¢) 1a tap cac 16p
dong luan ctia cac con duong doéng tai .

Meénh dé 1.1.8 ([2]). Tap cdc l6p dong luan (mi(X,xg),.) ciia cdc con
duong dong tai xo la mot nhom, trong do

i) Phan ti trung hoa la l6p dong luan clia cdc con duong hing tai x.



i) Phan tii nghich ddo cia I6p dong luan (o] la I6p dong ludn |

do

ol i=0(1—5)

(nghia la di chuyén trén con dudng o theo chiéu nguoc lgi).

Chiing minh. a) Phép nhan "-" c6 tinh chat két hop vi

i ” !/

(lo]lo])-lo ] =[(o0))o ] = [o(o'0 )] = [o].(lo]-[o ),

oY, trong

trong d6 dau = thi nhat va thi ba c6 duge do dinh nghia phép nhan va
déu = thi hai ¢6 duge do (00 )0 ~ o(o o) rel{0,1} bdi dong luan

( 4 t+1
o s) neuO<s<L
1+1
/ . t+1 t+ 2
F(s,t)=qo0(4s—t—1) néu 1l Ssg%
774 _2_t _ t 2
U(S—) néu 2+ <s<1

That vay, tai cdc dau mat F' lien tuc. Hon nita,

+) F(s,0) = (o /) (s),
+) F(s,1) = oo 0 )(s),
+) F(0,1) = o,
+) ( ) = Zo,

b) Phan tit chung hoa 1a 16p dong luan ctia con duong hang tai x

el — X

s —> e(s) = xg

That vay, v6i moi con dudng o : I — X, ta c6 oe : I — X xéc dinh

bdi |
0(2s) néu0<s< 3
oe(s) = |
xo néu 3 <s<1
Do dé
oe ~ o rel{0,1}
béi

F(s,t) = o((1 —t)Y(s) + st),



trong d6 ¢ : [ — X xac dinh béi

. 1
2s mneu 0 <s< 5
wls) = 1
1 néfu - <s<1
2
Vi
. 1
o(2s) neu 0 < s < 3
+) F(s,0) = o(0(5)) = oo
o(1) =z néu§§s§1
+) F(s,1) = o(s),
+) F(0,t) = o((1 — t)(0)) = 0(0) = x,
) F(1L1) = o((1 = 06(1)) = o(1) = a0,
Mat khéac v6i moi con duong o : I — X, ta c6 o : I — X xéc dinh
bdi )
) néu 0 <s <=
2
eo(s) = |
o(2s —1) néu§§8§1
Do do6
eog ~ o rel{0, 1}
bdi

F(s,t) = o((1L = t)¥(s) + st),
trong d6 ¢ : I — X xac dinh bdi

B 1
1 néu0§s§§
o(s) = 1
25 — 1 néu§§s§1
%! ]
o(1) = xg néu0S8§§

#) P(5,0) = o(u(s)) = ey
o(2s — 1) néu§§5§1
1) Fls,1) = o(s),

+) F(1,t) = o((1 — t)1(1)) = o(1) = x.
Nhu vay, do tinh chat bac cau cia ~, ta co
oe ~eo rel{0,1}
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hay
[o].le] ~ [e].[o].

¢) Ta chiing minh oo™t ~ & rel{0,1}. That vay ta co

. 1
o(2s) néu0§s§§
oo 1(s) =
; 1
o (2s—1) =0(2 — 2s) neu§§5§1
Xét anh xa F': [ x I — X sao cho
( . 1
o néu0§3§§
, 1
F(s,t) = qo(2s—1t) néu§§s§§
. 2—1t
o neu <s<1
\ 2

Tai cac diem dau mut F lien tuc. Hon nita,
+) F(s,0) = 007 '(s),
+) F(s,1) = zg = &(s),
+) F(0,t) = xo,
+) F(1,t) = zo.
Do d6 oo~ ! ~ € béi dong luan F. Tuong tu, ta ciing ¢c6 0 'o ~ ¢ v do
dé
[o].lo™!] = [e] = [07].[0].

[]
Dinh nghia 1.1.9 ([2]). Cho X la khong gian t6 po va xzp € X. Nhéom

71 (X, zg) duge goi 1a nhém co bdn cia khong gian t6 po X véi diem déanh

déu xg.
Cht ¥ ring, tuong tu ching minh ctia ménh dé trén, ta c6 bd dé sau

Bé6 dé 1.1.10. Cho khong gian té po X. Khi dé

i) Néu o,0’,0” la cic con duong trong X thi
(00")o” ~ o(a'0”) rel{0,1}

i) Néu o la cdac con duong ti xoy dén xq thi
zoo ~ o rel{0,1} va oz ~ o rel{0,1}.

i) Néu o la mot con duong it g dén x1 va o~ la mot con dudong tic x
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1

dén x¢ cho bdi o~ == o(1 — s) (tidc la di chuyén doc o theo chiéu ngudc

lai) thi

1

oo~ zy rel{0,1} va o~ !

oxy ~ 1 rel{0,1}.
Chu ¥ rang néu xg va o7 thuoc thanh phan lien thong khac nhau ciia X
thi 7 (X, 29) va (X, z1) khong ¢c6 méi quan hé gi v6i nhau. Tuy nhieén,

néu xro va op thudc ciing thanh phan lién thong ctia X, ta c6 két qua sau.

Meénh dé 1.1.11 ([2]). Cho xy va x1 thudc cing mot thanh phan lién
thong ctiia X va o la con duong trong X ti xog dén x,. Khi dé, ta c¢é dang
cau nhom
Oy ! 7T1(X, SL‘()) — 7T1(X, [El)
o] +— [atoa]

Hon nia,

() = ().

Ching minh. Truée hét, ta thay rang néu o ~ 7 rel{0,1} bdi dong luan

1

F thi o loa ~ a~!ra rel{0,1} bsi dong luan

Gi(s) == (a ' Fa)(s).
Do vay, dinh nghia «, la thoa dang.
Tiép theo, ta c6 a, 1a mot dong cau nhom. That vay

a([o][7]) = au[o]) = [a (o7)a] = [(a oa)(a 1))

= [atoa][aTa] = a.lo].a.lT].
Trong d6, cic dau = thi 1,2,4,5 c6 dude 1a do dinh nghia ciia phép toan
trong nhém co ban va do dinh nghia vé «,, dau = thit 3 c¢6 duge do
at(or)a ~a oxzgr)a ~ a Ho(aa ) T)a ~ (a toa)(a tra) rel{0,1}.
Bay gio, a. 1a toan anh. That vay, v6i mdi [0'] € m (X, 1), ton tai
[ao’a™l] € m (X, x4) sao cho

La)] = [zgo’zo] = [0].

o ([ac’a™]) = [a tac’a™
Hon nita, o, 1a don anh. That vay, néu
o ([o]) = a,([7]) <= [a o] = [a 7a]
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hay a loa ~ alra rel{0,1} béi anh xa F(t).
Dit Gy = a1 Fya. khi d6, 0 ~ 7 rel{0, 1} bdi &nh xa G, hay [o] = [7].

Vay a, 1a déang ciu nhom va (a,) ™! = (a™1).. ]

Hé qua 1.1.12. Néu X lién thong duong, nhém w1 (X, zo) khong phu thudc

vao viéc chon diém ddnh dau xy va duge ki hiéu la m(X).

Dinh nghia 1.1.13 ([2]). Cho X la khong gian t6 po lién thong duong.
Nhom 71 (X)) duge goi 1a nhdm co bin cta X.

Cha y 1.1.14. Ta mudn xic dinh mot ham t 7; ti pham tr cdc khong
gian t6 po dén pham tru cdc nhém. Tuy nhien, vi 7 (X, zy) phu thude vao
viéc chon diém danh dau xy nén ta dua diém danh dau vao trong pham
tri1 cdc khong gian to po va ta c6 pham tri cdc khong gian té po cé diém

ddnh dau. Pham tru nay gom:

e Cac vat 1a cdc khong gian t6 po c6 diém danh dau (X, xo).

e Céc mili tén la cac anh xa cap gitta cac khong gian t6 po cé diém danh
dau f: (X, 20) — (Y,9) (nghia la f : X — Y 1a anh xa lién tuc
f(x0) = o).

Meénh dé duéi day chi ra ring ta c6 mot ham ti nhém co ban tit pham tru
cac khong gian t6 po c6 diém danh dau dén pham trit cac nhom.
Meénh dé 1.1.15 ([2]). Méi dnh za f: (X, x0) — (Y,90) cdm sinh mot
dong cau nhom
fe (X, zo) — m (Y, yo)
o] = [foo0]

Hon nia,
Z) (ZdX)* - idm(X,xoﬁ
i) (g0 f)x = g« 0 fe

Chitng minh. Truée hét, dinh nghia f, 13 thod dang va f, la dong cau
nhom. That vay, néu F; : 0 ~ 7 rel{0, 1} thi

Gi:=foF,: foo~ forrel{0,1}
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va

fllollr]) = filot] = [fo(oT)] = [(foo)(for)] = [foollfor] = filo]f.l7].

Trong d6, cac dau = thit 1,2,4,5 ¢6 duge do dinh nghia ctia phép toan
trong nhém co ban va do dinh nghia f,, dau = tht 3 c¢6 duge do

fo(or)~(foo)(forT).
Hon nta
i) (idx).[o] = lidy o 0] = [o] = idy,(x 4)[0],
ii) (9o f)o] = [(gof) oo] = [go(foo)] = glf oco] = gfilo]) =
gx o filo]. []

Hé qua 1.1.16. Mdi dong phoi f : (X, z0) — (Y, y0) cdm sinh mot dang
cau nhom
feo i mi(X,20) — mi(Y, 90)

lo] == [foo]

Meénh dé 1.1.17. Cho X,Y la cdc khong gian to po va z9 € X,yg € Y.
Khi do
7T1(X X K (xo,yo)) ~ 7T1(X, 370) X 7T1(Y, y())

Chatng minh. Ki hiéu cac anh xa chiéu 1a
px : X XY — X, (z,y) —> x

py : X XY —Y (x,y)— vy

Cac dong cau cam sinh 1a

(px)s 1 M (X X Y, (20, 0)) — m1(X, 0)

[(o;7)] > o]

(Py)s« : (X XY, (w0, 50)) — m1(Y, 0)
[(o,7)] — [7]

xac dinh dong cau

((px)« (Py)«) : T(X XY, (w0, 90)) — 71(X, 20) X 71(Y, 90).
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cho bdi

((px )+, (pv):) (0, 7)) — (la], [7])-
Dong cau nay la dang ciu. That vay, gid st ([o],[7]) € mi (X, z0) x
m (Y, y0). Khi do, ton tai [(o,7)] € m (X X Y, (%o, y0)) v6i (0,7)(t) :=
(o(t), 7(t)) sao cho

((pX)*7 (py)*)[(O', 7_)] — ([O‘], [T])

Hon nita, néu

((px)«, (py):) (0, T)] — ([], [7])
thi (o], [7]) = ([¢'],[7]) va do d6 [o] = [¢],[7] = [7] hay (o,7) ~
(o', 7") rel{0,1} nghia la [(o,7)] ~ [(¢',7')]. OJ

1.2. DONG LUAN CUA CAC ANH XA
Trong muc 1.1, ta biét rang cac con dudng la cic anh xa tix I = [0, 1] vao
khong gian t6 po X. Do vay, ta c¢6 thé thay thé I béi mot khong gian to
po Y va tap {0,1} bdi tap con A C Y dan dén khai niem dong luan cta
cac anh xa tit khong gian to po Y vao khong gian t6 po X, cac tinh chat
ctia dong luan cac anh xa va mdi lien he giita dong luan ciia cidc anh xa
v6i dong luan clia cac con duong.
1.2.1. Dong luan cha cac anh xa
Dinh nghia 1.2.1 ([1]). Cho f,g : Y — X la hai anh xa gitta khong
gian t0 po X va Y sao cho f|4 = g|a. Tandi rang f va g 1a dong luan (vdi
nhau), ky hiéu la

f~grel A

neu ton tai anh xa lién tuc

F:YxI—X
(y,t) — F(y,t)

sao cho

1. F(y,0) = f(y), Vy e Y

2. F(y,1) =g(y), VyeY

3. F(y,t) = f(y) =g(y) Vy € AVt € I.

Trong truong hop A = @ ta thuong viét f ~ g.
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Chia y 1.2.2. V6imoéit € [,F, Y — X,y F(y,t) 1a mot anh xa
tt Y vao X va Fy = f, F} = g. Ta cling viét f ~ g rel A.

Ménh dé 1.2.3 ([1]). Quan hé dong luan ~ la mot quan hé tuong duong
trén tap cac anh xa tu'Y wvao X, nghia la:

i) f~frel A

i) Néu f ~grel Athig~ frel A

iii) Néu f ~grel Avag~hrel Athi f~hrel A,

vdi f,qg,h la cic con dnh za tu'Y vao X.

Chiing minh. Ta thay ~ c6 cac tinh chat phan xa, déi xting va bac cau.
Cu thé la:
i) f~ frel Abéi
F(z,t) = f(x).
That vay,
+) F(x,0) = f(z), Ve €Y
+) F(z,1) = f(z), Vz €Y
+) F(x,t) = f(x), Yr € AVt € 1.
ii) Néu f ~ g rel A bdi F(s,t) thi g~ f rel A béi

F(z,t) = F(z,1—1t).

That vay,

~

+) F(z,0) = F(z,1) = g(z), Vx €Y

+) F(z,1) = F(z,0) = f(x), Ve € Y
+) F(x,t) = F(z,1—1t) = f(z) = g(z), Vo € AVt e I.
iii) Néu f ~ grel Abdi Fy(z,t) vig ~ hrel Abdi Fy(x,t) thi f ~ hrel A

bdi

Fi(x,2t) néu 0 <t < %
F(x,t) = |
Fy(xz,2t — 1) néu§ <t<l1
That vay,
+) F(z,0) = Fi(z,0) = f(z), Yz €Y
+) F(z,1) = Fy(z,1) = h(z), Vx € Y
+) F(x,t) = f(x) = h(x), Vo € AVt € 1.
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Vidu 1.2.4. Cho f: R" — R", x +—— 0 va g = tdg~. Khi do, f ~ g.
That vay, xét anh xa F': R” x I — R" cho bdi
F(x,t) =tz
Ta c6 F(z,0) =0 = f(z) va F(z,1) = 0 = g(x) véi moi x € R". Do do,
f~g
B6 dé 1.2.5 ([1]). Cho dnh za F : I x I — X. Gid st ring
a(t) = F(0,t),6(t) = F(1,t),v(s) = F(s,0),d(s) = F(s,1).

Khi do

§ ~a 'y rel{0,1}.
Chitng minh. Ky hiéu xy = §(0), 27 = §(1). Ta c¢6

ot~ g,y 8,8~ m

bdi cac dong luan tuong tng 1a

(xo néu s <t
E(s,t) = < )
Loz(l—kt—s) néu s >t
va F' va )
t+5s) néul—s>t
Gs.t) = B(t +s) /
T neul —s <t
Do dé

a '8 ~ woday rel{0,1}
b6i dong luan E,FiGy. Vi zgdxy ~ § rel{0, 1} nén
§ ~a B rel{0,1}
[]

Ménh dé 1.2.6 ([1]). Cho f,g : Y — X la hai dnh za dong luan vdi
nhav bdi dong luan F : Y XTI — X. Gid styy =Y, 20 = f(y0), 21 = 9(yo)
va a la con duong trong X ti vg dén x1 cho bdi
a(t) := F(yo,t).
Khi do,
0 fu = s

Truong hop riéeng f. la dang cau khi va chi khi g, la dang cdu.
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Ching minh. Lay [o] € (Y, y). Khi d6, f o 0 ~ g o o bdi dong luan

G:IxI—X
(5,1) — G(s,1) := F(a(s),1)

Ta c6
G(0,1) = F(o(0),1) = F(yo.1) = a(t)
G(1,t) = F(o(1),t) = Fly,t) = a(t)
G(s,0) = F(o(s),0) = f(o(s)) = (foo)(s)
G(s,1) = F(o(s),1) = g(o(s)) = (goo)(s)

Ta ap dung bd dé 1.2.5 dé nhan dudc
goo~a *(foo)arel{0,1}

nghia la
(s o fi)[o] = glo].
Cudi cling, béi ménh dé 1.2.6 ta c6 o, la dang cAu nhom. T do6, d& thay

rang f. la ddng cau khi va chi khi g, 1a ding cau. O

Hé qua 1.2.7. Cho f,g: (Y,y)) — (X, x). Khi dé, f ~ g rel{yo} thi
Je = gx-

Sau day ching toi trinh bay nhém co ban ciia mot s6 khong gian to po
dac biét.
1.2.2. Khong gian co rut dugc
Dinh nghia 1.2.8 ([1]). i) Cho f : X — Y la mot anh xa lién tuc.
Ta néi rang f 1a mot tuong duong dong luan néu toén tai anh xa lien tuc
g:Y — X saochogo f~idy va fog~idy .
ii) Hai khong gian t6 po X va Y dudc goi 1a tuong duong dong luan néu
ton tai mot tuong duong dong luan f: X — Y.

Chi ¥ rdng quan hé tuong duong dong luan gitta cac khong gian to po
l1a cac quan hé tuong duong trén tap cac khong gian t6 po.

Vi du 1.2.9. M6i dong phoi f : X — Y 1a mot tuong duong dong luan.

Chiing minh. That vay, do f la dong phdi nén f song dnh va f~! lién tuc
nén fo f ! =1Idy va f~'o f=Idy. O
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Meénh dé 1.2.10. Cho f : Y — X la mot tuong duong dong luan. Khi
dé vt moi yy € Y

ferm(Y,90) — m(X, f(vo))

la mot dang cau nhom.

Chiing minh. Theo gid thiét, ton tai g : X — Y sao cho
gof ~idy, fog ~ idx.

Vi (Zdy)* = idm(Y,yo) va (de)* = idm(X,f(yo)) la cac deztng cau nén theo
Meénh dé 1.2.6 va tinh chat ham t ta c6

G+ © fi, [« © gx
ciing la cac dang cau nhom. Do vay, f, 1a mot dang cAu nhom. []

Dinh nghia 1.2.11 ([1]). Khong gian t6 pd X dudc goi la co rat dugc
néu ton tai diem xg € X sao cho zy tuong duong dong luan véi X.

Meénh dé 1.2.12 ([1]). Cho X la mot khong gian to po. Khi dé, cic khang
dinh sau tuong duong.

i) Khong gian X la co rit duge.

i) idx ~ dnh za hang.

iii) Voi 'Y la khong gian to po bat ky, hai danh za bat ky f,g:Y — X la
tuong duong dong luan.

Chiing minh. (i) < (). Gid st X ~ {zo}. Khi do, ton tai f: X — xg
va ' xg — X sao cho fo f' ~idy, va f'o f ~idx.

Mat khac: f o f(z) = f'(xg) = 1, Vo € X nén f'o f la anh xa hang. Do
vay, ta c6 (i1).

Ngugc lai, gia st idy ~ xg. Xét

f: X — {xo},x —> x,

fl : {ZC()} — X,QZ() > Ty,

ta co
fof =idyy va flof =mxg~idy.
nén X ~ x suy ra X la co rut dugc.

(i1) < (4i1). Gid st idy ~ xo, boi dong luan F : X x [ — X, nghia la
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F(z,0) =z, F(x,1) = z¢ v6i moi z € X.
Do quan hé dong luan ~ c6 tinh chat bac cau, ta chi can ching té rang
v6i Y bat ky va f : Y — X bat k¥, ta c6 f ~ xy. That vay, xét anh xa

G:YxI—X
(y,1) — G(y,t) = F(f(y),1)

Ta c6

G(y,0) = F(f(y),0) = f(y) va G(y,1) = F(f(y), 1) = o
Khang dinh trén cing véi tinh chat bac cau clia ~, ta c6 (4i1).
Khang dinh ngugc lai 14 hién nhién béi chon Y = X, f = idy va g =
Zo. ]

Hé qua 1.2.13. Cho X la mot khong gian té po. Khi dé, cdc khang dinh
sau tuong duong.

i) X ~ xg vdi moi xg € X.

i) idx ~ xo vdi moi xo € X.

i) Voi 'Y la khong gian to po bat ky, hai dnh za bat ky f,g:Y — X la
tuong duong dong luan.

Chiing minh. He qua dugc kéo theo truc tiép tir ching minh ctia Ménh dé

1.2.12. []

Vi du 1.2.14. Cac tap 1oi trong khong gian Euclide déu co rat dugc
(chang han R B", ...).

Chiing minh. That vay, gid st X 1a mot tap 16i. Khi d6, xét anh xa
F:Xx[0,1] — X
(x,t) —tz+ (1 —1t)xg
Ta co
F(x,0) =xva F(x,1) =x =idx(z).

Do vay, idx ~ g bdi dong luan F. Theo Ménh dé 1.2.12 suy ra X 1la co
rut duge. ]

Meénh dé 1.2.15 ([1]). Gid sii X la khong gian co rit duge. Khi dé,
i) X la lién thong duong
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Chiing minh. (i) Lay xg,x1 € X va goi F': X x [ — X la dong luan

gitta anh xa hang tai 7y v& 4nh xa dong nhat idx. Ta co
o F(z,0) = xy v6i moi x € X,
o F(z,1) =x v6i moi x € X.
Xét con duong trong X cho bdi
p: I — X
t— p(t) := F(x1,1)

Ta c6 p 1a mot dusng cong lién tuc ndéi hai diém
p(0) = F(21,0) = o va p(1) = F(x1,1) = 1.
Vay X lién thong duong.
(i7) Vi X co rat duge nén theo Ménh dé 1.2.12, ta ¢6

F: X ~idy.
Lay o : I — X 1a mot con duong dong tai zg trong X va xét anh xa

G:IxI—X
(s,t) — G(s,t) := F(o(s

SN—
~~
SN—

Ta co
G(0,t) = F(0(0),t) = F(xo,t) = a(t),
G(1,t) = F(o(1),t) = F(xo,t) = a(t),
G(s,0) = F(o(s),0) = xy,
G(s,1) = F(o(s),1) = a(s).

Ta ap dung Bo dé 1.2.5 dé nhan dugc
o~ a tzga rel {0,1}
nghia la o ~ ¢ rel {0,1} hay [0] = 0. Vay m1(X) = 0. O

1.2.3. Khong gian don lién

Dinh nghia 1.2.16 ([1]). Khong gian t6 po X dugc goi 1a don lién néu
X lien thong dudng va nhéom co ban 71(X) la tam thuong.

Bdi Menh dé 1.2.15 ta c6 két qua sau.
Hé qua 1.2.17. Néu khong gian X la co rit dugc thi X don lién.

Vi du 1.2.18. Siéu cau S" 1& don lien n > 2.
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Chiing minh. Dat
Xy =8"\{N}, Xy = S"\{5},
trong d6 N = (0,...,0,1) va S = (0, ..., 0, —1). Khi d6, X; va X, don lién.
(Do R™ don lién theo Vi du 1.2.14 va Hé qua 1.2.17). Hon nita,
Xo=X1NXy

1a dong phoi v6i R"\{0} nén lién thong n > 2.
Lay [o] € m1(S", xg) v6i o = (1,0, ..,0). Xét mot phan hoach cia [0, 1] 1a

D=ty <t1 <..<ty <tpni =1,
va xét cac con duong o; trong S” tit o(t;) dén o(t;11),7 =0, ...,m cho béi
o [ — S"
t— o;(t) =o(t; + t(tiz1 — t;))
Theo b6 dé Lo be, ta c6 thé chon mot phan hoach ctia [0, 1] sao cho
0i(0) = 0;(t;) € Xo,0:(I) = o([t;, tix1]) C X7 hosic Xo.

Vi X lien thong dudng nén ton tai cic con dudng 7; trong X noi xy vdi
O'Z(O) = al(tl),z = 1, ey M. Khi dé,

(0] = [oor [mioims e [T 10 m 17, [TmOm] = 0

Vi cac con duong tuong tng déu la cac con dudng déng tai xg va nam

trong X hoac X5 nén ching dong luan véi con duong hing x. O

Bdi Vi du 1.2.18, sieu cau S” 1a don lién v6i n > 2. Tuy nhién, siéu cau

S™ khong co rat dugc.

Ménh dé 1.2.19 ([1]). Cho X la mot khong gian to po lien thong duong.
Khi dé, cac khang dinh sau la tuong duong.

i) Khong gian X la don lién.

i) Néu o va 7 la cdc con duong trong X c6 chung diém dau va chung diém
cuoi thi o ~ 7 rel {0,1}.

Chiing minh. Giad st X don lién va o va 7 la cac ccon duong trong X c¢6
chung diém dau zg va diém cudi x;. Khi d6, o7~ ! 1a con duong dong tai
xo. Vi X don lién nén 7 (X, xo) = 0 va do d6

o1t~ xg rel {0,1}.
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Tu do suy ra
o~ T1rel {0,1}.

Nhu vay, ta c¢6 ¢ = 1. ]

1.2.4. Cai co rat, co rat 1an can, co rit bién dang, co rit bién dang

manh

Dinh nghia 1.2.20 ([1]). Cho X la mot khong gian t6 po va A C X.

i) A dugc goi 1a mot cai co rut ctia X néu ton tai anh xa lien tuc r : X —
A sao choroi=1idy (hay r|4) =ids 6 day i : A — X la dnh xa nhing
chinh tac.

ii) A duge goi 1a mot co rat 1an can ctia X néu ton tai lan can cia tap A

sao cho A 1a cai co rat 1an can cua lan can do.

Chi ¥ rang, néu A 1a mot co rat cia X thi A 1a mot co rat 1lan can cla

X. Vi du sau day chi ra riang, diéu ngudc lai khong dang.

Vi du 1.2.21. Cho X = [0,1] va A = {0, 1}. Khi do,
i) A la cai co rat lan can ciia X
ii) A khong la céi co rut cia A.

1

1
Chitng minh. 1) Ta ¢6 X' = !0, 5) U (5, 1] 13 mot 1an can ctia A trong

X. Hon nita, A 1a mot céi co rat ctia X' vi ton tai anh xa
r: X' — A

xac dinh bdi

0 nful<z< 1

r(x) = 1 2

1 neéeu 5 <x <l
thod man r o7 = id4. Vay A 1a cai co rat lan can cia X.
ii) Gia sit ngugc lai rang A la céi co rat cia X. Khi do, ton tai anh xa lien
tuc 7 : X — A sao cho r oi =idy. Do d6, r(X) = A.
Dicu nay kéo theo anh ctia tap lien thong X = [0, 1] qua anh xa lien tuc r
la A ={0,1} phéi lien thong. Mau thuan nay chi ra rang A khong la cai

co rut cna X. ]

Dinh nghia 1.2.22 ([1]). Cho X la mot khong gian t6 po va A C X.

i) A dugc goi 1a mot cai co rut bién dang ctia X néu ton tai mot anh xa
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lien tucr : X — Asaochoroi=1dy vaior ~idy,6dayt: A — X
14 anh xa nhtng chinh tac.

ii) A dugc goi 1a mot co rat bién dang manh ciia X néu ton tai mot anh
xa lien tucr : X — A saochoior ~idy rel A.

Meénh dé 1.2.23 ([1]). Cho A C X. Khi dé,

i) Néu A la mot co it bién dang ciia X thi A la mot cdi co rit cia X .
i) Néu A la mot co it bién dang manh cia X thi A la mot co rit bién
dang cua X.

Ching minh. i) Hién nhién.

ii) Néu A 1a mot co rat bién dang manh ctia X thi ton tai mot anh xa lien
tucr: X — Asaochoror ~idy rel A.

Do vay, ior ~ idx.

Hon nita, ton tai dong luan F': X x I — X sao cho

o F(2,0)=(ior)(x) =r(x) vé6i moi x € X
o F(z,1) =idx(x) =z véimoi x € X
o F(z,t) =z v6imoi z € Avavéimoite I
Do d6, v6i mdi x € A, ta c6 r(x) = F(x,0) =x. Vay r o = ida. []
Vi du sau chi ra rang, diéu ngugc lai ctia Ménh dé 1.2.23 47 1a khong
dang.
Vi du 1.2.24. Cho X = B} U (R"\BE) va A = {0}. Khi d6,
i) A la mot cai co rit cia X
ii) A khong 1a mot co rat bién dang clia X.
Chiing minh. 1) Vi anh xa lién tuc
r: X —A

z+——0

thod man r o7 = 0 = id4 nén A 14 mot cai co rut cua X.
ii) Gi4 su dieu nguge A la mot co rat bién dang ctia X. Khi do, ton tai

anh xa lién tuc

r: X —A

z+——0
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thoAman roi=0=1dy vaior ~idyx. Do do, 0 =10r ~ idyx.
Bdi Ménh de 1.2.12, suy ra X co rat duge. Theo Ménh dé 1.2.15, X lien
thong duong.
Khi d6, ton tai duong cong
p:10,1] — X
sao cho p(0) =0, p(1) = (2,0,...,0). Do d6, ham khoang céch
ol : [0,1] — R
t— o)l
1a lien tuc. Diéu nay cting véi thuc té rang |[p(0)|| = 0 va ||p(1)|| = 2 suy
. 3 . .
ra ton tai ty € [0, 1] sao cho ||p(to)|| = B tic 1a p(to) ¢ X. Mau thuan nay
chi ra rang A khong 1a mot co rat bién dang cia X. O
Vi du 1.2.25. S"7! 14 mot co rit bién dang manh ctia R™\{0}.
Ching minh. Dat

riRM\{0} — S

x
r
]

Xét anh xa
F :R™\{0} x [0,1] — R™\{0}

(1) H%ﬂ—ﬂx+ﬁ%1

Ta co
o F'(x,0) = x = idgn (o} (v) v6i moi x € R™\{0}
x

o ['(x,1) = T2l =jor(zr) véi moi x € R"\{0}

o F(z,t) = & = idgm o (x) = ior(x) véimoi x € S" ' va véi moi t € I.

Do vay, i o1 ~ idgn (o) T€l S"~1 bsi dong luan F. Vay S*! 1a mot co rit
bién dang manh ctia R™\{0}. []

Vi du 1.2.26. S"! 13 mot co rit bién dang manh ctia B™\{0}
Ching minh. Dat
r:B"\{0} — S"!
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X
]l

Xét anh xa

F:B"\{0} x [0,1] — B"\{0}

(x,t)  +— (1—t)x+ t—

Ta co
o F(2,0) = x = idgm o) (z) v6i moi x € B"\{0}

o ['(x,1) = — =ior(x) véi moi x € B"\{0}

o F(z,t) = & = idgn goy(x) = ior(x) véimoi z € S" ! va véimoi t € I.

Do vay, i o1 ~ idgn foy el S"~1 béi dong luan F. Vay S ! 1a mot co rit
bién dang manh ctia B"\{0}. O

Meénh dé 1.2.27. Cho X la mot khong gian té po. Khi do, cic khang dinh
sau tuong duong.

i) Khong gian X la co rit duge.

i) Méi xg € X la mot co rit bién dang cia X.

iii) Ton tai xo € X la mot co rit bién dang cia X.

Chitng minh. Gia sit X co rut duge. B6i Hé qua 1.2.13, v6i moi g € X ta
cO 1dx ~ xp.

Dicéu nay c6 nghia la v6i méi xy € X, anh xa hang r : X — {x0} thoa
man i or ~ idx, vi 1 or = xg. Nhu vay, zg 14 mot co rit bién dang cla

X. ]
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Chuong 2
NHOM CO BAN CUA PUONG TRON VA UNG DUNG

Ching toi nghién ctu dudng tron S qua dudng thing R. Ching toi chi ra
rang 16p dong luan ctia mot con duong déng dude xac dinh béi s6 lan quay
ctia con dudng (goi 1a s6 quay ctia con duong). Chia y rang, so6 quay la am
néu con duong quay ngude véi huéng ciia dusng tron. Dé chi ra duge dicu
d6 trude tien ching toi phat biéu va chitng minh hai b6 dé quan trong la

b6 dé nang va bo dé dong luan.

2.1. TINH NHOM CO BAN CUA DUGNG TRON

Ta c6 S 1a nhom céac s6 phiic ¢6 mdé dun bang 1 véi phép nhan thong
thuong ctia hai s6 phtc va
¢:R—S!
r— ¢(z) =e

2mix

14 mot dong cau nhém véi phép toan trén R 1a phép cong thong thuong.
Hon nita

e ¢ con la anh xa md do do

14 mot dong phoi va ta goi ¥ 1a 4nh xa ngudc clia anh xa nay.
o Kergp=17.
B6 dé 2.1.1 ([2],B6 dé nang). Néu o la mot con duong trong S' vdi diém
dau 1 thi ton tai duy nhat mot con duong o' trong R vdi diém dau 0 sao
cho
poo =0
trong dé o' la con duong nang cia o bdi ¢ vdi diem dau 0.
Chiing minh. Vi I compact nén o : I — S! lién tuc déu. Do do, ton tai

€ > 0 sao cho
s —§'| <e=lo(s)—a(s)] < 1
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o(s)
o(s)

V(o (s)/o(s')). Hon nita, ta c6 thé chon duge N dit lén sao cho
s < Nevéimois € .

noi rieng o(s) # —o(s’) suy ra # 1 va do d6 xac dinh dugc

Do vay ta xac dinh dugc anh xa

e G (5552
bt (a(%s)/a(m)

Khi d6, ¢’ : I — R lién tuc, 0’'(0) =0 va gpoo’ = 0.
Gia st ton tai 0” : [ — R, 0”(0) =0 va p o 0”7 = 0. Khi do,

o —0: ] —R

la anh xa lién tuc va
/
bo ol — (s — 227 _ ()

~ poa’(s)  a(s)

Do vay

(0" —0”)(s) € Ker(¢) =7 v6i moi s € I.
Diéu nay cung véi thuyc té 1a I lien thong, ta c6 o’ — ¢” 1a ham hing va
o' —0c” =0.Vay o' =0o”. O
B6 dé 2.1.2 ([2],B6 dé dong luan). Néu o va 7 la hai con duong trong S*
vdi diém dau 1 sao cho

F:o~trel{0,1}

thi ton tai duy nhat F' : I x I — R sao cho
F':o' ~71"rel {0,1} va ¢ o F' = F trong dé o' va 7' la con duong nang
ctia o bdi ¢ vdi diém dau 0.
Chiing minh. Vi I x I compact nén o : I x I — S! lien tuc déu. Do do,

ton tai € > 0 sao cho

(s, 1) — (s, )] < e =|F(s,t) — F(s,t)] < 1
F(s,t)
F(s',t)

o (7o)
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Hon nita, ta ¢6 thé chon dugc N di l6n sao cho
|(s,t)] < Ne v6i moi (z,t) € I x I.

Do vay ta xac dinh dugc anh xa

Fs.t) = (F/F (S 0) )+

o (F (S 60) # (52 60) )+t (P 0)/FO)

Khi d6, o' : [ x I — R lién tuc, F(0,0) =0va o F' = F.
VigoF'(s,0) = F(s,0) =0(s) va po F'(s,1) = F(s,1) = 7(s) nén theo

bo dé nang ta c6

o'(s) = F'(s,0),7'(s) = F'(s,1)
Do d6 F': ¢’ ~ 7/. Ta sé chi ra rang
F':o' ~ 7' rel {0,1}

That vay, vi (po F')(0x I) = F(0x I) = L nen F/(0 x I) C Ker(¢) = Z

Diéu d6 cting v6i 0 x I lién thong, ta co
F'(0 x I) = F'(0,0) = 0.
Tuong tu ta cling c6
F'(1 x I)=F'(1,0) = const.

Giastton tai 7 : [ x [ — R F” : 0/ ~ 7' rel {0,1} va ¢po F” = F.Khi
do, F'(0,0) =¢’(0) =0 va ¢ 0o ¢” = 0. Hon nita

FF—F" . —R
la anh xa lién tuc va

¢ o F'(s,t)

6o (F = F)s.t) = iy

Do vay

(F'— F7)(s,t) € Ker(¢) =7 v6i moi (s,t) € I x 1.
Diéu nay clung vé6i 1a I x I lien thong, ta c6 F/ — F” la ham hang va
F' —F —0.Vay F' = F”. 0

Hé qua 2.1.3 ([2]). Diém cubi ciia o’ phu thudc vao I6p dong ludn ciia o.
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Sau day ching toi trinh bay dinh 1i quan trong nhat ciia dé tai vé nhém
¢d ban ctia dudng tron.
Dinh 1y 2.1.4 ([2]). 7 (S!) ~ Z.
Ching minh. Béi Hé qua 2.1.3, ta dinh nghia dugec anh xa

pem (S — 7Z

o] —a'(1)

Truée hét, ta chi ra rang p 1a mot dong cau. That vay, véi [o], [7] € 71 (S1)
ta dat m = o’(1),n = 7/(1). Goi 77 1a con dudng trong R tit m dén m + 1
cho bdi

77(s) =7'(s) + m

Khi d6 77 c¢6 diem dau 1a m va diem cudi 1a m + n.

Vi .
o'(2s) néu 0 < s < 3
o1’ (s) = .
77 (25 — 1) néu§§$§1
nén
( ., 1
e2mio (29) néu 0 <s< 5
oo (O'/T”)(S) _ eQm(a'T”)(s) — .
627T2'T”(28—1) néu - <s<1
. 2
(. . 1
e2mio’(s) neu 0 < s < 5
= |
6271‘i7’”(28—1) néu - S S S 1
> ’ |
(¢ od’)(2s) néu0§s§§
= |
(po7)(2s—1) néu 5 <s<1
\
( , 1
o(2s) néu 0 < s < 5
= |
(25 — 1) néu§§5§1
.

= (o7)(s).
Vay o’7” 1a con dudng nang clia con dusng o7 véi diém dau 0 va diém

cudi 1la m + n. Do vay
u(lo] - [7]) = m +n = p(lo]) + p((r]).
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Tiép theo ta chi ra p 1a toan cau. That vay, véi mdi n € Z, ton tai

oc=¢oc I — S

o: I —R

s+—o'(s) =ns

sao cho u([o]) = n.

Cudi cung ta ching t6 rang p 1a don cau. That vay, gia st u([o]) = 0.
Khi d6, o’ 1a con dudng déng trong R tai 0. Vi R la co rat duge nén
o' ~0rel {0,1}.

Do d6, poo’ ~ ¢po0rel {0,1} hay o ~ 1 rel {0,1} nghiala [o] =1. [

Hé qua 2.1.5 ([2]). Nhém co bin cia zuyén la 7 X 7.

Chatng minh. Vi xuyén 13 khong gian to po dong phoi véi khong gian tich
S! x S!. B4i Ménh dé 1.1.17 nén ta ¢6

(St x S (1,1)) ~ m(SH 1) x m(Sh 1) ~Z x Z.
[

Dinh nghia 2.1.6 ([2]). Khong gian G dugc goi 1a mot nhém t6 pd néu

G la mot nhom va la mot khong gian t6 po sao cho cac anh xa

G xG— G, (a,b) —> ab

G— Gar— a!

l1a lién tuc.

Cha y 2.1.7. Trong cac chitng minh trén, ta st dung dén cac tinh chat

sau:
e S! 1a nhém t6 po, thuong ciia R chia cho Z
e R la nhom t6 po don lién
e 7 1a nhom con roi rac cua R

Do vay ta nhan dudc két qua cho trusng hop tong quéat hon véi ching
minh hoan toan tuong tu.
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Dinh 1y 2.1.8. Néu G la nhém to po don lien va H C G la nhém con
chuan tdc roi rac thi

m(G/H)=H
Chatng minh. Xét dong cau lien tuc
¢»:G— G/H
ar—a

Ta chitng minh khing dinh sau: Ton tai mot lan can V trong G sao cho
Ply : V — o(V)
1a mot dong phoi vao lan can ¢(V) ctia 1 trong G/ H.
That vay, vi H roi rac nén ton tai lan can mé U ctia 1 sao cho
UNH={1}
Do tinh lién tuc cia anh xa
GxGE—dCd
(a,b) — ab”!
ton tai lan can md V' C U cta 1 sao cho g(V x V) C U. Khi d6
oy :V— G/H
ar——a
I don anh (néuda = bvéia,b€ Vthiab' € HNU = {1} dodéab~! =1
hay a = b ) va do d6 n6 la dong phai len anh. Diéu nay c6 nghia la
oy : V — (V)
1a mot dong phoi hay ¢y 13 mot 1an can mé cia 1 trong G/H.
Phan con lai ctia chitng minh 13 tuong tu chitng minh ctia Dinh 11 2.1.4. [
2.2. UNG DUNG NHOM CO BAN CUA DUGNG TRON

Trong phan nay ching toi dua ra ting dung ctia Dinh 1 2.1.4 va dugc xem
nhu mot vi du minh hoa cho phuong phap to po dai s6 (dung cong cu dai
s6 dé nghien citu to po ciia cac khong gian qua viec thiét lap mdi quan hée
gitta cac khong gian to po véi cac kién thitc dai sd va tit cac kién thic dai
s6 da biét ta nhan dudce cac két qua tudng ting ve tinh chat to po cla cac

khong gian).
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Dinh 1y 2.2.1 ([2]). Duong tron S khong phdi la cdi co rit cia dia don
vi dong B2
Chiing minh. Gia st nguoc lai ton tai 4nh xa r : B> — S! sao cho
roi= idgl.
Khi d6 bdi tinh chat ctia ham ti cdc nhém co ban ta cé
Ty Ol = (ngl)* = idﬁl(gl).
Mat khac
iy o T (SY) — m(B?),r, - m(B?*) — 7 (SY)
Béi Dinh 1§ 2.1.4, 711 (S') ~ Z va bdi Vi du 1.2.14, Ménh dé 1.2.15, 1 (B?) =
0. Vay 24, : Z — 0,7, : 0 — Z. Do do: ry 0 i, = 0.
Nhu vay ta nhan dugc mau thuan. O
Hé qua 2.2.2. Moi dnh za lien tuc f : B2 — B? deu coé diém bat dong.
Chitng minh. Gia st nguge lai f : B2 — B? khong c6 diém bat dong. Khi
do, ta xét anh xa lién tuc
r:B?> — St
v — r(x) = [f(z),2) NS
Ta c6: roi(z) = x, Vo € S! nén
r o1 =1dg
nghia 1a S! 1a mot céi co rit cla B2, mau thuin véi Dinh 1i 1.3.9. [
Dinh 1y 2.2.3. Cho f : S' — S! la dnh za lién tuc khong cé diém bat
dong. Khi dé f dong luan vdi dnh za dong nhat.

Ching minh. Vi f 14 anh xa lién tuc khong c6 diém bat dong nén f(z) # 2
v6i moi z € St suy ra f(2).Z # 2.2 = 1, v6i moi 2z € S. Xay duyng anh xa

lién tuc
g:S'— sh\{1}
2 g(2) = f(2).2

Vi S\{1} & R va S! 14 co rit duge nén g dong luan véi anh xa hing

c € St qua anh xa dong luan
G:S'x I — SN\{1},G(z,0) = g(2),G(2,1) = ¢,¥z € S".
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Ta xay dung anh xa
F:S'xI—s!
(2,t) — F(2,t) = 2.G(2,1)
Khi d6 F' liéen tuc do G lién tuc va
F(2,0) = 2.G(2,0) = z.9(2) = f(2),F(z,1) = 2.G(z,1) = cz = cldg
v6i moi z € St. Suy ra f ~ clds: hay f ~ Idg. ]
Dinh 1y 2.2.4 ([2]). R? khong dong phoi véi R" vdi moi n # 2.

Chitng minh. Gia sit R? ddng phoi v6i R” v6i moi n # 2 qua anh xa f. Ta
xét anh xa f 1a anh xa han ché clia f tren R?\{0} 1a dong phoi tit R2\ {0}
vao R™\{f(0)}. Xét cac trudng hgp sau:

e Trusng hop n = 1. Ta thay R? lién thong cung nhung R™\{f(0)}
khong lien thong cung (mau thuan véi R?\{0} dong phai R™\{f(0)}).

e Trudng hop n > 2. Vi f ddng phoi nén 4nh xa cam sinh f, : R2\{0} —
R™\{f(0)} 1a dang cAu. Mat khac

m(R\{0}) = (S 2 Z, m (R\{£(0)}) = my(S" 0.

Diéu nay vo li chiing té R? khong dong phoi véi R" véi moi n # 2. O
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KET LUAN - KIEN NGHI

Két qua di dat duoc:

e Trinh bay dinh nghia v& mot sb6 tinh chat, hé qua liéen quan nhém co

ban ctia khong gian t6 po.

e Trinh bay dinh nghia va ching minh mot s6 tinh chat lién quan dong

luan cua cac anh xa

e Trinh bay nhém co ban ciia khong gian don lién va khong gian t6 po

co rut dugc.

e Tinh nhém co ban ctia duong tron va dua ra ng dung ciia nhém co

ban ctia duong tron.

Huéng phat trién nghién cu: Tinh nhém co ban ctia mot sé khong
gian t6 po phic tap hon va dua ra ting dung ctia chung.
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