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MG DAU
1. Ly do chon dé tai

L6p ham da dicu hoa dudi cuc dai 1a mot 16p con ctia 16p ham da dicu
hoa dudi mang nhiéu tich chat dic sic va ¢6 ¥ nghia quan trong trong viéc
nghién cttu vé ham da diéu hoa duéi, vi du nhu viéc giai bai toan Dirichlet
thuan nhat trén cac tap mdé trong C", trén co s6 d6 ting dung vao viéc
nghién ctfu sy ton tai ciing nhu tinh chat nghiém ctia bai toan Dirichlet
déi v6i toan tit Monge-Ampere cia ham da dicu hoa dudi. Hon nita, viéc
stt dung ham da diéu hoa duéi cic dai 1a mot ki thuat quan trong dugc
cac tac gia st dung dé lam budc trung gian trong viéc danh gia va nghién
cttu ham da diéu hoa duéi néi chung. Tuy nhién, trong sach gido trinh va
tai lieu chuyén khéo veé 1y thuyét da thé vi dé cap khong nhiéu vé ham da
diéu hoa duéi cuc dai. Do vay, dé déng gép nhitng tri thiic quan trong cho
gidng vien va hoc vién cao hoc muén nghién cttu sau hon vé 1y thuyét da
thé vi, chting toi chon dé tai “Mot s6 tinh chat ctia ham da dieu hoa duéi
cuc dai”.

2. Toéng quan tinh hinh nghién cifu thudc finh vuc cia dé tai

Ly thuyét da thé vi 1a4 mot trong nhiing huéng nghién cttu méi ctia giai
tich phtc, duge phat trien manh mé trong vong ba thap nién tré lai day
béi cac nha toan hoc nhu: P. Ahag, E. Bedford, Z. B locki, U. Cegrell,
R. Czyz, J.P. Demailly, V. Guedj, S. Kolodziej, B.A. Taylor, Y. Xing, A.
Zeriahi, GS. TSKH. Lé Mau Hai, GS. TSKH. Pham Hoang Hiép, GS. TSKH.
Nguyén Van Khué, TS. Nguyén Xuan Hong... Trong dé, cac thanh tiu ndi
bat ma cac tac gid da dat duge xoay quanh viéc nghién citu tinh chat cta
ham da diéu hoa dudi. Mot trong nhitng déi tuong quan trong dude cac
tac gid ddc biet quan tam dé nghién citu ham da diéu hoa dudi dé 1a toan
ti Monge-Ampere phitc. Viéc nghién cttu sau vé toan ti Monge-Ampere
phitc da lam sang t6 rat nhieu tinh chat thd vi va hitu ich vé ham da diéu
hoa dué6i nhu 1& nguyén 1y so sanh ddi v6i toan tit Monge-Ampere phiic
trong nhitng 16p ham da diéu hoa dusi cu thé, do do Monge-Ampeére phric,
dung luong ctia mot Borel, tinh chat ciia cac tap da cuc, tinh chat ciia cac
16p ham Cegrell, ...

L6p ham da diéu hoa dudi cuc dai 1a mot 16p con cua 16p ham da dicu

hoa du6i mang nhiéu tich chat dic sic va c¢6 ¥ nghia quan trong trong
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viee nghien ctu vé ham da didu hoa dusi. O nuée ngoai, nghien ctu vé
ham da diéu hoa dudi cuc dai phai ké dén cac nhd toan hoc nhu: U.
Cegrell, Ulf Backlund, Hong Oh Kim,. .. 0 trong nudéc nhém nghién cttu
cua GS. TSKH. Lé Mau Hai, GS. TSKH. Pham Hoang Hiép, GS. TSKH.
Nguyén Van Khue, TS. Nguyén Xuan Hong... Chung to6i sé trinh bay mot
s6 tinh chat co ban cling nhu mot s6 tinh chat md rong ctia ham da diéu
hoa dudi cyc dai va md rong két qué clia né qua cac bai bao [3], [4].
3. Muc tiéu va nhiém vu nghién ciru

Trinh bay mot s6 tinh chat ctia ham da diéu hoa dudi cuc dai.
4. Dbi tugng va pham vi nghién cifu

Péi tuong nghién ciu: Ham da dieu hoa dudi cuc dai.

Pham vi nghién citu: Nghién cttu mot s6 tinh chat ctia ham da diéu
hoa dudi cuc dai.
5. Cach tiép can va phuong phap nghién citu

Cach tiép can: Nghién ctu ly thuyét.
Phuong phap nghién ciu: Phan tich, so sanh.



Chuong 1

CO SG LY THUYET

1.1. HAM DIEU HOA DUGI

Ching ta sé bat dau bang viéc trinh bay cac dinh nghia cling véi mot
s6 két qua ve ham dieu hoa duéi tréen C.
Dinh nghia 1.1.1 ([I]). Gié st X la khong gian topo. Ham v : X —

[—00, +00) goi la nita lién tuc trén trén X néu véi méi o € R tap
Xo={r € X u(zr) < a}

14 m6 trong X. Ham v : X — (—o0, +00] goi 1a nita lién tuc dudi trén X

néu —v la nta lién tuc trén trén X.
Dinh nghia trén tuong duong véi dinh nghia mang tinh dia phuong sau

Dinh nghia 1.1.2 ([1]). Gid st u : X — [—00,+00). Ta néi ham u la
nta lién tuc trén tai xop € X néu Ve > 0 ton tai lan can U,, cua xg trong

X sao cho Vz € U,, ta co

u(x) < u(xg) +& néu wu(xy) # —oo
1

u(r) < —— néu u(zy) = —o0
5

Ham w goi 1a ntta lien tuc trén trén X néu v nia lién tuc trén tai moi
xo € X.

Mit khéc, néu ta cho dinh nghia sau: Gia st F C X vau : E —
[—00, +00) 1a ham trén E. Gia sit 79 € E. Ta dinh nghia

lim supu(x) = inf {sup {u(y) : y € V}}

T—XTg zeE

& day inf 14y trén cdc V chay qua cac lan can cla .
Khi do, ta c6 dinh nghia



Dinh nghia 1.1.3 ([1]). Ham u : X — [—00,4+00) la nita lién tuc trén

tai zgp € X néu lim sup u(x) < u(xy).
T—Io reE

Dinh 1y 1.1.4 ([1]). Gia st w la ham ntta lién tuc trén trén khong gian
topo X va K € X la tap compact. Khi d6 u dat cuc dai trén K.

Dinh ly 1.1.5 ([1]). Gia st w 1a ham nia lién tuc trén va bi chin trén
tren khong gian metric (X, d). Khi d6 ton tai day gidm cac ham lién tuc
®,: X = R vé6i

lim ¢, (z) = u(x), Vre X.

Dinh nghia 1.1.6 ([1]). Gia st Q la tap mé trong C. Ham u : Q —
[—00, +00) goi 1a diéu hoa duéi trén 2 néu noé nita lien tuc trén trén Q va
théa man bat déng thic duéi trung binh trén  , nghia 1 v6i moi w €

ton tai o > 0 sao cho v6i moi 0 < r < p ta co6
27

1 ‘
u(w) < —/u(w + re't)dt. (1.1)
2T
0
Vi du 1.1.7. Cho ham chinh hinh f tréen Q@ C C. Khi d6, ham u(z) =
|f(2)|;v(2) =log|f(2)| 1a ham diéu hoa dudi tren .
That vay, u(z) 1a ham diéu hoa duéi vi

u(z) = |£(2)] = o) [ £+ rear

2
1 .
<o 15+ rehar
0

2

2m

1 .
/u(z + re't)dt.
0

D61 v6i ham v(2)

e Néu f(z) = 0, hién nhién.

e Néu f(z) # 0 tréen Q. Khi do6, log|f| 1a ham nta lien tuc trén trén
Q. Gia st w € Q. Néu f(w) # 0 thi chon 6 > 0 sao cho f # 0 trén
B(w,0) = {z€Q:|z—w| <d}. Khi d6 log|f| 1& ham diéu hoa trén
Bw,§) ={2€Q:|z—w| <d} nén dugc théa man véi dau dang
thitc. Truong hop f(w) = 0. Khi d6 log | f(w)| = —oo va do d6 luon
ding.



Nhan xét 1.1.8. Ham dong nhat —oo trén Q 13 ham diéu hoa dudi trén
Q.

Ta ki hiéu tap cac ham diéu hoa duéi trén Q 1a SH(Q).

Meénh dé 1.1.9 ([1]). Gia sit u, v 1a cac ham didu hoa dudi trén tap md
Q) trong C. Khi d6

(i) max(u,v) la ham diéu hoa dudi tren €.

(ii) Tap cac ham diéu hoa dudi tren Q 1a mot non, nghia la néu u,v €
SH(Q) va a, 8 > 0 thi au + fv cing thuoc SH ().
Dinh ly 1.1.10 ([1]). Gia st u 1a ham diéu hoa dudi trén mién bi chan
Q) trén C. Khi do
(i) Néu u dat cyc dai toan thé tai mot diém trén Q thi v 1a hing s6 trén
Q.
(i) Néu lim supu(z) < 0 d6i v6i moi ¢ € 9 thi u < 0 trén €.
z—(
Dinh ly 1.1.11 ([1]). Gia st 2 1a tap mé trong C va u 1a ham nia lién
tuc trén trén 2. Khi d6, cac phat biéu sau la tuong duong
(i) w 1a ham diéu hoa dudi trén €.
(ii) V6i moi w € €, ton tai o > 0 sao cho A(w, o > 0) C Q v véi moi

0<r<p0<t<2rtaco
2

(w+re') < 1/ il (w+re')do
u(w +re — u(w + re™)do.
— 21 ) 0®—20rcos(f —t)+r?
0

6 dé Alw,0 > 0) = {z2€Q:|z—w| <o} la dia déng tam w ban
kinh p.

(iii) V6i moi mién D € Q va h la ham diéu hoa trén D, lien tuc trén D
thoa man

limsup(u — h)(z) <0 (¢ €9D)

z—(

tacou < h trén D.

Hé qua 1.1.12 ([1]). Néu u la ham dieu hoa dudi trén tap mé Q va néu
A(w, 0) C Q thi

2

u(w) < i/u(w + 0e)dh.
2T
0



Dinh 1y 1.1.13 ([1]). Gia st u € C*(2). Khi d6 u 1a ham diéu hoa dudi
0?u  O%u

trén ) khi va chi khi Au > 0 trén 2, 6 d6 Au = — + — 1a Laplace
ox? = 0y?

cua u.
Dinh 1y 1.1.14 ([1]). Gi4 st u 13 ham diéu hoa dudi trén tap mds Q; va
v 1a ham dicu hoa duéi trén tap mé Qy C Q. Gia thiét

lim supv(z) < wu(¢), doi véi moi ¢ € QN INys.

z—(

Khi d6 ham u xac dinh trén

max(u,v) trén (o

u trén Ql\Qg

U=

1a ham diéu hoa dudi trén €.

Dinh 1y 1.1.15 ([1]). Gia st {u,} la day gidm cdc ham diéu hoa dudi
trén tap md € tréen C va v = lim w,,. Khi d6 u 13 diéu hoa dudi trén €.

n—oo
Dinh 1y 1.1.16 ([1]). Gi4 st w 13 ham diéu hoa dudi trén mién € vdi
u Z —oo trén €. Khi d6 u kha tich dia phuong trén €2, nghia la véi moi
K eQtaco
/ ju| dV < +o0.

Dinh 1y 1.1.17 ([1]). (B4t dang thic Jensen) Gid sit —co < a <
b < +oo vat: (a,b) — R la ham 16i. Néu (€, 1) 1a khong gian do véi
w(Q) =1va f:Q— (a,b) 1a ham kha tich thi ta c6 bat dang thiic

/fdu /¢Ofdu

Hé qua 1.1.18 ([1]). Néu u 1a ham diéu hoa duéi trén tap mé Q2 C C thi
e’ ciing 1a ham diéu hoa duéi trén €.

Dinh ly 1.1.19 ([1]). Gid st v : A(0, ) — [—00, +00) 1a ham ban kinh,
nghia 1a v(z) = v(|z|) v6i moi z € A(0, ) va giad st v # —oo. Khi dé
v 1a diéu hoa dudi tréen A(0, ) néu va chi néu v(r) la ham 16i tang cia
logr, (0 <1 < p) véi lg% v(r) = v(0). Ta hicu v(r) 1a ham 15i tang theo

log r néu ham v(e’) 1a ham 16i tang theo .



Dinh nghia 1.1.20 ([1]). Gia st 2 1a tap mé ctia C. V6i moi r > 0 dat
Q ={2€Q:d(2,00) >r}
Gia stt u : 2 — [—00,+00) 1a ham kha tich dia phuong trén € va gia sit

¢ : C — R 1a ham khé tich dia phuong véi suppe C A(0,7). Khi d6 tich
chap u * ¢ : 2, — R theo cong thic

wo(:) = [l = w)ow)aV(w) = [ u@)o( ~ w)aV(w

C C
Dinh 1y 1.1.21 ([1]). Gi4 st w 1a ham diéu hoa dudi trén tap mé Q C C
v6i u Z —o0. Gia st x : C — R xac dinh boi
S
ke 1=lel>  néu ||z|| <1

x(@) = ,
0 néu |lz|| >1

V6i moi r > 0 dait |
2

Xr(2) = ﬁX(;) (z € C).
Khi d6 u * y, 13 ham diéu hoa dudi tron trén €, va ux x, \, v trén  khi
r N\ 0.
Hé qua 1.1.22 ([1]). Gia st u 13 ham diéu hoa dudi trén tap mé Q C C
va D 13 mién con compact tuong doéi trong 2. Khi d6 ton tai day ham diéu
hoa dudi {u,} tron trén D giam t6i u trén D.
Dinh 1y 1.1.23 ([1]). Gid st f : 1 — {23 1& anh xa chinh hinh gitta hai
tap md trong C. Néu u 13 ham diéu hoa duéi trén ws thi wo f 14 ham diéu
hoa duéi trén €2;.
Dinh 1y 1.1.24 ([1]). Gia st u, v 1a cac ham diéu hoa dudi trén tap md
2 C C sao cho u = v (tuong tng u > v) hau khap noi trén . Khi do6
u = v (tuong tng u > v) trén ()

1.2. HAM DA DIEU HOA DUGI VA HAM DA DIEU HOA DUGI CUC
DAI

Dinh nghia 1.2.1 ([1]). Gid st Q C C" la tap mé, u : Q — [—o0, +00)

13 ham nita lién tuc trén, khong dong nhat béang —oo trén moi thanh phan

lien thong ctia Q. Ham u goi 1a da diéu hoa dudi trén Q (viét v € PSH(Q))

néu véi moi a € Q va b € C*, ham A — u(a + Ab) la diéu hoa dudi hodc

bang —oo trén moi thanh phan lien thong ctia tap {\ € C: a + \b € Q}.
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Vidu 1.2.2. Cho ham chinh hinh f trén 2 C C". Khi d6, ham u = log | f|
14 ham da diéu hoa duéi trén €.
Dinh 1y 1.2.3. Gid st u : Q — [—00,+00) 1a ham nita lién tuc trén,

khong dong nhat bang —oo trén moi thanh phan lién thong ctia Q C C".
Khi d6 u € PSH(S2) khi va chi khi v6i moi a € 2,b € C" sao cho

{a+X:AeC N <1} CQ
ta co

u(a) < %/u(a +¢eb)df := I(u, a,b) (1.2)
0

Chitng minh. Diéu kién can suy ra tit dinh nghia ((1.2.1]).
Dicu kién du. Gia st a € Q,b € C" va xét

U={AeC:a+ b€ Q}

Khi d6 U 1a tap md tren C. Dat v(\) = u(a+M\b), A € U. Can chitng minh
v(A) 1a diéu hoa dudi trén U. Mudn vay chi can ching t6 néu \g € U ton
tai p > 0 sao cho v6i 0 < r < p thi
2
/v(/\o +re')do
0
T a+ A\ob € 2 nén néu c6 p > 0 sao cho khi [A| < p thi a+ Agb+ b € Q.
V6i 0 <r < ptaco{a+ Nb+ Mrb:|A <1} C Q. Do do tir gia thiét
27
u(a 4+ Ab) < % / u(a + Xob + 7be’”)df
0

1
o) < —
U( 0)_277

1 27 '
Vay v(Ao) < — [v(Ao + rei?)dd O
2T 0
Sau day 1a dinh 1y xap xi cho cdc ham da dieu hoa dudi.
Dinh ly 1.2.4. Gia stt 2 C C" 1a tap md va u € PSH(Q2). Néu € > 0 sao
cho Q. :=={2€Q:d(2,00) > e} # @& thi u=x x. € C°() N PSH(.).
Ho {u * x. : € > 0} la don diéu gidm khi ¢ | 0 va
lim w o xe(2) = u(2)

xay ra cho moi z € (2.
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Chaing minh. Dé chiing minh dinh 1i trén ta can bo dé sau.

Bo dé 1.2.5. Gia st Q C C" 1a tap mé vh u € L}, (Q). Khi d6 v6i moi
z2€Q,beC"saocho {z+Ab: A€ C,|A\ <1} CQtaco

(I, .,b) * x:)(z) = l(u* xe, 2,b) (1.3)
§ d6 l(u, z,b) xac dinh nhu trong

Ching minh. Tt dinh i Fubini ta c6

2

(8430 = [ (o [tz + 6% — wyid)(w)ir(w)

_ % /(/ w(z + b — w)y. (w)d\(w))do

1 .
= — [ (uxx)(z +€?b)do

27

0

= I(u * X, 2, )
]

Chitng minh dinh 17 (1.2.4). T cach xac dinh tich chap, r6 rang u*x. €
C®(€). Gia st a € Q,b € C" sao cho {a+Xo: A€ C, |\ <1} C Q..
Khi d6 véiw € C", |w| <e,a—w € Qva{a—wAb: |\ <1, e C} CQ

. Theo bd dé (1.2.5)) ta c6
(I * X3 a,0)(2) = (I(u, ., 0) * x2)(a)

2T

- / éo/ u(z + €’ — w)df) x(w)d(w)

> /n u(a — w)xe(w)dA:
= (uxx:)(a)

Dinh i (1.2.3)) cho ta uxx. € PSH(2.). Do d6 uxx. € C*(Q2.) NPSH(€.).
Ta ching minh ho {u* x.} gidm khi ¢ | 0 vd v6i moi z € Q,lim(u *

e—0
X:)(2) = u(z).
Gid st 0 < g9 < g1. Khi d6 Q. C Q, va u* xo,ux* x,, € C*(Q,). Ta
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chitng minh véi z € (2., thi

U*X€1(Z) Z U*XEQ(Z) (14)
Bat dang thiic (1.4)) duge chiing minh bing quy nao theo n.
Véi n = 1 thi (1.4) duge chiing minh & dinh 1i (1.1.21)). Khi d6 c6 thé viét
(1.4) dusi dang

/(C w(z + )y (w)dA(w) > /(C u(z + eyw)y(w)dA(w)  (15)

voi z € Q),, C C,w € C.
V6i n = 2. Néu (21, 29) € Q.,, (w1, ws) € C? thi

u *x Xsl(zlaZQ) = /

C
> /C(/(C U(Zl + w1, 22 + €1w2)X(w1, wg)dk(wl))d)\(wg)

> /(c(/(C u(21 + e9wn, 22 + eqw2) x (w1, wo)dA(ws))dA(wy)

(/cc u(z1 + 1wy, 22 + €2ws) x (w1, we)dA(wy))d(ws)

> / (21 + e, 2 + erws)x(wr, wa)dA(wn) ) dA(ws)
CxC
= U * Xe,(21, 22) > u(z1; 22)

Tiép theo ta ching minh lin%u x X(2) = u(z),z € Q. Gia st z € Q. Béi
E—r
tinh ntra lién tuc trén tai z nén véi n > 0 c6 €1 > 0 sao cho z € {2, va

u(r) <u(z)4+n,z € B(z,e1). Tt dé néu e < &1 ta ¢

u(z) < ux xe(z) = /B RICEIR O

< (u(2) +7) /B LA = ul)

]

Dinh 1y 1.2.6. Gid st Q C C" la tap md va u € C?*(Q). Khi d6 u €

82
PSH(2) khi va chi khi Hessian H,(z) = ( - ) cta u tai z xac dinh
8zj6zk
duong, nghia la véi moi w = (wy, wo, ..., w,) € C",
" % o
Hy(2)(w,w) = Z 8zj(9§kijk > 0.

J,k=1
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Chatng minh. Dinh 1f dugce suy ra tit dang thitc: v6i moi z € Q,w € C" va
ceCtaco

—Agu(z + &w)|e=o = ———w, Wy,
jkzl (92]82 !

va dinh nghia (1.2.1)) cing dinh 1i (1.1.13]). O
Dinh 1y 1.2.7. Gid st 2 C C" 1a tap mé va u € PSH(2). Khi d6 v6i moi
b= (by,by,.....0,) € C" ta c6

P

7,k=1

bibr > 0.

8zjazk
tai moi z € {2 theo nghia suy rong, nghia 1a v6i moi ¢ € C§°(£2), ¢ > 0

/ w(z) < Lo(2)b,b> dA(2) > 0
Q

6 d6 < Lyp(2)b,b >= Z ———b;by, 1a dang Levi ctia ¢ tai 2. Ngugc lai,
et 8z]6zk

néu v € Li, () sao cho v6i moi z € Q, moi b = (by, by, ....,b,) € C"

P

7,k=1

b; b >0
6%82}6 b=

theo nghia phan bo thi ham u = lir%(v * Yz) 1a ham da diéu hoa dudi trén
e—

Q) va bang v hau khap noi trén Q.

Chitng minh. Gid st u € PSH(Q) va dat u. = wu * y.. Khi d6 u. €
PSH(.) N C®(Q). Lay ¢ € C§(Q), o > 0 va b = (b1, by, ..., b,) € C".
Tt dinh 1f hoi tu bi chén Lebesgue cling véi tich phan ting phan va dinh

1i (1.2.4)), dinh 1i (1.2.6)) cho ta
/u(z) < Lo(2)b,b> dA(z) = lim [ u.(z) < Lp(2)b,b > dA(2)
Q

e—0 Q

=lim [ ¢(2) < Lp(2)b,b> dA(z) >0
e—0 [9)

Ngugc lai, gid st v € L} () va théa man (1.2.6). Dat v. = v * x.,e > 0.
Tu dinh 1i Fubini, H,_(2)(w,w) > 0 v& v6i moi z € . va w € C". Dinh li
kéo theo v. € PSH(S).) v6i moi € > 0

Mat khéc, béi dinh 1i Fubini va dinh 11 (1.2.4)), v6i 0 < e1 < g9 va 2z € ().,

ta co

Ve, = Hm(v 5 xz, ) * x5(2) = lim(v * xs) * X, (2)
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> lim(v * x5) * X, (2) = lm(v * xe,) * x5(2) = v, (2)
0—0 0—0

Vay ho {v-(2)}
tuc trén trén w va béi dinh 1 hoi tu don diéu va tinh da diéu hoa duéi
cla v trén ). kéo theo u € PSH(Q)). Mat khéc, tit dinh nghia tich chap
va dang thic [r., x-(w)dA(w) = 1 suy ra ho v. hoi tu t6i v trong Lj, ().
Vay v, hoi tu hau khap noi t6i v trén Q. Do d6, v = v hau khap noi trén
Q. O

-0 la day giam. Dat u(z) = llg% v:(2). Khi d6 u ntia lién

Duéi day 1a mot s6 két qua lien quan t6i tinh da diéu hoa dudi khi qua
giéi han va tinh 10i ctia ho cac ham da diéu hoa dudi.
Dinh 1y 1.2.8. Gia st 2 1a tap mé trong C".
(i) Néu u,v € PSH(Q) thi max{u,v} € PSH(Q) va néu o, > 0 thi
au + fv € PSH(Q). Nghia 1a PSH(U) 1a nén 16i.
ii) Néu {u;}.., € PSH(Q) la day gidm thi « = limu; hodc 13 ham da
JJ5>1 J
dieu hoa dudi trén 2 hoic = —oo.
(iii) Néu day {u;} € PSH(Q) la day hoi tu déu trén moi tap compact clia
Q t61 ham u : Q — R thi u € PSH().
(iv) Gia stt {ua},e; € PSH(Q?) sao cho v = sup {u, : @ € I'} 14 bi chin

trén dia phuong. Khi d6 chinh quy héa nita lién tuc trén «* € PSH(S2),

voi u*(§) == Qlalzrgg sup u(z) véi moi £ € Q.

1f hoi tu don dieu hay dinh 1f qua giéi han dudi dau tich phan trong truong
hop day hoi tu déu.
Ta chiing minh (iv).
Chi can chiing t6 a € Q,b € C" sao cho {a+ Xb: A € C, |\ <1} C Q thi

2m
1 0
* <_ * (3
u*(a) < 27r/u (a+ eb)do
0

Dé thay véi moi z € Q,b € C" sao cho {z+ Ab, |\ < 1} C Q ta 6
27

1 ‘
u(z) < —/u*(z + ¢%D)db
2
0

14



Vé6i a € Q, chon day {z,} C Q sao cho 2z, — a va u(z,) = u*(a). Tu
{z+ Mo, |A| <1} C Qnén véi n di 16n {z, + b, || < 1} C Q. Khi do

2m
1 .
u(z,) < %/u*(zn + ¢D)db

0

Bo dé Fatou cho ta
| 2m | 2m
u*(a) = limsup u(z,) < 2—/11m sup u*(z,+€b)df < Q—/U*(a—i—ewb)dﬁ
n T n ™
0 0

]

Sau day 1a két qud dan hai ham da diéu hoa dudi tuwong tu nhu ham
diéu hoa dudi.
Meénh dé 1.2.9. Gia st Q C C" 1a tap md, w C Q 1a tap con mé thuc sy,
khéc rong ctia Q. Gia sit u € PSH(2),v € PSH(w) va limsup,_,, v(r) <
u(y) v6i moi y € Ow N 2. Khi d6 ham
max(u, v) trong w,

w =
u trong Q\w.

14 ham da dieu hoa duéi trén €.

Chiing minh. Ro rang w 1a nita lien tuc trén trén . Chi can ching t6 néu
a € Q,be C"sao cho {a+ b, |A| <r} C Q thi

2

/ w(a + re”b)dh

0

w(a) <

¥-

Véi a € w,b € C", chon r > 0 du bé dé
{a+ Mo, |\ <r}Cw

Khi do
2
1
21
0
2 2w

1 0 1 "
I ? < A
QW/v(a—H“e b)do < 27T/w(a+fr’e b)do
0 0

2m
. 1 .
u(a + re?b)dh < Dy /w(a + reb)dh
7r
0
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1 2 )
T d6 w(a) < P [ w(a + re?b)do.
T o
Ching minh tuong tu cho truong hop a € Q\wWq, 6 d6 Wq 1a bao déng cua

w lay trong €. Chi can xét truong hop a € wg N Q. Khi d6 w(a) = u(a).

Vay
1 2w 1 2w
= < 0 < i0
w(a) = u(a) < 27T'/u(aJrre b)do < 2W/w(a+r6 b)do
0 0
va ménh dé dude ching minh. ]

Ménh dé 1.2.10. Néu u,v € PSH(Q) vi u = v (tuong ting u > v) hau
khap noi trén © thi © = v (tuong tng v > v) trén .

Dinh nghia 1.2.11. Tap E C C" ducc goi 1a tap da cuc néu trén do co
ham da diéu hoa duéi, khong dong nhat —oo, nhan gia tri bang —oo trén
do.

Hé qua 1.2.12. Gia st 2 C C" la tap mé. Khi d6 PSH(Q2) € SH(Q?) C
Li (). Tt dé tap

loc
E={2€Q:u(z) = -0}

c6 do do Lebesgue bang 0.

Ching minh. Gia st u € C*(Q). V6i z € Q va w € C" va gia st

{z+ Xw, |\ <r} CQvé6ir>0dabé Khido

" Pu

Au A A =4

(9= Aalute + Mo =4 3 570
7,.k=1

Vay u € SH(2). Trudng hgp u € PSH(Q) tuy y. Khi d6 v6i moi z €

Qu(z) = lir%ug(z). Dinh 1 (1.2.4) cho ta u. € C*(€:) N PSH(S2.) véi

E—
moi € > 0. Do d6 u. € SH(£2.) va khi d6 u € SH(2). O

(2)w;wy, >0

Meénh deé 1.2.13. Giast Q C C"vaQy C C™ lacactapmdva f : Q) —
2y 1& anh xa chinh hinh. Gia st u € PSH({2). Khi d6 uwo f € PSH(;).

Chatng minh. Chi can xét truong hop u € C?(€y). Trudng hgp tong quat
suy tit truong hop nay va dinh I xap xi (1.2.4]). Véi z € Q; va w € C"

dang Levi ctia u tai z v6i vecto w la

< (Lu Z




Khi do
< (Lluo f))(zw) >=< L{u(f(2), [ (2)(w))) > 0
dou € PSH(QQ) N C2(Q2) Vay u o f ~ PSH(Ql) ]

Tiép theo ta dua ra nguyeén i cuc dai cho cac ham da diéu hoa dudi.
Meénh dé 1.2.14. (Nguyeén li cuc dai) Ga stt D 1a mot mién trong C" va
u € PSH(D),u # const. Khi d6 u khong dat cuc dai toan thé tren D.
Hon nita néu D 1a bi chan thi v6i moi 2 € D ta ¢6

u(z) < sup { lim Supu(z)}.

wedD | D3z—w
Chiing minh. Gia st 29 € D sao cho u(zp) = max{u(z):z € D}. Dat
Dy = u(u(z)). Kho d6 @ # Dy C D. Gia sit a € Dy N D. Khi dé

u(zp) = limsupu(z) <limsupu(z) = u(a) < u(z)
Dy3z—a D>z—a

Vay a € Dy va Dy dong trong D. Néu a € Dy, v6i moi b € C", chon r > 0
sao cho {a + b, |A| < r} C D. Khi dé

u(z) = ula) < % / w(a + reb)dh < u(z)

Tu d6, do tinh nita lién tuc trén clia u suy ra u = u(zp) trén mot lan can
ctia a. Vay Dy 1a mé va do d6 Dy = D. Diéu nay kéo theo u = u(zp) trén
D va mau thuan véi gia thiét. O
Hé qua 1.2.15. Néu uq, us 1a cac ham khong am trén tap md Q2 C C" va
loguy,loguy € PSH(QY) thi uyus € PSH(QY) va log(ug + uz) € PSH(Q).

Chatng minh. Tinh da diéu hoa dudi clia uj.us suy ra tit logu; + logus €
PSH(2). Dé chting minh tinh da diéu hoa duéi ctia log(u1 + uz), theo dinh
nghia (1.2.1)), ta c6 thé coi Q C C. Gia st D € Q va h 1a ham diéu hoa

trén D, lién tuc trén D sao cho

log(uy + u9)|op < hlop

Khi d6 e "(u; + up) < 1 trén dD.

Tt loguy, logus 14 céac ham diéu hoa dudi tréen D nén e™"

Uy va e_huQ
la diéu hoa duéi trén D. Vay e "(u; + up) 1a diéu hoa duéi trén D. Tit
e "(uy +uy) < 1 trén D, do nguyen 1i cuc dai nén e "(u; +uy) < 1 trén

D va ta c6 dieéu phai ching minh. ]
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Dinh 1y 1.2.16. Gid st 2 C C" la mién bi chan va u, v € PSH(Q)NL>(Q)
sao cho liminf(u(z) — v(z)) > 0. Khi d6
z—00
/ (ddv)" < / (dd°u)". (1.6)

{u<v} {u<v}

Chiing minh. Trude hét ta gidi thich diéu kien

hzrgégf(u(z) —v(z)) >0

Nghia la, v6i moi € > 0 ton tai K € Q sao cho Vz € Q\ K thi u(z)—v(z) >
—e. Hon ntta khi thay u béi v+ 9,9 > 0, thi {u+6 < v} 1 {u < v} khi
d 1 0. Néu bat dang thiic dang trén {u 4+ § < v} thicho § | 0 suy ra
ding trén {u < v}. Vi vy c6 thé gid st liminf, ,g0(u(z) — v(2)) >
d > 0. Vay {u < v} compact tuong doi trong 2.

Ta di chtitng minh dinh Ii.

Budec 1. Gia sit u, v 1a cdc ham lien tuc. Khi d6 Q = {u < v} la tap mé, u, v
lien tuc trén O va u = v tréen Q. V6i € > 0, diit u. = max {u +¢,v} .
T gid thiét 11ZH_1>$8f(u(z) —v(2)) > 0nénu(z)—v(z) > d—¢ hay u(z)+e >
v(z) + 0 > v(z) véi z gan bien 9. Vay u. = u(z) + € gan bien 09 va
ue | v tren Q. Theo cong thitc Stokes

/ (ddu.)" = / (dd°u)"

Qo (94
hay
/ (ddCu.)" = / (dd°u)"
{u<v} {u<v}

do u. | v nén (ddu.)" — (dd“v)". Vay

/ (dd°v)" < Tim inf / (dd°u.)" = / (dd°u)".

e—0
{u<v} {u<v} {u<v}

Bude 2. Gia st u, v tiy ¥ va w 1a mién sao cho {u < v+ g} € w € . Ton
tai hai day w;, vy cdc ham da diéu hoa dudi tron trén lan can clia @ giam
t6i u va v sao cho u; > vy, trén dw véi moi j, k. Co thé coi —1 < uj, v < 0.
Lay € > 0 va gia st G C Q la tap md sao cho C,(G,Q) < &,u,v 1a cac
ham lien tuc trén Q\G. Béi dinh 1i Tietze ton tai ham ¢ lien tuc tren
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sao cho v = ¢ trén F' = Q\G. Ta ¢6
/ (dd°)" = Tim [ (dd°v)".

J—00
{u<v} {uj<v}
Nhung {u; < v} C {u; < ¢} NG vavi {u; < ¢} la tap md nén
/ (dd°v)" < / (dd°v)" + / (ddv)" < Tim inf / (ddv)" + ¢,
{uj<v} {u;<p} G {uj<v}
boi C(G,Q) < e va (ddv)" hoi tu yéu t6i (ddv)". Tu {u; < ¢} C
{u; <v} UG va {u; <v} C {u; < v} suy ra

/ (ddCvp)" < / (ddv)" + / (ddCvg)" < / (ddv)" + <.
{uj<e} {u;<v} G {uj<vi}

Ta ap dung budc 1 vao cac ham lién tuc u; va vy va thu duge

/ (ddCvp)" < / (dd°u,)".

{uj<vr} {uj<vr}
Do do
/ (dd°v)" < liminf lim inf / (ddu;)" + 2¢
J—00 k—00
{u<v} {uj<v;}
< lim sup / (dduj)" + 2e.
J—00
{u;<v}
Hon nta

/ (dd°u;)" < / (ddu,)" +¢.
{u;<v} {uj<vinF

va tit {u <wv} N F latap compact va {u; < v} C {u < v} nén
lim sup / (ddu;)" < / (ddu)" < / (ddu)".
e {u;<vinF {u<v}nF {u<v}
Do € > 0 tuy ¥ nén ta di dén

/ (ddv)" < / (dd°u)"

{u<v} {u<v}
Tu d6 véi moi n > 0 ta ¢
/ (dd°v)" < / (dd°(u + )" = / (dd°u)".
{u+n<v} {u+n<v} {u+n<v}
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Nhung {u+n < v} 1 {u <v}va{u+n<v}1T{u<v}khin?0.Dodd

/ (ddv)" < / (dd°u)".

{u<v} {u<v}
[]
Hé qua 1.2.17. (Nguyén li so sanh) Gia stt Q C C" 1a mién bi chin va
u,v € PSH(Q) N L>*(Q) sao cho liminf, ,pq(u(z) —v(z)) > 0. Hon nta
gia st (ddu)" < (ddv)™ trén Q. Khi d6, v < u trén (.
Chatng minh. Dat (2) = ||z||*— M, véi M duge chon di 16n sao cho ¢ < 0

trén 2. Gia stt {u < v} khéc rong. Khi dé c6 € > 0 sao cho {u < v + ey}
khéac rong va do d6 no6 ¢6 do do Lebesgue duong. Do Dinh 1i ([1.2.16]) ta c6

[ s [y

{u<v+e} {u<vte}
> / (dd“v)" + &" / (dd“y)"
{u<v+e} {u<v+e}
> / (ddv)" + e"4"nI A\, ({u < v+ eh})
(u<vtew}
> [ @z [y
{u<vtep} {u<vtey}
va ta gdp mau thuan. ]

Tiép theo, ching ta dé cap dén dinh nghia ham da diéu hoa dudi cuyc
dai.
Dinh nghia 1.2.18 ([1]). Gia Q@ C C" la tap mé va u € PSH(Q2). Ta néi
u 1a ham da diéu hoa dudi cyce dai trén Q va viét u € MPSH(£2) néu vdi

moi tap md, compact tuong doi G € € va véi moi ham v nita lién tuc trén
trén G,v € PSH(G) vi v < u trén G thi v < u trén G.

Truong hop n = 1 thi tap MPSH(Q) trung véi tap cac ham dicu hoa
trén 2.

Vi du 1.2.19. Ham u(zy, 22) = log|21| 1a ham da diéu hoa dudi cye dai
tren C%\ {0}.
That vay, ro rang u 1a ham da diéu hoa duéi trén C?\ {0}. Ta chiing minh
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u 13 cyce dai tren C?\ {0}.

Gia st v € PSH(C?\ {0}), G compact tuwong dbi trong C*\ {0} va v < u
tren 0G. V6i moi z € G, xét tap m6 A = {t € C: tz € G} tren C. Khi
do6, ham v(tz) va u(tz) = log|t| +1og|z1| 1a ham da diéu hoa duédi va dicu
hoa trén A v6i moi z = (21; 29). T dinh nghia ham da diéu hoa dudi cuc
dai trong truong hgp n = 1 ta dugc v 14 ham da diéu hoa dudi cuc dai
trén A. Hon ntta 0A C 0G nén v(t2)|pa < u(tz)|oa. Do tinh cyc dai cla
u tréen A nén v(t2)|4 < u(tz)|a. Vay v(z2)|e < u(2)|g, tic la u la ham da
diéu hoa dudi cie dai tren C*\ {0}.
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Chuong 2

MOT SO TINH CHAT CUA HAM DA DIEU HOA DUGI
CUC DAI

2.1. MOT SO TINH CHAT CG BAN

Ménh dé sau néi ve cach nhan biét mot ham 1a da dieu hoa duéi cuc
dai.

Meénh dé 2.1.1. Gid sit Q C C" 1a tap mé va u € PSH(Q). Khi dé céc
khang dinh sau la tuong duong.

(i) V6i moi tap md, compact tuong déi G € €2 va moi ham v € PSH(G),
néu lim sup(u(z) — v(z)) > 0 véi moi £ € G thi u > v trén G.

z—¢
(ii) Néu v € PSH(f2) va v6i € > 0 ton tai tap compact K C € sao cho
u—v > ¢ trén Q\K thi u > v trén €.

(iii) Néu v € PSH(Q2), G 1a tap md, compact tuong doi trong Q va u > v
trén OG thi v > v trén G.

(iv) Néu v € PSH(Q), G 1a tap md, compact tuong doi ciia € va v6i moi
€€ 3G,limig1f(u(z) —v(z)) > 0 thi u > v trén G.
Z—r

Ching minh. (i) — (). Gid st v € PSH(Q2) théa man gia thiét cta (i)
va gid st a € €2 sao cho u(a) —v(a) =n < 0. Dat

E:{zeﬁzu(z)<v(z)+g}

Theo gia thiét c6 tap compact K C € sao cho véi moi z € Q\K thi
u(z) > v(z)+ g Vay E C K va do d6 E 1a tap compact trong €. Ton tai
tap ma, compact tuong déi G C  chia E. Trén 0G

. Ui
1 o+ My >
zmégf(u (v 2)) 0

Béi gia thiét (i), u > v —|—g trén G va ta gap mau thuan via € £ C G ma

u(a) =v(a) +n < v(a)+ g
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(i1) — (4i7). Gia stt v € PSH(2), G 1a tap md, compact tuong doi trong (2
va u > v trén 0G. Dat

max(u(z), v(z)) néu z€G

u(z) néu z € ON\G.

Ménh dé (1.2.9) cho ta @ € PSH(Q2). Véi e > 0, lay K = G 1a tap compact
trong Q va véi z € Q\K,u(z) —a(z) = 0 > —e. Do d6 tur gid thiét
u(z) > u(z) trén G.
(131) — (1v). Gid st v € PSH(Q2) va G € € sao cho

liminf(u(z) —v(2)) >0

G3z—¢

ding cho moi £ € 0G. Khi d6 limsupv(z) < u(€). Dat
G3z—¢
max(u(z), v(z)) néu z€G

u(z) néu z € Q\G.

Khi d6 tit meénh dé (1.2.9), @ € PSH(Q). Dé thay tren 0G thi v = 4. Vay
w > trén € va do dé6 v > v trén G.

(iv) = (v). Gid stt G C Q 1a tap md, compact tuong d6i va v 1a ham nia
lien tuc trén tréen G va v < u tren 0G.

Béi tinh compact tuong déi ciia G trong 2, ta coé thé coi u la lien tuc
tren G va v < u trén OG. That vay, néu trai lai ta xét ho u. = u * x. €
C>(Q.) N PSH(Q.) v6i Q. O G. Néu ta ching té tren G,v < u. thi
v < wu trén G vi tren G ta co 21_1% u, = u. T gid thiét v < u trén OG nén

limsupv(z) < u(y) véi y € 0G . Do d6 ham

Gox—y

max(u, v) trén G

u tren  Q\G.

U =

14 da diéu hoa dudi trén Q. Ta thay lim inf(u—u) > 0 v6i moi & € JG. That

Goz—¢&
vay néu khong c6n < 0 vaday {z,} C G,z, = Emau(z,)—u(z,) <n <0

v6ol moi n. Tu do

u(zn) < a(2n) + 1
Cho n — oo ta ¢6 u(§) < max(u(é),v()) +n = u(€) +n < u(€) (mau
thudn). Vay tu gia thiét « > @ tréen G va ching minh (7v) — (v) hoan

23



thanh.

(v) = (7). Gid st G € Q,v € PSH(Q?) va %min{f(u —v)(z) > 0 v6i moi
22—

¢ € G. Lai c6 thé coi u lien tuc tren Q. Khi d6 xét

v(2) néu zedqd

limsupov(t) néu 2z € IG.
Got—z

Khi d6 & € PSH(G) va nita lien tuc trén trén G. Mit khac tit l(i;m 1néf(u(z) —
22—
v(z)) > 0 kéo theo u(&) > v(€) tai moi & € 9G. Tt d6 suy ra u > 4 trén

G va vay thi u > v trén G. N

Dé tiép tuc trinh bay thém nhing két qua sau hon vé ham da diéu hoa
duéi cuc dai, ta dua ra khai niém sau.
Gia st Q C C" la mién bi chan va f € L>®(99). Ta ki hieu U(Q2, f) 1a 16p
cac ham da diéu hoa dudi v € PSH(Q)) sao cho v*|sq < f, & d6

v*(z) = limsup v(w)
Qow—z

véi moi z € Q. Véi z € Q, ta xac dinh

u(z) = ug,f(2) =sup{v(z) : v €U, f)}.
Ham ug ¢ goi la bao Peron-Bremermann cta f trong 2.
Dinh 1y 2.1.2. Gia stt Q la mién bi chan va f € C(99) sao cho u* =
u, = f trén 0F), 6 d6 u = ugq,r. Khi d6 w = uq s 1a ham lién tuc trong €.

Chitng minh. Tit u* = f trén 9Q néen ug , € U(Q, f). Vay uqy = ug ; va
do do6 ugq, s 1a nita lién tuc trén trén €. Vay chi can chitng minh v = uQ,
13 ntta lien tuc duéi tren Q. C6 dinh z5 € Q v e > 0. Do véi moi w € 01,
ligiil?fu(z) = ligl_i}}p u(z) = f(w) nén Zlglllu u(z) = f(w). T d6 do 0f? la

compact suy ra c¢6 6 > 0 sao cho
Vz € Q,Vw € 0, |z.w| < § = |u(z) — f(w)| <e (2.1)

. ) —
Lay Z € Q v6i [Z — 2| < B va dit Q = Q — (29 — 2). Xéc dinh ham

max {u(2), u(z +20—2) — 2} néu 2€0NQ

v = u(z) néu z € Q\Q.
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Dung ta chiing té v = u trén mot lan can ctia QNN trong 2 va do d6
ham v € PSH(Q). Néu z € Q\Q thi o rang v(z) = u(z). Lay y € QN oQ
va xét z € QN IN v6i |z —y| < 5 Khi do lz—(y+2—2) < 6 va
Y+ zg — z € 092. Vay theo (2.1))

u(z) = fly+20—2) <e

hay u(z) > f(y + 20 —Z) — e. Mt khdc do z + 2z —Z € Q2 va
o

Etz—Z=(yt+z2-2)=l-yl<j

uz+z20—2) < fly+20—2) +¢
Tu do
w(z) >u(z+20—2) — 2¢
Nhu vay cho y thay déi tren Q N Q ta duge mot lan can ciia QN Q trong
2 sao cho u(z) > u(z+ 2y — Z) — 2e. Vay v = u trén lan can d6. Hon nta
néu z € QN Q vaiw € 99 sao cho |z — w| < g thi [z 4+20—Z—w| <9

va lai tie (2.1) ta co

u(z+ 20— 2) — 2e < f(w) —e < u(z).

(o)

Do d6 v(z) < u(z) néu d(z,092) < = thi |24+ 20— Z — w| < 0 va lai tu

-2
(2.1)) ta co

u(z+ 20— 2) — 26 < f(w) —e <wu(z.)
Do d6 v(z) < u(z) néu d(z,00)) < g va nhu vay v < u trén Q. Ta ¢6
u(Z) > v(Z) > u(zp) — 2e.
Nhu vay w nita lién tuc dudi trén 2 va dinh 1i duge ching minh. ]
Tiép theo ta c6 mot sd két qua sau
Meénh dé 2.1.3. Gia st Q 1a mot mién trong C.

(i) Gi6i han ctia day gidm cac ham da dieu hoa dudi cyc dai trong €2 hosic
bang —oo hodc 1a ham da diéu hoa duéi cic dai trong Q.

(i) Néu u € MPSH(2) thi v6i moi G € € ton tai mot day cac ham da
diéu hoa duéi cyc dai trong G hoi tu gidm t6i u trén G.
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Ching minh. (i) Gia st {u;} € MPSH(Q) va u; | u trén Q. Gia st u #
—oo trén €. Lay G € Q 1a tap md, compact tuong doéi trong Q. Gid st v
I3 ham nita lien tuc trén G va v € PSH(G), v < u trén 9Q. Khi d6 v < U
trén 0G va do do v < u trén G.

(ii) Do G € Q nén c¢6 thé chon day ham da diéu hoa dusi lien tuc v,
tren mot lan can ctia G gidm t6i w. Dat Uj = Ug.y,l9q- Khi do boi Dinh Ii
[2-1.2), {u;} 1a day gidm cac ham da didu hoa dusi lien tuc trén G va sit
dung dinh 1i dan c6 thé chiing minh ching cyc dai trén G. Tit (i) suy ra
uj lu ]
Dinh 1y 2.1.4. Gidéi han clia day cac ham da dicu hoa duéi cuc dai bi
chan dia phuong hoi tu hau khap noi t6i ham da diéu hoa duéi bi chin dia
phuong 14 ham da diéu hoa dudi cuyc dai.

Chiing minh. Dé chitng minh dinh lf nay ta ching minh b6 dé sau

Bé dé 2.1.5. Gia si u‘é,u{,...,u% € PSH(Q) N LX(2),0 <p <n,j=
1,2,... 14 day don diéu (tang hodic giam) hoi tu hau khap noi (tuong tng
hoi tu theo do do Lebesgue) téi uy, ..., u, € PSH(Q) N L (€2). Khi dé

loc
wddu] A ... A ddu) — ugdduy A ... A dd“u,,
Chitng minh. Vi bai toan 13 dia phuong nén c6 thé coi Q = B = B(z,r),r >
0 va cac ham duge xét cuing 16n hon Avy va bang Ay trong mot lan can
ctia OB, & day A > 0,9(2) = ||z — 20||*> — r*. Chitng minh quy nap theo
p. Ro rang dinh 1i ding v6i p = 0. Gid stt p > 1 va dinh li dang dén p — 1.
Khi do dat
ST = ddu A ... Ndd°w), S = ddus A ... A ddCuy,
thi S/ — S theo nghia dong. That vay, gia sit n € D"P7P)(Q). Khi dé
/ nS’ = / nddul A ... A\ dd°ul = / wddu] A ... Add°w)_y A ddn
Q Q QO
theo gia thiét vé phai hoi tu tdi
/ upddul A ... A dd°ul_y A ddn = / ns.
Q Q
Bay gios chi can chitng minh néu u)S7 — © thi © = 1, S. Néu {ué} 1a day
gidm thi ta c6 © < 4pS. Gia st {u{)} Ia day tang. Khi d6 u? S7 < uoS7 va
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do moi gi6i han yéu ctia 1S’ déu nhé hon hoac bang 1¢S. Nhu vay trong
moi truong hop © < pS. Do d6 chi can chiing t6

/ (0 — uyS) A B > 0.
B
Nghia la
Jim ul ST A B > / upS A P (2.2)
B B

Dung tinh tiya lién tuc ciia ham da dieu hoa dudi ta ching minh moi ham

da diéu hoa duéi bi chan u trong B, bing A1) trong lan can cia OB ta co

lim [ uS? AB"P > /uS A B"P (2.3)
j—00
B B

Gié st (2.3) dung, ta ching minh (2.2) ding va do dé dinh 1i duge ching
minh. That vay, néu ug 1 ug, tit (2.3)) ding suy ra

/ ulSI A B > / upST A B
B B

Do do
lim [u)ST A B > lim [ugSI AP = [ugS A B"P.
_]—>OOB B

J—oop
Gia stt u 1 up. Khi d6 véi moi k ta c6

lim [u)ST A B> lim [ufST A B P = [ukS A B

= [wpdduf A dd®ug A ... A ddu, A B7P.
B

Bdi gia thiét quy nap

ddufy A dduy A ... A ddu, — ddug A dduy A ... A dd“u,
yéu khi k — oo. Vay theo ([2.3))

lim [ widduf A ddug A ... A ddu, A B"P

j—00
B
= /ulddcuo A ddus A ... AN ddu, A\ B = /uOS A B,
B B

Do d6 ([2.2)) dang.

Vay chi can chiing minh (2.3) dung. Do tinh tya lién tuc nén véi € > 0,
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ton tai G € B, G mé sao cho u lien tuc trén F' = B\G va C,(G,B) < &,
ki hieu p; = S7A P va p =S A B"P. Viés

/WW@—wm%szmw—uw0+/ﬂﬂw—uww

B G F

Nhung g < (dd“(ug + ug + ... +up + (n — 1)5))" va

/(ud,uj —udp)| < Cie,
G

& dé6 ¢y khong phu thudce vao j va e (do tinh bi chdn cia day {u%, e ug;, ug, -

va Cp(G,B) < e).
Gia st ¢ la ham lién tuc trén B, = u trén F' va —A < ¢ < 0 trén B.
Khi do6 tit u = ¢ = 0 trén 0B,

—/ud,u:—/god,uZlimsup —/goduj
j—00

F F F

= —liminf/gpd,uj = —liminf/ud,uj.
J—00 J—0
F F

Mit khac do dp; — dp yéu nén

—/WMS—/@w:—hm pd;

j—00
F B F
va
—/goduj = —/god,uj < —/Ud,uj+025
F G F

v6i Cy > 0 khong phu thudc vao j va €. Diéu ndy suy ra tir gid thiét
Cn(G,B) < evadp; < (dd(ug+....+u,+ (n—1)8))". Tu do

0 < liminf /(ud,uj — udp)| < limsup /(ud,uj —udp)| < (Cy + Cy)e.

J—00 Jj—r00
B
va (2.3) dugce chitng minh., O

Ta chiing minh dinh 1i (2.1.4)
Gia st {u;} € MPSH(Q) N Ly, (). Chi can

chitng minh véi moi tap compact K C €, (ddu)*(K) = 0. Do d6 c6 thé

(Q2),u; Tue PSH(Q)N LY

loc
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phtt K béi hitu han cac hinh cau nén ta chi can ching minh véi moi hinh
cau mé B C Q, (dd°u)" = 0. tu dinh 1y (2.1.4) thi (dd°u;)" — (dd°u)"
yéu. Do do

/ (dd°u)" < lim nt / (dd°u;)" =0,
B B

va dinh 1y (2.1.4) duge chiing minh. O

Két qua sau day cho thay moéi ham da diéu hoa duéi trén mot mién déu
c6 ham da diéu hoa dudi cue dai troi hon trén moéi mién nhé hon compact
tuong do6i trong no.

Ménh dé 2.1.6. Gia st Q la mién trong C" va v € PSH(Q). Gia st
G € Q la mot mién chinh quy (nhu mot mién trong R?" ma trén dé
bai toan Dirichlet cho 16p ham dieu hoa c6 161 gidi). Khi d6 ton tai u €
PSH(Q),u > uvau = u trén Q\G, u cuc dai trén G. Néu u; | wthiu; | U
va néu v lién tuc thi 7 cling lién tuc.

Ching minh. Xét u|pe. Khi d6 c¢6 day ham lien tuc {f;} C C(0Q) va f; |
ulpe trén OG. Gia st uj = ug,y,. Khi d6 tit G 1a chinh quy nén v*|se < f;
va do d6 u; = u; trén G. Vay u € PSH(G). Hon nita dung dinh Ii dan dé
thay no cyc dai tren G. Mat khac tir fj1 < f; va ujloc < firn < fj/
suy ra ujy < uj; trén G. Dong thoi u|ge < f; v6i moi j nén u < u; trén
G v6i moi j. Dat v = lim w; thi béi (i) clia meénh dé (2.1.3)), v € PSH(G)

j—00
va u < v trén G. Hon nita v6i moi j,v < w; nén limsupwv(z) < u; < fj
2—=0G
v6i moi j. Vay limsupv(z) < ulag.
z—0G

Dat

R max(u(z), v(z)) néu z€G

u(z) = ,

u(z) néu z € Q\G.

Ham 7 thda man céc két luan ctia ménh deé ([2.1.6)). []

Bay gio ta chuyén qua mo ta tinh cuc dai ctia mot ham da diéu hoa dudi
khi n6 16p C? trén mién da cho.
Meénh dé 2.1.7. Gid st Q C C" 1a tap mS va u € C*(Q). Néu u €
MPSH(Q) thi
det [ Ou ] =0

&zﬁ%k

trén
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2

Chiing minh. Gia st det [ “ ] =% (0. Khi d6 ton tai a € Q sao cho véi

szﬁzk
moi b € (C"\ {0}), ta c6 dang Levi < Lu(z)b,b >> 0.
Tu tinh lién tuc cua dao ham bac hai tai @ nén ta c6 r > 0 sao cho véi

moi z € B(a,r) va b € (C"\ {0})

< Lu(z)b,b >> c||b]|*.

u(z) néu 2z € Q\B(a,r)

uw(z) +c(r? -1z —al|?) néu =z € Bla,r).
Ham v € PSH(Q) va v|pp(ar) = U|oB(,)- Vay do tinh cyc dai ctia u kéo
theo

U’B(a,r) < U’B(a,r)
Nhu vay v(a) = u(a) + cr? < u(a) va ta gap mau thuan. O
Meénh dé 2.1.8. Gia st Q 1a tap md, bi chan trong C" va u, v 1a cac ham
da diéu hoa duéi 16p C? trong lan can cia Q. Néu v < u trén 92 va
0% 0%u
det > det
[azjazk (Z)] = [azjazk (Z)}

tren ) thi v < u trong €.

Ching minh. V6i € > 0 da cho ta dat
ve(2) = v(2) + (||| * = sup [Jw]]*)
wed

Khi do
0%v. 9%u
0 < det [azjazk (z)] — det lﬁzj(%k (z)]
2 _
4 et [3 (tve + (1_ t)u) Z)] o
8zj8zk

= 6Zj8§k
n 2
_ Bjka (Ve __U) 2)
Jh=1 6zﬁzk
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O*(tv: + (1 — t)u)
&zjazk

va B(t) la tich phan theo t ctia n6

& d6 [A7%(t)] 1a phan phu dai s ciia phan ti

O*(tve + (1 — t)u)
020z jk=1,....;n .
trén [0, 1]. Vay tit bat dang thic trén, ma tran [B/*] xéc dinh duong va

trong

ma tran

vay thi v. — u khong c6 cuce dai dia phuong trong 2. Vay v. < u trong €2
va cho € — 0 ta duge diéu phai chiing minh. O

2.2. MOT SO TINH CHAT MG RONG
Giasu Qe C"latapméva f: Q — C kha vi tai a € €. Khi d6, dao ham
dof = Ouf + 0of

Ta co

Dat

Khi do6 dd¢ = 2i00.
Néu Q C C" 1a tap mé va u € C?(Q) thi
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Toan tit Monge - Ampere phiic ciia u cho béi

(dd“u)" = dd°u N ... N dd“u

Khi do
" 0%
dd‘u)" = 4"n! det av
(dd"u) e j;l 02,07y,

G6do dV = %dzl ANdz N %sz ANdZa A ...\ %dzn AdZ, 14 dang thé tich trong
cr.

Dinh 1y 2.2.1. Gid st Q C C" 1a tap mé va u € C*(Q2) N PSH(N). Khi
d6 u € MPSH(Q) khi va chi khi (dd“u)” = 0.

Chiing minh. Diéu kién can suy ra tit ménh de (2.1.7).

Dicu kien du. Gia st (dd“u)™ = 0, nghia la

0*u
det [&zj@?k] =0

trén (2. Ta ching minh « € MPSH((2). Gid st G 1a tap md, compact tuong

d6i trong Q va v € PSH(Q),v < u trén 0G. V6i 6 > 0 va e > 0 du bé,

x6t (v —0) * xo. Khi d6 (v —d) * x. 1a ham 16p C™ trén lan can clia G vi

(v—10) * Xc|log < u|og. Hon nita (v — 0) * x. 1a ham da diéu hoa dudi trén

lan can cua 0G. Tu do

0?(v —0) * Xe
02,07y,

tren G. Vay theo menh deé (2.1.8) tréen G

det [

Joo-sa] %]

8zj8§k

(v—0)*xx-<u

cho 6,6 — 0 ta nhan duge v < u trén G, tic la v € MPSH(2) vA ménh
dé dugc chitng minh. O

Sau day 1a vi du minh hoa cho két qua ctia Dinh 1i ([2.2.1])
Vidu 2.2.2. Trén Q = C?\ {0}, xét ham u(zy, 20) = In|z1], 2 = (21, 20) €
Q = C*\ {0} . Khi d6, r6 rang u 1a ham da diéu hoa dudi tren C*\ {0}.
Ta c6 thé tinh truc tiép dé thu dugc .
Pu  Pu  Pu
0210%> N 029071 N 0290%9
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0%u

8zj8§k
da diéu hoa dudi cyc dai tren C?\ {0} (theo Dinh If (2.2.1)).

Diéu nay suy ra det [ ] = 0. Vi vay (ddu)? = 0 v do d6 u 13 ham

Sau day ta xét truong hop tong quat hon khi « 1a ham da diéu hoa dusi
bi chan dia phuong trén €2 .
Bo6 dé 2.2.3. Cho © 14 mot mién bi chin trong C”. Gia st u 13 mot ham
da diéu hoa duéi trong mot lan can ctia Q sao cho véi mot hing sé6 duong
K va h di nhé thod méan danh gia
u(z +h) +u(z —h) —2u(z) < K|hJ*, 2z€Q
Khi dé, u 13 CH trong Q va |D*u] < K .

Chitng minh. Dat u. = u * p. 1a chinh quy héa cia u (6 day, p-(z) :=
8_”p(£) véi p € CP(R") sao cho p > 0,suppp = B(0;1), [ pdA =1 vap
chi phi thuoc vao |z|). Véi z € Q. = {z € Q : dist(z,00) > e} va h du
nho ta ¢

U (2 + h) +u.(z — h) — 2u.(z) < K|h|?
Diéu nay chi ra

D?*u..h? < K|h|? (2.4)

Ta ¢co

= 0*u 0*u — 0?u,. —
D*uc.h? = =Dy + 2o hyh = Th
’ jél <8Zjazk‘ i * 8zj8§k i + 8ch‘9,zk J k)

va do u. 1a da diéu hoa dudi,

D*u..h? + D*u..(ih)* = 4

Do d6 tu (2.4)
D?*u..h? > —D%u..(ih)* > —K|h|*.

Tit d6 D*u. < K trén . va bo dé duge suy ra tit Dinh 1f 1.1.13 ([4],
tr.12). ]

Bo6 dé 2.2.4. Cho P la mot da dia va gia st f € CH(OP) (nghia la
f € CH! trong mot lan can ctia OP sao cho f la nghiém ctia bai toan
Dirichlet thuan nhat tren P. Khi d6, up s € CHH(P).
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Chitng manh. Tt Ménh deé 1.4.4 ([4], tr.29) ta c6 u = upy € PSH(P) N

C(P). Ta gia st P = (A(0,1))" 1a da dia don vi. Lay r < 1 va dat
P. = (A(0,1))". V6i z € P,a € P va h di nho dat

Ton(z) =T(a,h,z)

. (hl + (1 — ’a1‘2 — a_lhl)zl hn + (1 — |an]2 — a_nhn)zn}
1 - |a1|2 - alh_1+h_121 n 1 - |an‘2 - anh_n+h_nzn

Khi d6, T kha vi moi cap trong mot lan can cia tap P, x ?1? X P va
T..n 1a mot tu dang ciu chinh hinh ctia P sao cho T,;(a) = a + h va
Tuo(z) = z. Dat
Via,h,z) :=u(T,n(2))
va |
Ua,h(z) = 5 [V(CL, h7 Z) + V(CL, _h7 Z)] :

van(2) € PSH(P) N C(P) va chiing ta thita nhan ring véi K di lon ta c6
Vop — K| < uvéimoia € P vah € P%. T d6, vap — K|h]* < f

tréen OP va vi ca hai ham déu lién tuc nén ta c6 bat déng thic nay trén

R:=JA " x0A x A"
j=1
Nhung diéu nay dugce suy ra tu Menh dé A1.5 ([4], tr.83), bdi vay V la
CYl tren P, x Pi: x P va |ID*V| < K, ¢ day K chi phu thudc vao n,r
va sup |D?f|. Do d6, thay z = a ta dugc

u(a + h) +u(a — h) — 2u(a) < K|h|?

v6i a € P, va h € Pi.. Tt Bo dé (2.2.3) ta ¢6 dieu phai chiing minh. [
Dinh 1y 2.2.5. Giad st 2 € C" 1a tap md va v 1a ham da diéu hoa dudi bi
chan dia phuong trén 2. Khi d6, v € MPSH(2) khi va chi khi (dd‘u)" = 0.
Chitng minh. Diéu kién can. Gia st u 13 ham da dieéu hoa dudi bi chan dia
phuong trén Q va u € MPSH(2). Ta can ching minh (dd®u)™ = 0.

Khong mét tong quat, gid st « 1a ham da diéu hoa dudi cuc dai trong lan
can ctia da dia P . Ly u; € CY1(OP) 1a day giam t6i u trén JP, khi d6

theo Meénh dé (2.1.3) thi uy, p | u trén P. Do d6, theo (2:2.4) & tren ta
gia st u € CH! trong P. Khi d6, u kha vi cap 2 hau khép noi theo nghia
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0*u
823‘85]{;

co dién nén ta c6 (ddu)” = 4"n!det [ ] dV . Lay zy € P sao cho

2
D?u(zp) ton tai va gid st det [ v ] > (0 . Tit khai trién Taylor cho ta
02,0z,
~ u T 2 2 2
u(zo+h) = ReP(h)+ ) —(20)h;hi+o(|h|?) > ReP(h)+c|h*+o(|h?),

1 szé)zk

j
o day

"\ Ou " 0%

P(h) =u(z)+2) g(zo)hj + ) - 8Zk(zo)hjhk,

j=1 "7 jk=1

J

va ¢ > 0. Ta tim dugc r > 0 sao cho u(zg + h) > ReP(h) néu |h| = r
nhung u(zp) = ReP(0), mau thudn véi tinh cuc dai clia u. Suy ra

0%u
det = 0.
© [648@] 0

Do d6, (dd“u)™ = 0.

Diéu kién di. Gia st u 1a ham da diéu hoa duéi bi chin dia phuong trén
Q va (dd°u)” = 0. Ta can ching minh u € MPSH((2).

That vay, gia st G 1a tap md, compact tuong doi trong €2 va v € PSH(G),
v < wu trén 0G. Khi do,

0 = (ddu)" < (ddv)".

Theo nguyén 1y so sanh (Hé qua ((1.2.17))), ta ¢c6 v < w trén G. Vi vay u
14 ham da dieéu hoa duéi cuc dai trén €. n

Sau day 1a vi du minh hoa cho két qué ctia Dinh 1i (2.2.5)
Vi du 2.2.6. Trén Q = C3\ {0}, xét ham

’U,(Zh 22, 23) - log(max(\zl\ ) |22‘ ) ‘Z3|))7

vOi 2 = (21, 22, 23) € Q = C*\ {0} .

Khi d6, u khong kha vi tren C*\ {0}, u € L3() vi véi 2 € Q, 14y hinh
cau B(a,r) ban kinh r di nhé 13 1an can ctia z thi sup(max(|z1] , |22, |23]))
hitu han. R6 rang u 14 ham da didu hoa dudi tren C3\ {0}. Ta chitng minh
u 13 cye dai tren C*\ {0}.

That vay, lay v € PSH(C?\ {0}), G compact tuong déi trong C3\ {0} va

u > v tréen C3\ {0}. V6i z € G dit A = {t € C:tz € G} tren C. Khi
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d6 ham v(tz) va u(tz) = log |t| + log(max(|z1|, |22],|23])) 1& ham diéu
hoa dudi va diéu hoa trén A véi moi z = (21, 20, 23) € C3\ {0}, titc 1a
u(tz) 1a ham da dieu hoa dudi cuc dai tren A. Mat khac 0A C IG nén
v(tz) < u(tz)|oa, ti tinh cyc dai clia u(tz) trén A ta ¢6 v(tz) < u(tz)|a.
Suy ra v(z) < u(z)|q -

Theo Dinh 1i ta c6 (ddu)® = 0, day la mot két qua rat tot vi viec
tinh (dd‘u)® = 0 trong trudng hop nay kha phiic tap.
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KET LUAN - KIEN NGHI

Két qua di dat duoc:

- Trinh bay dugc mot s6 tinh chat co ban ctia ham da diéu hoa duéi cuc
dai.

- Trinh bay dugc 2 tinh chat md rong ctia ham da diéu hoa duéi cuc dai:

Dinh 1i (2.2.1)), Dinh Ii (2.2.5)) 1a két qua md rong ctia Ménh dé 2.3.9 ([1]).

- LAy vi du minh hoa cho 2 tinh chat md rong trén.

- Két qué cia Dinh ly (2.2.1]), Dinh ly da viét thanh bai bao
“Tinh chat clia toan tit Monge — Ampere ddi véi ham da diéu hoa dudi cuc
dai” (da duge dang tren Thong bdo khoa hoc truong Dai hoc Hoa Lu SO 8,
thang 10-2020).

Hudng phat trién dé tai:
Xay dung diéu kién can va du dé ham da diéu hoa dudi v 1a cuc dai

trong truéng hop u 1a mot ham da diéu hoa dudi tong quat.
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DANH MUC CAC CONG TRINH
CUA TAC GIA (NHOM TAC GIA) PA CONG BO
CO LIEN QUAN DEN NOI DUNG DE TAI

Nguyén Thi Nhan (2020), “Tinh chat ctia toan tit Monge — Ampere doi

v6i ham da diéu hoa dudi cyc dai” (da duge xuat ban trén Thong bdo khoa
hoc truong Dai hoc Hoa Lu S6 8 thang 10/2020).
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