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PHAN MG DAU

1. Ly do chon dé tai

Cho M(D) 1a tap cdc ham phan hinh trén diadonviD := {z : |2z| < 1}
va 7 13 anh xa tu béo gidc ctia D. Ham f € M(ID) dudc goi 1a chuan téc
néu ho f o7 la mot ho chuan tic, c6 nghia la moi day con déu trich duge
mot day con hoi tu theo mé tric cau. Mot két qua noi tiéng ctia Lehto va
Virtanen néi rang ham f € M(D) la chuan tic néu va chi néu dao ham
cau f#(2) = |f'(2)|/(1 + |f(2)[?) thoa man Sup FP(2)(1 = [2%) < o0

1SS

Gan day, trong bai bao [13], Peter Lappan da tong quat dinh 1y Ya-
masshita vé ham phan hinh chuan tic va trong bai bao [3], R. Aulaskari
va J. Rattyd md rong khai niem ham chuan tic sang khai niem ham ¢ -
chuan téc v6i o 1a mot ham trén [0,1) théa man mot s6 tinh chat nhat
dinh. Muc dich ctia dé tai 1a tim hicu, lam 16 cac két qui trong huéng
nghién cttu nay va nghién ctu cac cau hdi md cua bai béo [13] dua ra.

Dé tai nghién citu gom hai chuong.

Chuong 1, gidi thieu cac kién thic chung, co ban va can thiét cho dé tai
vé dao ham cau cau, métric hyperbolic va cac khai niém lién quan.
Chuong 2, dau tién, ching toi trinh bay vé ham phan hinh chuan téc,
ham ¢, ham phan hinh ¢ - chuan tic va dua ra vi du vé ham . Sau dé
chiing t6i chitng minh va lam 16 cac két qua vé ham phan hinh chuan
tac, phat trién cho ham phan hinh ¢ - chuan tic, tra 16i cau hoi ciia bai
béo [13].

2. Téong quan tinh hinh nghién citu thudc linh vuc cia dé tai

Ly thuyét phan bd gia tri thu hat duge dong ddo cac nha toan hoc
trén thé giéi quan tam nghién citu. Sut chuan tic ciia ham phan hinh dugc
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cac nha toan hoc nghién cttu nhu: W.K.Hayman, J.L.Schiff, P.Lappan,

Yamashita,...Nam 1957, Lehto va Virtanen da chi ra ring ham phan hinh

f tren dia don vi D := {2 : |z|] < 1} 1a chuan tic khi va chi khi dao ham

cau f7(z) = |f'(2)|/(1 +|f(2)]*) théa man SUHI)?f#(Z)(l —[2*) < oo
ze

Nhitng ndm gan day huéng nghién cttu nay duge nhiéu nha toin hoc
quan tam. O ngoai nudc, nghien citu vé vin dé nay phai ké dén cac nha
toan hoc nhu R.Aulaskari, H.- Wulan, ... o) trong nudc nghién cttu theo
huéng nay c6 cac nha toan hoc nhu PGS. TSKH. Tran Van Tan,GS.
TSKH D6 Dic Thai, PGS. TS Si Dic Quang,. . .

3. Muc tiéu va nhiém vu nghién ciu

Xay dung mot s6 tinh chat ham phan hinh chuan tic, ham phan hinh ¢
- chuan tac.

4. P6i tuong va pham vi nghién ciu

D6i tuong nghién ctu: Ham phan hinh chuan tic .

Pham vi nghién ctu: Mot s6 tinh chat ctia ham phan hinh chuan tac.
5. Cach tiép can va pham vi nghién citu

Cach tiép can:

+) T mot s6 tinh chat ham phan hinh chuan tic, phat trién tuong tu
cho ham phan hinh chuan tic manh, ham phan hinh ¢ - chuan tic.

+) Nghién citu céc cau hoi mé ciia bai bao [13].

Phuong phép nghién citu: Nghién ctu 1y thuyét



Chuong 1

Dao ham cau

1.1 Pao ham cau

Trong R? cho hinh cau S : 2%+ 23+ (v3—3)? = 1 va mét phang ziz5 tiép

xtic v6i hinh cau S tai diém (0,0, 0), diem N(0,0,1) 1a cyc bic. Duong
thang néi N v6i mot diém z; trén mit phang phiic x;z5 cat hinh cau tai
mot diém Py (o, 81, 71). Diéu nay thiét lap tuong ting mot - mot z; < Py
gitta cac diém ctia C va S — {N}. Lién he diem N ctia hinh cau S véi
00, ta md rong tuong tng gita S va C=CuU {o0}.

Cho 2 V& 2 1 hai diém trén C tuong tng véi P, va P, trén S. Néu
Pi(ay, Bi,7vi),i = 1,2, thi khodng cach Oclit gitta P, va P, 1a

N|—=

1Py — Po| = [(o1 — a2)” + (B1 — B2)” + (11 — 72)7]

va khoang cach chordal gitta hai diém z; va 2, trong mit phing phic

mao rong la

|21 — 29|
V1 1 212/ 1 + |22]?

V14|22

R6 rang x(.,.) 1a mot mé tric trén C

néu 2,29 € C

X(ZI7Z2) = .
neu z; € C, 29 = o0

Phan tit do dai dudng cong cau ds trén hinh cau Riemann S 1a

dz

ds = ———
T2



va phan tit dién tich cau dA dudc cho béi

dxdy
(1+z[)?

dz
00— [ o
5 1+ 122

ctia dudng cong v trén S gay ra mot mé tric nhu sau. Cho hai diém z;

dA = (2 =z +iy)

Do dai cau

va 2o trén hinh cau Riemann, ta dinh nghia

0(z1,22) = inf{L(7)},

¢ day infimum duge 1ay theo tat cd cac duong cong trén S noéi z; voi 2.
Khi d6 o(z1, 22) 1a do dai oclit clia cung ngdn nhat ctia vong tron 16n
nhat trén S noi z; va 2, va dinh nghia mot meé tric trén hinh cau goi 1a
mé tric cau. Ta c6 x(z1,22) < 0(21,22) < 5x(21,22), do d6 hai me tric
trén la tuong duong.

Dinh nghia 1.1.1. Mot day ham {f,} hoi tu cau déu tdi f trén mot tap
E C C néu, cho e > 0 bat ki, co6 mot s6 ng sao cho n > ng théa man

X(f(2), fu(2)) <e,

vt mot z € B.

Dinh nghia 1.1.2. Mot day ham {f,} hoi tu cau déu trén cdc tdp con
compact cia mién Q trén C téi mot ham f(z)néu, cho bat ki tdp con
compact K C Q va e > 0, ton tai mot s6 ng = no(K, <) sao cho n > ng
thoa man

X(fu(2), f(2)) <e,

vor mot 2z € K.

Cho f(z) 1a ham phan hinh trén mién Q. Néu 2z € Q khong 1a mot



cuc diém, dao ham theo mé tric cau, goi la dao ham cau, dude cho béi

o) — tim XTI
2=z |Z—Z/‘
e @ !
o =2l VIR VIHI()
_ 1)
1+ [f(2)?

Néu ¢ 1a mot cyce diém clia f(2), ta dinh nghia

/=)l

F#(€) = lim — 22
O TGP
Do d6 f#(z) lién tuc v f7(z) = (ﬁ)#.Néu v 1a mot cung khé vi hodc

duong cong trén mién €, thi 4nh ctia « trén hinh cau Riemann c6 phan
tit do dai cung ds = f#(2)|dz|, va do dai cau clia né duge cho béi

L 1#(2)|dz].

Trong trudng hgp f(z) la ham phan hinh trén |z| < r, ki hiéu

L(r) = - f#(2)\d|
|2dxdy
/z|<r./ 1+ [f(2)
L(r) = do dai cta anh cta duong tron {z : |z| = r} trén hinh cau

Riemann
S(r) = 1. dien tich 4nh ctia dia {z : |2| < r} trén hinh cau Riemann.

Dinh nghia 1.1.3. Mot ho cdac ham F la bi chin dia phuong trén mién
Q néu, vdi moi zg € Q, c6 mot sé6 duong M = M(zy) va mot lan can
D(zp;7) C Q sao cho |f(2)| < M vdi moi z € D(2;7) va vdi moi f € F.

Ta thay F bi chin dia phuong 1 bi chan déu trén mot 1an can ctia méi
diém ctia Q. Tinh chat nay doi khi dude goi 1a bi chan déu dia phuong.
Tu bat ki tap con compact K C € ¢6 thé duge phtt bdi mot s6 hitu han
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cac lan can nhu vay, do d6 mot ho bi chan dia phuong F 1a bi chan déu
trén cac tap con compact cua 2.
Xét dia don vi mé U. Dinh nghia phan tit do dai cung hyperbolic béi

dz|
d p—
CTIoP

Néu v xac dinh béi 2(t) =: [a,b] — U la mot cung kha vi hoic duong
cong trén U, thi v6i z = 2(t), |dz| = |2/(t)|dt, dd dai hyperbolic cta ~

dugc xac dinh badi
b /
|2/ (t)|dt
A(v)z/ck:/ — e
, o 1= [2(0)

Cho w = ®(2) 1a 4nh xa bdo gidc mot - mot ctia U vao U. Theo bd deé

Schwarz - Pick, ta co

|dw| |dz|
2 S 27
o) 1 — |w) 41—z

tic 1a, M(®(7)) < A(7). Ap dung bé dé Schwarz - Pick mot 1an nita cho
®~ 1 ta duce M) < A(@(7)), do d6 ® bao toan do dai.
Bay gi ching ta tinh do dai hyperbolic ctia doan thang [ néi 0 véi r,

0<r<1Taco " L
T _}_T
M) = = - )
() /01—t2 21

Diéu nay c6 nghia 1a [ 14 mot duong trac dia, tic 13, mot dudng cong c6

do dai hyperbolic nhé nhat gitta 0 va r. That vay, cho v 1a mot cung kha
vi bat ki noi 0 véi r, xac dinh béi 2(t) = z(t) + iy(t),0 <t < r. Khi d6

[l 1, e
") _/o L= |=()]” 2/0 - [z oo = A

Thuec té diéu nay c6 thé duge st dung dé xac dinh duong tric dia ndéi hai
diém bat ki a,b € U. Cho F la mot phép bién doi Mobius tit U vao U
sao cho F(a) =0, F(b) = r. Dudng trac dia ndi a va b 1a &nh nghich ddo
ctia doan thang [ néi 0 va r, do F bao toan do dai. Phép bién doi nghich
dao nay bién duong tron thanh duong tron, con dusng thing nhu 1a mot

bt



truong hgp dac biét ciia duong tron. Hon nita, do anh xa nay la bao giac
va doan thang [ nbi 0 véi r tryc giao véi |z| = 1 nén né 1a dudng tric
dia ndi a va b. Do d6 dudng trac dia gitta a va b 1 cung tron noi ching.

Dinh nghia
Z—w

P(z) =

Cl-zw’

Khi d6 ® 1a mot phép bién ddi Mobius théa man ®(2) = 0, va |®(w)| =
r,0 <r <1, véi z,w € U c6 dinh. Néu v 1a duong trac dia ndi z v w,
thi

1. 1+r

Ay) = AP == :

(v) = AM@(7)) = Slog—

Nhung
Z—w
n6 dan toi I
1 : ‘1—Ew|
A(v):§l0g —— = d(z,w)
1—

|1—§w’

RO rang d(z,w) 1a mot métric, goi la métric hyperbolic, va p(z,w) goi 1a
khoang cach gia hyperbolic.

1.2 Mot s6 dinh nghia va dinh li
Trong muc nay chting toi trinh bay mot sé6 dinh nghia va dinh 1i phuc
vu cho viéc chttng minh & chuong 2.

Dinh 1i 1.2.1 (Dufresnoy). Néu f(z) la ham phan hinh trén |z| < 7o va
S(ro) = S(ro, f) <1, thi

Chatng minh. Xem chi tiét trong [9, Trang 152]

Dinh 1i 1.2.2 (Hurwitz). Cho f, la mot day cdic ham gidi tich trén
mién ), hoi tu déeu trén cdc tap con compact cia ) téi ham gidi tich
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khdc hang f(z). Néu f(z) = 0 vdi zy € Q, thi vdi moi ro > 0 du nhd,
ton tai N = N (1), sao cho vdi moin > N, f,(2) cé cing s6 khong diém

vdi f(z).
Chatng minh. Xem chi tiét trong [16, Trang 9]

Dinh nghia 1.2.3. Gid si f(z) la ham phan hinh. Khi dé ddac trung
Alhfors - Shimizu Ty(r, ) dugc xdc dinh bdi

To(r, f) = /07” S(t’f)dt.

t

Pinh 1i 1.2.4 (Ahlfors-Shimizu). Gid s f(z) la ham phan hinh trén
|z| < R,0 < R < 0o0. Khi d6 vdi moi a hitu han hay vo han, va 0 <r < R
ta co

S(t, f)dt

To(r, f) = /07“ — = N(r,a) +mgo(r,a) —my(0,a),

vai f(0) # a.

Chatng minh. Xem chi tiét trong [9]

T dinh 1i Ahlfors-Shimizu v6i a = 0 ta ¢c6 N(r, f) < To(r, f) +
 VITTFOP
og(

|£(0)]
dinh 1 2.2.6

). Ta sé& stt dung bat dang thitc nay trong chitng minh

Pinh 1i 1.2.5. Néu mot ho F cdc ham phan hinh khong chuan tdc trén
D thi vdi moi § € (—1,1) ton tai:

(1) Mot tap con compact K ciua D;

(2) Mot day {z,} trén K;

(3) Mot day {pn} cdc so thuc duong théa man p, — 0 khi n — oo, va
(4) Mot day {f,} trong F sao cho day ham {p,” fu(zn+ pn€)} hoi tu cau
deu trén maoi tap con compact ctia C téi mot ham phan hinh khdc hang.

Chaing minh. Xem chi tiét trong [15]

Dinh nghia 1.2.6. Cho mot day {z,}°>°, cdc diém tréen D sao cho
ST(1 = |z0]?) hoi tu ( quy udc |z,|/z, = 1 v6i 2, = 0), tich Blaschke

n=1



vdi day {z,}°2, dugc zdac dinh bdi

Dinh nghia 1.2.7. Day {2,}°%, dugc goi la tach néu lﬁf p(zky 2n) > 0

va né dugc goi la tach déu néu inf T p(zk, 2,) > 0
)

Dinh nghia 1.2.8. Mot day vo han cic diém {z,}°, tren D dugc goi
la @- tdach néu ton tai § > 0 sao cho

p(zk, 20)(|20]) (1 = |20]) = 0

vdi moi s6 tu nhién phan biét k va n. Hon nita, néu ton tai § > 0 sao
cho

o(zal) (L = |z]) T (et 20) > 6

k#n
vdi moin € N, thi day {z,}°°, dudc goi la ¢ - tdach déu.
Dinh nghia 1.2.9. Mot day vo han cic diém {z,}°, tren D duoc goi

la @- tach manh néu

lim sup min p(zx, 20) ([ 20])(1 = |2a]) = oo.
n—oo

Hon nita, neu

lim sup (|2]) (1 = |2al) | ] £z, 20) = o0

n—o00 htn
thi day {z,}°°, duoc goi la ¢ - tach manh.

Dinh nghia 1.2.10. Mot déy {z,}°°, cic dieém trén D dugc goi noi suy
tren D néu vdi moi day b chan {w,}>%, ton tai mot ham gidi tich b
chan sao cho f(z,) = wy,n € N.

Dinh nghia 1.2.11. Tich Blaschke vdi day tach déu dudc goi la tich
Blaschke noi suy.



Dinh 1i 1.2.12. Néu day {z,} noi suy va B(z) = B(z,z,) la tich
Blaschke ciia day {z,} thi vdi méie > 0 ton tain > 0 sao cho |B(z)| > 1
vdi p(z,2,) > €,n=1,2,3, ...

Chaing minh. Xem chi tiét trong [7]

Pinh 1i 1.2.13. Néu f la ham phan hinh chuan tdc trén D thi ton tai
mot hang so ca(f) sao cho

(1= 2 () () (2) < ea(f)

vt mot z € D.
Ching minh. Xem chi tiét trong [17]

Dinh nghia 1.2.14. Gid st w,w’ € C— {0} vdi Im(:5) > 0 va tdp cdc
diém nw + mw';m,n = 0,+1,£2, ..., ¢6 thé dudc danh s6 nhu la mot
day wy, wy, wo, ..., Wy, .... Khi do, ham Weierstrass &2 duoc dinh nghia
nhu sau

1 1
P(z) = P(z,w,w) ——2—|—Z G w? —5].

0
w
k=1 k

Dinh i 1.2.15. Mot day {z,} la noi suy khi va chi khi ton tai mot hang

s6 duong & sao cho
[1¥G2) >0
k#n

vdi moin € N

Chitng minh. Xem chi tiét trong [8]



Chuong 2

e

Mot s6 tinh chat ham phan hinh
chuan tic

2.1 Ham phan hinh chuan tic trén dia don vi

Dinh nghia 2.1.1. Mot ham phan hinh [ trén dia don vi D duoc goi la
chuan tdic néu
[1f1]a = sup f7(2)(1 = |2]*) < o0 (2.1.1)

zeD

Lép tat ca cac ham chuan tic duge ki hieu 1a V.

Vi du 2.1.2. i) Cho ham f(z) = —;. Khi dé f(z) la ham phan hinh
chuan tic trén . Tuy nhién F(z) = f'(2) khong chuan tdc trén D.

i) Cho F = {nz,n =1,2,3....}. Khi dé moi f € F la mot ham chuan
tac tren D.

Dinh nghia 2.1.3. Mot ham phan hinh [ trén dia don vi D duoc goi la
chudn tdc manh, ki hieu f € N°, néu

lim f#(2)(1—]2*) =0

|z|—1

Sau day chiing toi trinh bay khai niém mé rong ham phan hinh chuan
tdc sang ham phan hinh ¢ - chuan téc

Dinh nghia 2.1.4. Mot ham tang ¢ : [0,1) — (0,00) dugc goi la tang
nhdn néu
o(r)(1—=7r) =00, 7—1" (2.1.2)
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V4
(|a+ \a|)D

(Ia\)

hoi tu déu tdi 1, khi |a| — 17 trén tap con compact ciia C.

Ra(z) =

(2.1.3)

Dinh nghia 2.1.5. Cho mdt ham tang nhan ¢, mot ham f € M(D)
dugc goi la ¢ - chuan tdc néu
f7(2)
|| f||are := sup < 00 (2.1.4)
w(]z])

zeD

Lop tat cd cac ham - chuan tac duoc ki hiéu la N¥. Hon nia, mot ham
f e N? duoc goi la p-chuan tic manh, ki hiéu f € NT, néu

fh(z) = olp(l2]), [zl =17 (2.1.5)

Cho ¢ la ham tang nhin, khong mat tinh tong quat, ta gia sit o(r)(1—
r) > 1, v6i moi r € [0,1). That vay, ©*(r) := ¢(r) + (1 — r)71) théa
man N¥ = N¥ va o*(r)(1 —r) > 1, véi moi r € [0,1). Dit ®,(2) :=
a+ z/(la]). Khi do gba( )) € D khi ¢(|a|)(1 —|a|) > 1, v6i moi a,z € D

va do d6 R.(z) = (‘a|) Plloal2)])

Bay gio ching toi dua ra hai vi du vé ham tang nhén.

dugce xac dinh.

Vi du 2.1.6. Gid st ¢ : [0,1) — (0,00) la ham tang sao cho (2.1.2)

théa man. Néu v := 1/ la khd vi va 101 trén [rg, 1) vdirg € (0,1) thi ¢

la tang nhan. That vay, cho K C C la compact va chon R > 0 sao cho

K C D(0, R). Khi dé, theo (2.1.2), ton tairg € (0,1) sao cho ¢4(2) € D,

vdi moi z € D(0, R) néu |a| € (rgr,1) va do dé Ru(z) dugc xdc dinh. Tu
1

(
Y la ham tang, khd vi va loi trén [rg, 1) vdi rg € (0,1), ta cé

¥(al) L
WP RE) S ST+ Ra) = T+ Re(al)

vdi moi a sao cho |a| > max{rg,ro}. Theo (2.1.2) ta cing cé ¢¥'(la]) = 0

khi la] — 1= bdi tinh chat loi. Do dé,

lim supsupR,(z) < 1.
|la[—1~ zeK

11



Twong tu ta chi ra rang

lim infsupR,(z) > 1

la|—1~ zeK
Vay (2.1.8) dugc théa man.

Nhan zét. Theo vi du (2.1.6), cac ham (1 — r) ™ a € (1,00) va
exp(1/(1 —r)) la ham tang nhan.

Vi du 2.1.7. Gid si ¢ : [0,1) — (0,00) la ham tang sao cho (2.1.2)
dugc théa man. Néu 1 = 1/ théa man dieu kién Lipschitz

Y(s) — ot
r<s<t<l s—1

vdi moir € (0,1) va néu~y, — 0" khir — 17 thi (2.1.8) dugc théa man.
That vay, ta co

__#(al) ‘<¢(|@|)—¢(\@|+¢(\@I)IZD
o(|da(2)])" d(lal)

vdi moi z € D(0, R).

11

< Vo,

2.2 Mot s tinh chat ham phan hinh chuan tic

Sau day ching toi trinh bay mot s6 tinh chat ham phan hinh chuan téc.

B6 dé 2.2.1. Cho K la mot s6 thuc duong va cho f la ham phan hinh
chudn tdc tren D. Khi dé vdi mdi s6 nguyén duong n, ton tai mot hdng
50 E,(f,K) sao cho

(L= )"/ ()] < Eulf, K)
vdi moi vdi moi z € D sao cho |f(2)] < K.

Chatng minh. Do f 14 ham phan hinh chuan tic nén ta c6

FHz) < alh)/ = [2?) < alf)/0 - |2))
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bat o = x(K,2K) va

A= mm{— o

2 201 (f) }

Néu zg € D sao cho | f(z)| < K, thi ta c¢6 |z — 29| < A(1 — |20]). Suy ra

x(f(z),f(zo))S/Lf#(z)\dzy <o

& day L 1a doan thang ndi z va 2.
Tt |2 — 2] < A(1 — |2]) kéo theo |f(20)| < 2K. Sit dung bat dang thiic
Cauchy cho dao ham ta dugc
2Kn!
A1 — |z|)

[F™(z0)] <

v6i mdi s6 nguyen duong n. Do d6
EL(f, 1) = 2Knl(2/A)"
va
(1= 2" )] <21 = |2)" | (2)] < Eu(f, K),
voi | f(20)] < K.

Bo6 dé 2.2.2. Vdi méi s6 nguyén duong n > 2 va moi ham phan hinh f
tréen D, ta co

T Dy < 7 1
v ><>sl+|fz\zﬂmax{z e

J=0

vdi moi z € .

Chiing minh. V6i moi z € D,

i) < T OG0 H el

ATH OGP 1+ If AP L1 1+ [f0

J=0

Véi méi s6 thuyc duong x ta co




Do do,

T ONTR FARC !
[T )()§1+|fz\2HmaX{2 7O

Pinh 1i 2.2.3. Gid st f la ham phan hinh chuan tdc trén D. Khi dé vdi
moi n nguyén duong, ton tai mot hing s6 c,(f) sao cho

(1—1z%) H ca(f)

vdr mot z € D.

Chatng minh. Cho K = 1 trong bo dé 2.2.1, khi d6 theo bo dé 2.2.2,
ta co

n—1

(1= =" | (FF(2) < (1= 2P f ™ (2)] < Ealf, 1),

<
|
o

vz € Dva|f(z)| < 1. Do do, chiing ta chi can xét truong hop |f(2)| > 1
Dat g(z) = 1/f(z). Khi d6 ¢ 14 ham phan hinh chuan tic, nén f#(2) =
g™ (z) va |g(2)] < 1 v6i moi z ma |f(z)] > 1.

Dao ham hai vé phuong trinh f(2)g(z) = 1 n lan, ta dugc

z”: CrfM(2)g" P (z) =0
k=0
va vi vay,
n—1
[P(2)g(2) = =Y CrfP(2)g" M (z)
k=0
Do g(2) = 1/f(z) nén

()] < 3 CHA(2) B (2)g" 0 2)]

Nhan hai vé bat déng thic trén véi biéu thic
(1- \ )"
(14 1£(2)P) [T)=) max{2, [fO(2)[}
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St dung bd dé 2.2.1 ta dugc

‘f(n)( S ‘Z|2)n S CF1a(=F) (5 B PRAVE
(14 £(2)?) [T}=; max{2, | fO)(z)[} = ; nlg" V(I =121

IA

n—1
k=0

Do d6, néu
Cn (f) maX{E fv ZCkEn k ga

thi tir bo dé 2.2.1 va 2.2.2 ta ¢b

n—1

1_Z| nH < ca(f)

Jj=0

v6Ol moi z € D.

Nhan xét. Mot cau hoi duge Peter Lappan dit ra trong bai béo [13]
la 7 C6 ton tai mot ham phan hinh chuan tic f trén D sao cho day
{c,(f)} khong bi chan, ¢ day {c,(f)} 14 day céc hang s6 trong dinh ly
2.2.37 "

Cau tra 1oi 1a c6. Va chiing toi trinh bay trong vi du sau day.

Vi du 2.2.4. Cho {n;} la day s6 nguyén dugc zdac dinh nhu sau: ny = 2
va vé k > 1 thi ny, bang so6 nguyén dau tién lon hon ny_q sao cho

| kol |

I o T
(log g )" jli[ (logn;)m
Cho f(z) =37 ,a 0 a”, trong dé a, = (n!)™' néun # ny vdi k bat ki va
= (logn)™"

ra f(z) va moi dao ham cia né la ham gidi tich bi chan, do dé ching

néun = ny. Do limsup |a,|"/™ = 0 nén f(z) nguyén, suy
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chuan tic tren .
Vi n = ny du lon, ta co

nE—1 nE—1
(NVE() ) |/
[T 1+\f QHHV
nk 1
- H B
_ |f(”’“)(0)\ 1
T T )0 0]
nE—1

n! 1 (logmn;)™
= — ] == >,
(log my )™ 2mk 31:[1 (n;)! "

do do no phan ki khi n — oo.

Sau day ching t6i trinh bay md rong ctia dao ham cau ciia ham
[ e M(D):
Cho f 13 ham phan hinh trén dia don vi D va mot s6 nguyén duong n
thi biéu thric
f"(2)]
L+ |f(z)+!

13 st md rong dao ham cau cia f.

(2.2.1)

Dinh 1y sau day chitng té biéu thitc (2.2.1) 14 c¢6 nghia v6i ham chuan
tac.

Pinh Ii 2.2.5. Néu f la ham phan hinh chudn tdic trén D thy vdi moi
s6 nguyén duong n, ton tai mot hang so P,(f) sao cho

S = [=P)"
L+ [f(z)+!

< Pu(f)

Ching minh. Dinh 1y ding v6i n = 1.
Ta di chiing minh dinh Ii ding v6i n > 1. Gia st dinh 1i ding v6i moi
k < n. Theo Bo dé 2.2.1, ta c6

PO B _ o e
1+ [f(z)]" < ) = [29)" < Eu(f,1)
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v6i |f(z)] < 1. Cho g(z) = 1/f(2). Khi d6|g(2)] < 1v6i |f(2)] > 1, va g
13 mot ham phan hinh chuan tic. Gia sit |f(2)| > 1, khi d6 lay dao ham
hai vé phuong trinh f(2)g(z) = 1 n lan va dugc

(@) <3 CHFE) P ()" ()
k=0

Vi thé, cho n > 1 va Py(f), ta duge

S = [=P)"
L+ [f(z)]+!

IA

! 1+ [f(2)[F! L+ [f(z)["*
n—1 P > k+2
< S etnon oY
Ap dung bat déng thic +—$n+1 <2v6ix>1,taco
' 1+ ant! ’
FEHFRI
L+ [f()[*+ —

v6i 0 <k <n-—1va f(z) > 1. Do dé ta c6

LFO ()|~ |2]) Z

L S 2
véi f(2) > 1.
Dinh I 2.2.6. Cho f € M(D). Khi do
i) Néu f € N va f(0) #0, thi
" 1 r _
i) Néu f € NV va f(0) # 0 th
" 1 r B
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Chaing minh. 1) Dinh 1i Fubini chi ra rang dac trung Ahlfors-Shimizu
clia f € M(D) c6 thé duge biéu dién

T )= | | E) o A (2.2.4)

T z|

Néu f € N thi
" 1 r
T <2 2 ———log—d
O(Taf)— HfHN/O (1—’8‘2)2 Ogs S,

va theo dinh 1i Ahlfors-Shimizu, ta c6

1+[£(0)
|£(0)]

N(r, f) < To(r, ) + log (2.2.5)

Do d6 (2.2.6) dugc chitng minh.
ii) Néu f € N thi, cho ¢ > 0, ton tai r. € (0,1) sao cho f#(z) <
e(1 — |2]?), v6i moi |z| > r.. Khi d6, ta co
To(r, ) < 2| f13 /Tg;lo ids—l—252/r;lo ds
RO f s s o (T=TsPP %5

Do [y 7z log Eds 1a phan ki nén theo (2.2.9) ta duge (2.2.7).

Sau day chung toi trinh bay mé rong dinh 1y 2.2.6 cho ham phan hinh

¢ - chuan téc.
Dinh 1i 2.2.7. Cho ¢ : [0,1) — (0,1) la ham tang nhan va cho f €
M(D). Khi dé
i) Néu f € N¥ va f(0) # 0, thi
N(r, f) = O / (p(5))?Tog ds): r — 1- (2.2.6)
0 S
ii) Néu f € N¥ va £(0) # 0 thi

N(r, f) = 0(/(: (¢(s5))” log gds);r — 1" (2.2.7)
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Chaing minh. 1) Dinh 1i Fubini chi ra rang dac trung Ahlfors-Shimizu
clia f € M(D) c6 thé duge biéu dién

To(r, f) =+ /D IACIRTZE (228)

T z|

Néu f € N¥ thi
" r
T 1) < 21 [ () 1og s,
0

va theo dinh 1i Ahlfors-Shimizu, ta c6

1+ [f(0)P
[£(0)]

N(r, f) < To(r, f) + log (2.2.9)

Do d6 (2.2.6) dugc chitng minh.
ii) Néu f € Ny thi, choe > 0, ton tai 7. € (0,1) sao cho f#(2) < ep(]2]),
v6i moi |z| > r.. Khi do, ta ¢

T ) < 2001 | (o) hog s 22 [ ()7 hog s

Do fol(gp(s))Qlog ds la phan ki v6i bat ki ham ¢ tdng nhan nén theo
(2.2.9) ta duge (2.2.7).

Dinh Iy 2.2.8 sau day la sy phét trién ciia dinh 1y 1.2.5 cho ham phan
hinh ¢ - chuan tic va ¢ - chuan tic manh.

Dinh li 2.2.8. Gid st : [0,1) — (0,00) la ham tang nhan , —1 < § < 1
va f e M(D). Khi do

i) f & N¥ khi va chi khi ton tai

(1) Mot day z, cdic diém trén D,

(2) Mot day p, cdc so thuc duong,

(3) Mot day o, cdc so thuc duong théa man o, — 0, khi n — oo, va
(4) Mot hang s6 ¢ > 0 théa man ©(|z.])pn < cop, véi moin € N :=
1,2, ... sao cho day ham {0, f(z, + pu€)} hoi tu cau déu trén maoi tap
con compact cia C tdi mot ham phan hinh khdc hang.

i) Hon nita, f ¢ N§ khi va chi khi ton tai
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(1’) Mot hang so duong R,

(2°) Mot day z, cdic diém trén D théa man |z,| — 17 khin — oo, va
(3°) Mot day p, cdc so thic duong théa man p,e(|z,)| < 1/R sao cho
day ham {f(z, + pn€)} hoi tu cau déu trén moi tap con compact cia
D(0, R) téi mot ham phan hinh khdc hdng.

Chiing minh. 1) Gia st f ¢ N?. Khi d6 ton tai mot day {a,,} théa man

|am| — 17 khi m — oo, sao cho ho F := {f,,(&) := f(am + &/e(lan|)) :
m € N} 1a khong chuan téc trén D.
Theo dinh 1{ 1.2.5, vé6i 8 € (1,—1) bat ki, ton tai tap compact K C D,
mot day {z,} C K, mot day {0, } C (0, 00) théa man o,, — 0 khin — oo,
va mot day {f,} C F sao cho day ham {g,(&) := 0,,° fu(2n + 0,€)} hoi
tu cau déu trén moi tap con compact ctia C t6i mot ham phan hinh khéc
hang. Ki hieu w, := a, + 2,/¢(|a,])), ta o

gn(g) - U;ﬁf(an + M

o))

= f(wn +

Dé chiitng minh ménh dé i), ta can tim mot hing sé duong ¢ sao cho
pn = 0n/@(|ay,]) thoa man ¢(|w,|)p, < cop, v6i moi n di 16n. That vay,
ki hiew: ¢ = 1/¢. Khi d6

olwal) _ Plenl + FRp) _ (lan)) < 1

p(lanl) (|an!) = Yllan] + [zl (an])) T 1+ ¢ (lan]) ]zl

Suy ra o(|w,|)pn < 20, v6i moi n da 16n.

Bay gio, gia st g,(€) = 0,7 (2, + pp€) hoi tu cau déu trén mdi tap con
compact ctia C t6i ham khéac hing ¢ € M(D). Chon & € C sao cho
g7 (&) # 0 va gid sit phan ching rang f € N¥. Khi d6, v6i n di 16n, ta

co

0_7 pn‘f,(zn + pn60)|
1+ 00| f (20 + puo)|2 ~

< Co, P pup(|z + puol) < Cea,

< o, P, f# (2 + pu&o)

1152 zn + pnéol)
@(|2al)

g7 (&) =

< Ceol™ 5P 2n] +Pn|50|).
- ©([znl)
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Ta co

plzal +pal&l) _ — ¥(zl) b(lzal)
([ 2nl) (|2l +1pn\§o\) — U(lzal) + ¢ (l2n]) pnléol

< , N — 00
1+ (2] )con|ol

Suy ra ¢g” (&) = 0. Diéu nay mau thuan. Vay f ¢ N%.
ii) Gia st f khong phai 14 mot ham chuan tic manh. Khi d6, ton tai
mot hdng s6 ¢ > 0 va mot day {z:} C D vdi || — 1 sao cho
/7 (z)
v (123])

>c; n=1,2,.. (2.2.10)

Néu f khong phai 14 mot ham chuan téc, thi theo ménh dé i) véi 8 =0
ta dudc diéu phai ching minh. Bay gio ta gid st rang f 1a mot ham
chuan tac va |2}| > 1/2,¥n € N.
2|27 23]
Cho r, = VAT, = =
Tolsml " 2z
1Lvar, — 1,7, —1khin— oco. T do, ta co
2l a3l )

oL+l 2=l A+l 215D

_ 1
;nEN.Kh1dé,§<r;<\sz|<rn<

,r.n_,r'

va . .
1—rn:ﬂ.
1+ |z7]
Do do6
3lzx (1 —|zr 3|z (1 — |22

O )
Chon {z,} C D sao cho

2] 1/2 2\ 12
M, = max < — —> (1 — —”) 7 (2)
! <|z|<r, n ‘Z|

B 2] 1/2 r 1/2 .
‘(‘E) (‘W) f* ()

21
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Tu r, < |2 < r, va két hop véi (2.2.10), ta co
/ 1/2
M, > (1 L ‘) (1 - T—”) I* (z)
Tn |2
LN 1/2 £\ 1/2
_ (11— = / L L-l=) / () (2.2.13)
2 2 — |z "

1
> (1=l f* () 2 5 > 0.

Vi vay, 1, < |z,| < ry, va |z,| — 1 khi n — oco. Tu (2.2.12) va (2.2.13)
ta c6 f7 (z,) — oo khi n — oco. Dt

N AR A S SR S
Pr =" " NV ACH)

Thi p, — 0. Tt (2.2.11) ta ¢6

1
L=z >1 =1, > 3 (rn—71) > =(lzal = 7)), neN.  (22.14)

Wl

Do 1 — |z > 7 —
(2.2.14), ta c6

1 1
Pn 1 EAW o\ 2
Prp(|2nl) < ( ——) (1—
1 - |Zn| (1 - |Zn|) M, T'n ‘Zn|
1
(70 — [20])? (J20] —17,)

|zn| V& 1/3 < 7], < |2n| < 7y, nén tur (2.2.13) va

My, (rn — |2al)? (§ (|2n| — 7,7/1))2 T | 202
o v3 V3 1
Mnﬁl/2|2n\l/2 -~ ¢ R
(2.2.15)
Vi vay, cac ham g, (§) =

f (zn + pn€) duoce xac dinh véi |€ < R|. Bay gio

(€
ta chi ra rang {g (&)} 1a bi chan déu trén |¢] < R’ < R, R tuy y. Tu
)

|| fl|are = sup (|(ZD < oo va €| < R < R, két hop (2.2.15) va bdi tinh
zeD 90 <
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don diéu cua ¢ ta co
97 (&) = puf™ (2 + pu€) < || flInepne(|20 + puk])

1 p(12n] + Pn )
< I fllarepne(lznl + pulél) < S laee
R (]2n])

1 Wzl 1 B(12)
= ST o) = BV WS T v

1 1

1
< — v < — .
< w T <

Theo tiéu chuan Marty, {g, (£)} 14 mot ho chuan tic trén |€] < R. Do

d6 ton tai mot ham phan hinh g (€) trén |¢] < R sao cho g, (§) — g (€)

hoi tu déu dia phuong tren || < R. Tu g7 (0) = pp, [ (2,) = 1,9 ()

khac hang.

Nguge lai, gid st rang g, () = [ (zn+ pp€) — ¢ (&) hoi tu déu dia

phuong tren || < R, 6 d6 ¢ (£) 1a mot ham phan hinh khac hang va

|zn| = 1 v6i pre(|zn]) < 1/R v6i moi n € N. Chon &, || < R, gia st

rang g% (&) > 0.

Gia st phan chiing ring f 13 mot ham chuan tic manh, khi dé

a5 (&0) = paf™ (20 + pu&o)
f# (Zn + pnfO)
= pnp(lzn + pn§0|)90 (LG o)
f (Zn + pn€0)

< pngp(‘zn‘ + pn’&OD@ (lzn + pn&)‘)

L (|2a] + pulol) £ (20 + puo)

p(lznl) @z + pnol)
)
)

IA

— |~ =

¢(|Zn‘) f# (Zn+,0nfo
S0zl + pul&oD) @ (on T puol
- 1 f# (Zn+,0nfo) =
S BT 0 (alonR e (o o) = R Qo puo)

Suy ra g% (&) = 0. Diéu nay mau thuin véi gia sit g7 (&) > 0. Dinh li
dugc ching minh

1 f# (Zn + ,Onfo)

Dinh i 2.2.9. Cho E la tap bat ki gom nam so phic h@u han hodc vo
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han. Néu f la mot ham phan hinh trén D sao cho
sup{(1 — =) f#(2) : = € F(B)} < oo
thy f la mot ham chudn tdc.

Chiing minh. Dinh 1y tuong duong véi ménh dé sau: Néu f khong 1a
ham chuan tic thi véi mdi s6 phiic A, v6i it nhat bon ngoai lé,

sup{(1 - [2?)J#(2) : 2 € [ (W)} = oc!

Ta sé chting minh ménh dé tuong duong nay.

Gia st f 1a ham phan hinh trén D sao cho f ¢ N. Theo dinh i 2.2.8
ménh deé i) v6i = 0, ton tai day {z,}°°, tréen D va day céc sd thuc
duong p,,, théoa méan p,/(1 — |z,]) — 0 khi n — oo va ham phan hinh
khac hdng ¢ trén mat phtic mé rong sao cho day ham {g,} hoi tu déu
t6i g, v6i gn(t) = f(z, + put) v6i mdi s6 nguyén duong n. Cho A 13 mot
s6 phiic bat ki, hitu han hoac vo han, dé phuong trinh g(t) = A c6 mot
nghiém ¢, khong phai 1a nghiem kép, tiic 1a g7 (ty) # 0. Theo dinh li
Hurwitz, trén mdi lan can cta ¢y tat ca trit mot so6 hitu han cdc ham
gn €O gia tri A. Do dé ton tai mot day cac diém ¢, sao cho t, — ty va
gn(tn) = A v6i n du lén. Mat khac, do {g,} hoi tu déu t6i g nén ta c6
g#(tn) — g#(tO)- bat s, = z, + puty, ta co g#(tn) - pnf#(sn) deé

1 — [sy]
F(sn) (1 = |sul) = g7 (ta) p
1 — 20| 1 = |5n|
o n n
pn 11— |Zn|
. 1 — |z 1 — || A
Cho n — 0o, ta c6 gif (t,) — g* (to), — 00, =m0 — 1, do vay
Pn — [%n

F#(s0)(1 = |sn]) = o0, hay f#(s,)(1 — |s,]*) = o0
Bay gio ta chiing minh réng néu phuong trinh g(¢) = A ¢c6 mot nghiém
ma khong phai nghiém boi thi
sup{(1 — |2[")f#(2) : z € f7H(N)} = o0.
Tuy nhién c6 thé c6 nhiéu nhat bon gia tri A ma tat ca cac nghiem cla

phuong trinh g(t) = A la nghiém boi (xem trang 231, [10]). Do vay dinh
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Iy duge ching minh.

Sau day ching toi chi ra rang dinh 1y 2.2.9 khong ding néu ta thay
gia thiét tap hop E gom nam diém v6i mot tap chi chita bén diém.

Dinh Ii 2.2.10. Ton tai mot ham phan hinh khong chuan tdic trén D va
mot tip F bao gom bon diem sao cho f#(z) =0 vdi méi z € f~1(F).

Chiing minh.Cho p 1a mot s6 thuye duong va ¢ 1a mot s6 phiic véi phan
ao duong. Cho & ham Weierstrass v6i chu ki nguyén thiy p va ¢. Cho
H 1a ntta trén clia mit phang, va

er = P(p/2)ie2 = P(q/2);e3 = Z((p+q)/2).

Phuong trinh &2(z) = A chi ¢6 nghiém baoi v6i A € {ey, €2, €3,00}, (xem
chuong 13, [10]). Do vay, 2% (z) = 0 v6i P(z) € {ey, e, e3,00}. Cho
g(z) =i(1+2)(1 —2) va f(z) = P(g(z)) v6i z € D.

Do ham ¢ la 4nh xa tit dia don vi D len H, v6i g(1) = oo, nén ta c6 the
chon mot day cac s6 thuc duong {x,} v6i 0 < z, < 1 va x,, — 1 sao cho
{Z(g(x,))} bi chan va day {2 (g(x,))} bi chin gitta 0 va oo. Khi doé
P%(g(x,)) bi chan va

(1= fanl®) f# (20) = 22(g(20)) (1 + |2a]) /(1 = |2a]) — 00

khin — oco. Do d6 f 1a ham khong chuan tac. Nhung f#(2) = 2% (g(z)) =
0 v6i f(z) € {e1, ea,e3,00}. Cho tap F' = {eq, s, €3,00} thi dinh 1y duge
chiing minh.

Sau day ching toi chi ra rang dinh 1y 2.2.9 khong ding néu ta thay
gia thiét tap hop E gom nam diém v6i mot tap chi chita ba diém.

Dinh 1i 2.2.11. Cho E la tap bat ki gom ba so phic. Khi dé ton tai ham
phan hinh khong chuan tdc g trén D sao cho g (2) = 0 vdi g(z) € E.

Chiing minh. Cho f la ham dugc st dung trong dinh 1y 2.2.10, cho
E = {a,b,c} va L(z) la phép bién ddi tuyén tinh sao cho L(e;) =
a,L(ey) = b, L(e3) = c. Khi d6 ¢g(z) = L(f(2)) la ham khong chuan téc,
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nhung g7 (z) = L7 (f(2))[f'(2)| = 0 v6i f(z) € {e1, ez, €3} va g(2) € E.
Mit khac g7 (2) = 0 véi g(2) € {a,b,c, L(co)}. Do vay chiing ta chi can
chi ra ring E la tap bat ki bao gom ba diém thi c6 mot tap £’ chia E
sao cho dinh 1y 2.2.9 khong ding vé6i tap E’. Bing cach chon diém tht
tu nay bat budc 1a cac gia tri ey, eo, e3 clia ham Weierstrass &2 va ching
phai théa man dicu kién e; + ey + e3 = 0. Theo dinh 1y 2.2.10 thi dinh
Iy duge chting minh.

Sau day chiung t6i xay dyng mot tinh chat tuong tu dinh 1y 2.2.9 mé
rong cho ham phan hinh ¢ - chuan tic va ham phan hinh ¢ - chuan téc
manh .

Dinh li 2.2.12. Gid st ¢ : [0,1) — (0,00) la ham tdng nhan va f €
M(D). Khi dé

i) f € N¥ khi va chi khi ton tai mot tap E gom nam gid tri phan biét
tren C := C U {oo} sao cho

sup{f*(2)/¢(|2]) : 2 €D, f(2) € E} < 00

i) f € Ny khi va chi khi ton tai mot tap £ gom nam gid tri phan biét
tren C vdi cdc tao anh sao cho
R CTEE R

Chatng minh.i) Diéu kién can ctia ménh dé dugce suy ra tit dinh nghia
ham - chuan tic.

Dicu kien du ctia ménh dé i) tuong duong v6i ménh dé sau: Néu f
khong 13 ham ¢-chuan tac thi véi mdi s6 phic ), véi it nhat bon ngoai
l¢,

sup{f*(2)/¢(|2]) : 2 € FTH(N)} = 0.
Ta sé chting minh ménh dé tuong duong nay.

Gia st f 1a ham phan hinh trén D sao cho f ¢ N'?. Theo dinh 1i 2.2.8
ménh deé i) véi = 0, ton tai day {z,}°°, tréen D va day céc sd thuc
duong p,, day cac s6 thyc duong o, théa man o, — 0 khi n — oo, mot
hang s6 ¢ > 0 thoa man ¢(|z,|)pn < cop, va ham phan hinh khéac hang
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g trén mat phtic md rong sao cho day ham {g,} hoi tu déu tdi g, voi
gn = f(2n + pat) v6i mdi s6 nguyen duong n. Cho A 1a mot s6 phitc bat
ki, hitu han hodc vo han, dé phuong trinh g(t) = X ¢6 mot nghiem ¢
khong phai 1a nghiém kép, titc 1a g (ty) # 0. Theo dinh i Hurwitz, trén
moi 1an can cua ty tat cd trit mot s6 hitu han cac ham g, c6 gia tri \.
Do d6 ton tai mot day cac diém ¢, sao cho t, — to va gu(t,) = X v6i n
du 16n. Mat khac, do {g,} hoi tu déu t6i g nén ta cé g (t,) — g7 (to).
Dit s, = 2, + putn, ta 6 gff (t,) = puf?(s,) dé

ffsn) _ gn(ta) _ gi(ta)  @(zl)
o(lsnl)  pue(lsnl)  pne(lzal) (|20 + patal)
~ gi(ta) ¥(|za + patal)
~opae(zal)  0(z))

U(|2n + putal)

Cho n — oo, ta ¢ g7 (t,) — g7 (to), pu(|za]) — 0

f#(sn)
©(|snl)

Bay gio ta chiing minh rang néu phuong trinh g(¢) = A ¢6 mot nghiém

— 1,

do vay — 00

ma khong phai nghiém kép thi
sup{f#(2)/p(2]) 1 2 € [N} = 0.

Tuy nhién c6 thé c6 nhiéu nhat bon gia tri A ma tat ca cac nghiem cla
phuong trinh g(¢) = A 1a nghiém kép. Do vay ménh dé i) duge ching
minh.
ii) Diéu kién can ctia ménh dé dugc suy ra tit dinh nghia ham - chuan
tac manh.

Diéu kién dt ctia ménh dé tuong duong v6i ménh dé sau: Néu f khong
13 ham p—chuan tic manh thi v6i mdi s6 phiic A, v6i it nhat bén ngoai
le, ton tai hing sb ¢ sao cho

G el = e >0

Ta sé ching minh ménh dé tuong duong nay.

Gia st f 1a ham phan hinh trén D sao cho f ¢ N . Theo dinh 1i 2.2.8
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ménh dé ii) ton tai day {z,}°2, trén D, |z,| — 1~ khi n — oo va day céc
s0 thuc duong p,,, mot hang s6 R > 0 théa méan ¢(|z,])p, < 1/R va ham
phan hinh khac hang g trén méat phiic mé rong sao cho day ham {g,}
hoi tu déu t6i g, v6i g, = f(z, + put) v6i mdi 86 nguyén duong n. Cho A
13 mot s6 phiic bat ki, hitu han ho#c vo han, dé phuong trinh g(¢) = A
c6 mot nghiém ¢, khong phai 1a nghiem kép, tiic 1a g7 (¢y) # 0. Theo
dinh 1i Hurwitz, trén mdi lan can cla ty tat cd trit mot s6 hitu han cac
ham g, c6 gia tri . Do d6 ton tai mot day cac diém ¢, sao cho t, — tg
va gn(t,) = A v6i n di 16n. Mit khac, do {g,} hoi tu déu t6i g nén ta co
9n (tn) — g#(tO)- Dat s, = 2, + putn, ta c6 gj (tn) — pnf#(sn) de

fsn) _ gn(ta) _ gi(ta)  @(zl)

o(lsnl)  pae([sn]) Pn@(’ZnD@(‘Zn"‘pntnD
9In ( n) (|20 + putnl)
(

U(|2n + putal)

Cho n — 00, ta ¢6 g7 (tn) — g7 (to), patp(l2al) < 1/R,

f#(sn)
©(|snl)

Bay gio ta chiing minh rang néu phuong trinh g(¢) = A ¢6 mot nghiém

1, do vay —cC

ma khong phai nghiém kép thi

lim  fF(2)/e(]2]) =

|z|=1-,f(2)eE

Tuy nhién c6 thé c6 nhidu nhat bén gia tri A ma tat ca cac nghiém cla
phuong trinh g(¢#) = A 1a nghiém kép. Do vay ménh dé ii) dugc ching
minh.

Hé qua 2.2.13. Gid st ¢ : [0,1) — (0,00) la ham tang nhan va [ €

M(D). Khi dé

i) f € N¥ khi va chi khi ton tai R > 0 va Mg > 0 sao cho
sup{f'(2)/(|2]) : |f(2)] < R} < Mg

i) f € Ny khi va chi khi ton tai R > 0 sao cho

im = |f(2)/e(l2) =

2|=17,17(2)
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Chitng minh. 1) Gia st f € M(D) va R > 0. Néu sup{f'(2)/¢(]z|) :
|f(2)] < R} < oo thi dinh ly 2.2.12 suy ra f € N¥. Ngudc lai, néu
feN? thi

'(z (2
sup TNy 14y D

< (1+ Bl
sei<r U2 pe)<r o(|2|)

ii) Gia stt f € M(D) va R > 0. Néu lim 11 (2)/e(]z])| = 0 thi
|z| =17 f(2)|<R

dinh 1y 2.2.12 suy ra f € Ny. Ngugc lai, néu f € Ny thi

JHO I F#(2)

=17 F () <k ©(|2]) =1 f)I<R e(]z])
=0.

(L+1£(=)F)

RT f#(z)
< (R Tim S0

Dinh li 2.2.14. Gid st {z,}2°, va {w,}22, la hai day noi suy roi nhau
trenD. Khi dé By /By la chudn tdc tren D khi va chi khi {2, ,U{w, }°2,

la noi suy.
Chiing minh. Gia sit By /B, 1a chuan tic trén D . Khi d6
f#(2) < Cldz|/(1 = |2)
véi |z| < 1 va C 1a hang s6 duong. Chon z = 2, ta ¢6

|Ba(20)| = (1/C)] By (z)[(1 = |2]?)

Ma .
|zi| 1— 22 —2, 2 — Zn
. Bl Z) = . = = Z
—2p Z— 2 =) n_g# 20| 1 — 2,2 1;[( )
Khi do

Bi(z) = 1 ()

B ‘Zk| 11— Z_kZ.
J
Theo dinh 1f 1.2.15 ta ¢6 | [[,(¢)| > & > 0. Do do

liminf |By(z)| > (1/C)0 > 0
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Vay {z,}°2; U{w,}>2, 1a noi suy. Ngugc lai, ta ¢6 {z,}°2, U{w,}>2, la
noi suy. Gia stt B1/Bs ¢ N. Khi d6 tap hop céac s6 thoa man

F' (=[P +1f(2))
khong bi chin, nén phéi ton tai mot day {z} trén D sao cho
|Bi(z1)]* + |Ba(zr) [P — 0

khi & — oo. Theo dinh 1{ 1.2.12, phai ton tai day con clia {z,}°°, va
{w, }22 | tuong tng la ay, va By, sao cho ¥ (zy, , ax,) = 0va(zj,, Bik,) —
0. Do d6 ¢ (i, Bjr,) — 0. Diéu nay mau thudn véi gia thiét. vay
Bl/BQ eN.

Dinh 1i sau day la tong quat ctia dinh 1i 2.2.14 cho ham phan hinh ¢
- chuan tic va ¢ - chuan tic manh.

Dinh i 2.2.15. Gia st By va By la tich Blaschke noi suy vt hai day
roi nhau {z,}°2, va {w,}>2, va ¢ : [0,1) = (0,00) la ham tang nhan.
Khi do

i) Cdc ménh dé sau tuong duong:

(1) By/By € N¥;

(2) {zn}nzy Udwn}Z, la p-tach;

(3) {2,352, U{w, }22, la p-tach déu.

i) Cdc ménh dé sau tuong duong:

(1) B1/By € Ny ;

(2) {zn}50, U{w,}22, la p-tach manh;

(3) {2,320, U{w,}22, la p-tdach déu manh.

Ching minh. 1) Néu By /By € N¥ thi ton tai C' > 0 sao cho

<&># (o) = [BUEBe) = Bu(2)Bi(2)
B, B+ B()P

v6i moi z € D. Chon z = z,, ta dudc Bi(z,) < C|Ba(z,)|e(|zn]). Ta c6

< Co(|z]) (2.2.16)

* .z 12 _9 —
Bi(z)zZ'ZJ‘ i H‘Z’“‘ S (2.2.17)

2 1—7Z; zr 1 — Zrz
j=1 Ikt F g
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/
‘Bl(zn 1 _ |Zn‘2 Hp Zk-,Zn

Tu (2.2.17) va {2,}°2, 1a tach deu, ton tai & > 0 sao cho

H p(we, 2n) H P(2k, 2n) = | Ba(2)] H P(2k, 2n)
k=1

k#n k#n

(T pler.2) -

ozl @ — o) = Uzl = [P

véi moi 2z € N. Do tinh déi xitng nén {z,}°°, U {w,}>°, 1a p-tach déu
va do d6 né la ¢-tach. Vay ta da chitng minh duge (1) suy ra (3) va (3)
suy ra (2).

Dé chitng minh (2) suy ra (1), ta gia st phan ching ring By /By ¢ N¥.
Cho {ax}, 1a mot day diém trén D sao cho (2.1.4) khong thod méan.
Tit dang thiic trong (2.2.16) va B dé Schwarz-Pick, ta c6

<B1> (2) < 1 N 1
R Z ~
By [B1(2)|(1 = [2) * [Ba(2)[(1 = [2]?)
v6i moi z € D. Do d6, bang céch chon day con néu can thiét, ta c6
1B (ar)|o(|lar]) (1 = |ax*) = 0, &k — oo (2.2.18)

v6i hodc ¢ = 1 hoac ¢ = 2. Thuyc té ta ¢6 (2.2.18) chay theo hai chi s6.
That vay, néu n6 thda man véi ¢ = 1 va néu giéi han dudi bang v > 0
v6i i = 2, thi |By(ay)|/|Ba(ar)| = o(1) khi k — oo. Suy ra

(%># ) = [T (O B

— 90(|;Lk|)(1 +0(1)), k— oo.

Diéu nay mau thuin véi gid st ban dau ctia day {ax}32,, do vay (2.2.18)
phai thoéa man vdéi hai chi s6. Bang cach lay day con néu can thiét, ti
(2.2.18) va dinh 1i 1.2.12 ta c¢6 p(2,, a,) va p(wy,, a,) tién dan vé 0 khi
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n — o0o. Do day {z,}°°, la tach déu, theo bat dang thiic tam gidc va bd
dé Schwarz - Pick ta c¢6

Zk — Zp
5§Hp(2kazn)=P Hl——z_kzn’o
k#n k#n

(I T ) T <o+ Tl

k#n k<n k#n
v6i moi z € D; dac biét
|Bi(an)| = p(2n, an)(0 — p(2n, an)).

Do d6 |Bi(a,)| > p(zn,an)0/2 v6i moi n du 16n. Diéu nay két hop véi
(2.2.18) ta dugc

p(zn, an)o(|an)) (1 = |an]?) = 0, n — oo (2.2.19)
Tuong ty ta co
p(zn, wn)e(lan) (1 = |a,[?) = 0, n — oo (2.2.20)

T p(an, z,) — 0 khi n — oo, ta cd

1 - ‘an|2

Néu |z,| < |an|, thi ©(|a,]) > ¢(|z,]) do su don diéu ctia ham ¢. Néu

1(2.2.19) suy ra |z, — a,| < 1/¢(|ay,]) v6i moi n di 16n, va
két hop véi (2.1.3) ta duge

p(lanl)/o(lzn]) = 1 (2.2.22)
khi n — co. Két hop (2.2.20),(2.2.21),(2.2.22), ta dugc
p(zn wa)o(|2a]) (1 = |20]*) = 0, 1 — o0

va do do {z,}7°, U{w,}>2, khong la ¢-tach. Vay (2) suy (1).
ii) Néu B;/Bs € N7 thi tuong tu nhu trén thay C béi o(1) khi n — oo,
ta duge {z,}°°, U{w,}°°, 1a p-tach déu manh va do d6 né la ¢ tach
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manh.

Dé chiing minh (2) suy ra (1°), gid sit phan ching rang B;/By ¢ Ny .
Cho {ax}32, 1a mot day diém trén D sao cho (2.1.5) khong thod méan.
Ly ludn tuong ty nhu trong i) ta duge

lim [ Bi(a) (a1~ o) € (0i0), i=L12  (2223)
Hon nita, bang cach chon ddy con néu can thiét, ta thu dugc
nh_{go P(Zn; wn)o(|2n]) (1 — ‘Zn|2) < 005

do d6 {z,}>2; U{w,}°°; khong la p-tach manh. Vay (27) suy (17).
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Két luan - Kién nghi

Két qua da dat dudc
1. Dé tai da dua ra vi du minh hoa cho cau héi ctia bai bao [13] .

2. Dé tai da chiing minh mot két qua cho ham ¢ - chuan téc, va ham
¢ - chuan tic manh. Cu thé 1a dinh Ii 2.2.12, dinh 1i 2.2.8 ii)

3. Dé tai da md rong két qua cho ham phan hinh ¢- chuan tic manh
f e N{. Cu thé 1a he quai 2.2.13

Huéng phat trién ciia dé tai
- Nhu ta da biét, anh xa phan hinh 1 khai niém md rong ciia ham phan
hinh, ham phan hinh lai 1a khai niém md rong ctia ham chinh hinh trong
mon giai tich phitc. Mot van dé cling kha duge quan tam la nghién ctu
ho chuan tic clia cac &nh xa phan hinh. Khéi niem nay khé hay, vi ciing
13 khai niem "yéu" , do vay, trong huéng nghién citu tiép theo, nhém
chiing toi sé quan tam xay dung va phat trién cac tinh chat ctia ham
phan hinh chuan tic cho anh xa phan hinh chuan tic.
- Lay vi du minh hoa cho cac két qua dat duoc & tren.
- Nghién ctu va xay dung cac tinh chat cia ham phan hinh chuan tic
v6i biéu thitc mé rong ctia dao ham cau.
- Nghién cttu chiéu ngugc lai ctia dinh 1f 2.2.5
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