TRUONG PAI HQOC HOA LU
KHOA TU NHIEN

Nguyén Thi Thu Hoai
PE TAI:

UNG DUNG CUA PHUONG PHAP QUY NAP TOAN HOC
VAO GIAI TOAN O TRUONG TRUNG HQC PHO THONG

KHOA LUAN TOT NGHIEP PAI HQC
CHUYEN NGHANH SU PHAM

Hé¢ dao tao: Chinh quy
Khoda hoc: 2016-2020

NINH BINH, 2020




TRUONG PAI HQOC HOA LU
KHOA TU NHIEN

Nguyén Thi Thu Hoai

PE TAI:
UNG DUNG CUA PHUONG PHAP QUY NAP TOAN HOC
VAO GIAI TOAN O TRUONG TRUNG HQC PHO THONG

KHOA LUAN TOT NGHIEP PAI HQC
CHUYEN NGHANH SU PHAM

Hé dao tao: Chinh quy
Khoda hoc: 2016-2020

NGUOI HUONG DAN: Th.S PANG THI THU HIEN

Ninh Binh, nam 2020




CONG HOA XA HQI CHU NGHIA VIET NAM
Poc 1ap — Tw do - Hanh phac

LOI CAM DOAN

Kinh gui: - Ban gidm hiéu truong Pai hoc Hoa Lur.
- Phong dao tao truong Pai hoc Hoa Lu.
- Khoa Ty nhién truong Pai hoc Hoa Lu.

Tén em la: Nguyén Thi Thu Hoai.

Lop: D9 Toan - Khoa Tu nhién.

Pé tai Nghién cau khoa hoc “Ung dung ciia phirong phdp quy nap todn hoc
trong gidi todn ¢ triong trung hoc phé théng” 1a san pham ca nhan cua em trong
qué trinh tim hiéu, nghién cau va lam khoa luan.

Em xin khang dinh va cam doan toan bo noi dung, két qua nghién ctu 1a cia
ca nhan em dua trén co s& tham khao mét s6 tai liéu, hoan toan khong sao chép tir
bat cur tai liéu nao.

Ninh Binh, ngay 05 thang 05 nam 2020

Sinh vién

Nguyén Thi Thu Hoai



L.OI CAM ON

Khoéa luan duge hoan thanh duéi sy quan tam va huéng dan tan tinh
ctia ¢6 Dang Thi Thu Hién. Nhan dip nay, em xin dudgc gii t6i co 10i cam
on chan thanh va sau sic nhat.

Em xin dugc bay t6 long biét on dén quy thay co gidgo da gidng day
16p D9 Toan khoa 2016 - 2020 cua truong Dai hoc Hoa Lu, dic biét l1a cac
thay co trong Bo mon Toan - Khoa Ty nhién da gidng day tan tinh va
quan tam, dong vién em trong suét qua trinh hoc tap va thuyc hien deé tai.

Em ciing xin gii 16i cam on nhing ngusi than trong gia dinh, ban be,
tap thé 16p D9 Toan da luén tng ho, dong vién va nhiét tinh gitp dé em
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MG DAU

1. Ly do chon dé tai

Toan hoc 1a mot mon khoa hoc suy dién. Cac két luan ctia Toan hoc déu
dugc chitng minh mot cach chat ché. Nhung trong qué trinh hinh thanh,
trude khi c6 nhitng két luan mang tinh tong quat, toan hoc ciing da phai
tién hanh suy xét cac truong hgp cu thé, rieng biet. Ta phai doi chiéu cac
quan sat duge, thit di thit lai, suy ra cac diéu tuong tu, ...dé tit d6 du
doan mot dinh 1y, mot cong thic, mot tinh chat toan hoc ndo do trude
khi chiing minh ching. Dé lam dugc diéu dé, ngusi ta thusng st dung quy
nap toan hoc.

Trong céac ki thi hoc ki, thi THPT Quéc Gia, thi hoc sinh gidi cac cap,
cac bai toan trong dai s6, s6 hoc, hinh hoc vé ching minh su chia hét,
ching minh ding thiic, ching minh bat dang thic, xac dinh cong thiic
tong quat ciia day so,. . . thusng xuat hién, 14 dang bai hay nhung khé kho
va phong phii vé cach gidi. Trong nhiéu trudng hop cac phuong phap khac
khong gidi quyét dude bai toan dang nay thi phuong phap quy nap toan
hoc duge van dung giai rat hieu qua, thé hién thé manh ctia phuong phap
& mot 16p bai toan nhat dinh.

Trong chuong trinh toan trung hoc phd thong, phuong phap quy nap
toan hoc dugce dé cap 6 16p 11 vé6i thoi lugng tiét rat it nén pham vi con
han ché, diéu nay gay kho khin cho hoc sinh trong viéc van dung phuong
phap quy nap toan hoc mot cach linh hoat vao cac dang toan trong so6 hoc,
dai s6, hinh hoc.

V6i niém yeéu thich Toan hoc, mong muén tim hi¢u mot cach cé he

thong va sau sdc phuong phap quy nap toan hoc, nhiam tich liity cho minh



nhimg ki nang, kinh nghiém, em lua chon dé tai nghien cttu “Ung dung
cua phuong phap quy nap toan hoc vao giai toan & trudng trung
hoc phé thong”.
2. Muc dich va nhiém vu nghién cidu
2.1 Muc dich nghién ciu

Nghién citu ing dung cua phuong phap quy nap toan hoc trong giai
mot s6 dang toan & truong THPT: Chiing minh su chia hét, ching minh
déng thiic, chiing minh bat dang thic, mot s6 bai toan vé day sb6, mot sd
bai toan vé hinh hoc. Tu d6, gitup hoc sinh van dung phuong phap quy
nap toan hoc vao giai toan mot cach linh hoat, cht dong va sang tao.

2.2 Nhiém vu nghién ciu

- Nghién cttu phép quy nap, phuong phap quy nap toan hoc.

- Nghién cttu tng dung ctia phuong phap quy nap toan hoc vao giai
toan ¢ truong THPT.
3. Déi tuong vaA pham vi nghién ciiu

3.1 Déi tuong nghién ciuu: Quy nap toan hoc va mot s6 bai toan
ducc giai bang phuong phap quy nap toan hoc trong chuong trinh Toan
THPT.

3.2 Pham vi nghién cuwu: Nghién citu tng dung cia phuong phap
quy nap toan hoc dé giai mot sé dang toan & truong THPT: Chitng minh
sut chia hét, ching minh dang thiic, ching minh bat dang thic, mot sé bai
toan vé day s6, mot so6 bai toin vé hinh hoc.

4. Phuong phap nghién cttu

- Phuong phap nghién ciu Iy lugn: Doc va nghién cttu cac tai liéu lién
quan dén dé tai.

- Phuwong phdp phdng van: Trao doi véi cac thay co gido & bo mon Toan
truong Dai hoc Hoa Lu vé mot s6 bai toan gidi duge bang phuong phap
quy nap toan hoc.

5. Y nghia khoa hoc va thuc tién ctia dé tai



Viéc nghién cttu phuong phap quy nap toan hoc va iing dung ctia phuong
phap nay trong viéc giai toan & truong THPT sé gitip ban than hiéu sau
sac cac kién thic trén trong qua trinh hoc tap va nghién citu Toan hoc.

Két qua nghién citu ciia dé tai 14 nguon tai lieu tham khao hitu ich cho
sinh vién nganh su pham Toan, cho hoc sinh, cho gidao vién truosng THPT
ve ting dung clia phuong phap quy nap toan hoc vao gidi toan.

6. B6 cuc ctia khéa luan

Noi dung chinh ctia khéa luan dugce trinh bay trong 2 chuong:

Chuong 1: Co sd ly thuyét.

Chuong 2: Ung dung ctia phuong phap quy nap todn hoc vao gidi todn
d truong trung hoc pho thong.

Chuong 1 dugc danh cho viéc trinh bay chi tiét cac kién thiic co ban vé
phuong phap quy nap.

Chuong 2 duge danh cho viéc trinh bay mot s6 ting dung clia phuong

phép quy nap.



Chuong 1

Co sé 1y thuyét

1.1 Phép quy nap khéng hoan toan va phép quy

nap hoan toan

1.1.1  Phép quy nap hoan toan

So do ctia phép quy nap hoan toan :
d6i tugng a; c6 tinh chat P,
do6i tugng as c6 tinh chat P,
d6i tugng az co6 tinh chat P,
dé6i tugng a,, c6 tinh chat P.
Dat S = {ay;a9;a3;...;a,}

Ta c6 khang dinh: "Moi phan tt thudc S déu c6 tinh chat P”.

Quy nap hoan toan 1a quy nap trong dé khang dinh: Tat cd doi tuong
ctia ldp dang xzét cé tinh chat P, trén co sd biét moi doi tuong cia ldp
nay cé tinh chat P. N6i cach khac, quy nap hoan toan 13 mot ménh dé
tong quat ducc chitng minh theo ting truong hop ctia mot s6 hitu han céc

truong hop co the.

Vi du 1.1.1 “Mdi s6 chin trong khodng [4;22] déu cé thé biéu dién dudi

dang tong ciua hai so nguyén to”.
Bai giai
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Ta co:

4=242 14=11+3
6=3+3 16 =13+3
8=5+3 18=13+5
10=7+3 20 =17+ 3
12=745 22 =17+5

Sau khi thit tit cd cac truong hgp ta c6 thé két luan ring mdi sé chin
trong khoang dudc xét dugc biéu dién dudi dang tong ciia hai sé nguyen
t

On

Vi du 1.1.2 “Tong lap phuong cia cic tw nhién lién tiép trong khodng

[1;5] la binh phuong clia mot sé6 nguyén’.
Bai giai

Ta kiém tra cac trudng hop rieng khac nhau:
13 =12,
13423 =9 =32,
13+ 23 4 3% = 36 = 62,
17+ 2% 4+ 3% + 4% = 100 = 107,
13+ 234+ 3% + 43 + 5% = 225 = 152,

Qua do6, ta c6 thé khang dinh rang: “Tong lap phuong ctia cac tu nhién
lien tiép trong khoang [1; 5] 1a binh phuong clia mot sd nguyen”.

Trong quy nap hoan toan, két luan chi khai quat dugc nhiing truong
hop da biét, chit khong dé cap dén nhitng truong hgp chua biét. Vi thé,
quy nap hoan toan tuy day di, chic chan nhung né khong dem lai diéu
gl mdi mé so véi nhitng dieu da duge néu ra trong tien dé. Mac du cé rat
it tdc dung ddi véi viec nghién citu, phat minh khoa hoc, nhung né ciing

gitp ching ta trong viéc tom tat, trinh bay cac sy kién.



1.1.2 Phép quy nap khong hoan toan

Trong trudng hop két luan tong quat rit ra khong dya trén su kiém tra
tat ca cac truong hop cé thé xay ra ma chi trén co sé mot s6 di 16n cac
truong hgp thi ta ¢c6 quy nap khong hoan toan.

Quy nap khong hoan toan 1a quy nap trong dé khang dinh ring : Tat
cd cac doi tugng ciia l6p dang xét c¢é tinh chat P trén co sd biét mot so doi
tuong cua ldp nay cé tinh chat P.

Trong toan hoc, quy nap khong hoan toan khong dugc xem la mot
phuong phap chiing minh chit ché, do dé né chi dude ap dung han ché.
Bdi vi mot ménh dé toan hoc bao ham mot s6 vo han cac truong hop
rieng, nhung con ngudi ra khong thé tién hanh kiém tra dugc hét tat ci
cac truong hop. Nhu 6 Vi du 1.1.1, sau khi kiém hét 10 truong hop véi
két qua ding, ta chua thé dua ra két luan ring: “Moi s6 tu nhién chin déu
c6 thé phan tich thanh téng ctia hai s6 nguyeén t6”.

O Vi du 1.1.2, sau khi xét mot s6 truong hop riéng nay, ta dua ra du
doan: “Tong lap phuong ciia n so tu nhién dau tién la binh phuong ciia mot
so nguyén”. Trong nghién citu chuong 2, ching t6i chiing minh du doan
nay la diang, cu the.

Suy luan bang quy nap khong hoan toan khong phai lic ndo ciing dem
lai sit chinh xac. N6 van xdy ra mot s6 truong hgp ngoai 1é, lam ching ta

dua ra nhitng két luan sai lam nhu & cac vi du sau:

Vi du 1.1.3 Khi xét cic so c6 dang F, = 22" 4+ 1 nha todn hoc Feema di

nhan dugc cdac s6 nguyén to vdin = 0,1,2,3,4.

Fy=2'41=3,
Fi=224+1=5,
F=214+1=17,
Fy =28 4+1 =257,
Fy =21 41 =65537.



T dé ong suy ra két luan rang tit ca cac sé co6 dang F,, = 22" + 1 déu
13 s6 nguyén t6. Nhung nha toan hoc Euclid da chi ra véi n = 5 thi F,
khong phai 1a s6 nguyén to, vi:

Fy = 2% 4+1=641-6700417.

Vi du 1.1.4 Khi zét cic s6 c6 dang nP? — n nha todn hoc Dic Leibniz dd
chiing minh dugc vdi moi n € N* thi nd—ni3,n’—n: 5,n7 —n:7. Tu
dé ong du dodn vdi moi n nguyén duong, va véi moi s6 lép thin? —n : p.
Tuy nhién, chi it lau sau d6, ong lai phdt hién ra 2° — 2 = 510 khong chia
hét cho 9.

1.2 Phuong phap quy nap toan hoc

1.2.1 Phuong phap quy nap toan hoc

Ta thay, quy nap khong hoan toan 14 mot trong nhitng con dudng giip
ta tim ra chan 1y mdi; ngudi ta nghién cttu mot s6 hitu han cac truong hop
rieng dé tim ra quy luat tong quéat. Tuy nhién, quy nap khong hoan toan
cling ¢6 nhitng mat han ché ctia n6 va khién ta dua ra két luan sai lam.

Vay lam thé nao dé biét dugc quy luat tong quat ma ta dua ra la dang?
Ta khong thé thit hét tat ci cac truong hop dé biét xem c6 trudng hop
rieng nao ma két luan dé6 khong diung khong.

Dé tranh nhitng khé khan nhu thé, ta 4p dung mot phuong phap suy
luan dic biét goi la “Phuong phap quy nap toan hoc”. Néi dung cua
phuong phap nay nhu sau:

Phuong phap quy nap toan hoc.

Dé ching minh nhimg ménh deé lien quan dén s6 tu nhién n € N* la

dung vdi moi n ma khong thé thi truc tiép dudc thi ta cé thé lam nhu sau:
Budc co sd: Kiém tra rdng ménh dé ding vdin = 1.

Budc quy nap : Gid thiét ménh dé ding vdi mot so tu nhién bat ki

n="k>1 (goila gid thiét quy nap), chitng minh rang né cing ding vdi
n==k+1.



Ta c6 thée hinh dung nhu sau: Ménh dé da diang khi n = 1 nén theo két
qua bude 2, n6 ciing dang véi n = 1+ 1. Vi n6 dang véi n = 2 nén lai
theo két qua & buée 2, né ding véi n = 2+ 1 = 3,...Bang cach ay ta co

thé khang dinh rang ménh dé ding v6i moi s6 tut nhien n € N*.

Vi du 1.2.1 Ching minh dang thic

n(n+1)

5 ,Vn € N*,

14+243+..4n=
Bai giai

Buéc ca sé: V6i n = 1, ta phai chitng minh
1.2
1 = — (dung).
2
Vay dang thic ding véi n = 1.
Buéc quy nap: Gia sit, ding thic ding véi n = k > 1, tic la

k(k+1
1+2+3+...+k:%.

Ta phai chitng minh déng thic ding véi n = k + 1, tic la

kE+1)(k+2
1+2+3+...+k+(k+1):( Jk+2)

2
That vay
k(k+1
14243+ .. 4+k+(k+1) :%-F(kﬁ-l)
Ck(k+1)+2(k+1)
B 2
(kH+1)(k+2)
_ ; _

Vay ding thiic ding véi n = k + 1. Theo phuong phap quy nap toan
hoc, déng thiic trén ding véi moi n € N*.
1.2.2 Mot s6 dang khac ctia phép chitng minh quy nap

a) Trong nhiéu bai toan dé chiing minh meénh dé ding véi moi s6 tu

nhién n > ngy, khong phai n > 1 ta lam nhu sau:
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Budc co sd: Kiém tra ring ménh dé ding vdi n = ny.

Budc quy nap: Gid thiét ménh dé ding vdi mot so tu nhién bat ki n =

k > ng (goi la gid thiét quy nap), ching minh rang né cing ding vdi
n=*k+1.

Vi du 1.2.2 Ching minh rang:
3">3n+1,Yn>2,n€eN.
Bai giai

Buéc co sé: V6i n = 2, ta phai chiing minh

3?2 > 3.2+ 1 (ding).

Vay khéng dinh ding véi n = 2.
Buéc quy nap: Gia st, khing dinh ding v6i n = k > 2, ttc 1a
3" > 3k + 1.
Ta phai chitng minh khang dinh ding v6i n = k + 1, tic la
3> 3k + 4.

That vay
3l =33">3Bk+1) =9 +3
=3k+4)+ (6k—1)>3k+4 (vi6k—1>0,Vk > 2).

Vay khang dinh ding véi n = k + 1. Theo nguyén 1y quy nap, khéng
dinh dang v6i moi n > 2.

b) Dé chitng minh ménh dé P(n) dung v6i moi n > ng ta lam nhu sau:

Budc 1: Kiém tra ring ménh dé ding vdi n = ng,n =ng + 1.

Budc 2: Gid thiét ménh dé ding vdi mot s6 tu nhién bat kin =k — 1,
n=kk>mnyg+1 (goila gid thiet quy nap), chiing minh rang né ciing
ding vdin =k + 1.

¢) Quy nap lui



Nguyén ly quy nap lui: Cho (my)32,; 1a mot day vo han cac s6 nguyén

duong ma lim mj = oc.
k—o0

Gia st P(n) 1a mot ménh dé ctia bién n bién thién trén tap N* sao cho
P(my) dang v6i moi k € N*. Hon nita, v6i moi s6 nguyén duong n > 1,
néu P(n) dang thi P(n — 1) cing ding.

Khi d6, P(n) dang v6i moi s6 nguyen duong n.

Trong chuong 2, chiing t6i ¢6 vi du van dung cac dang khac ctia phuong

phép quy nap.
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Chuong 2

Ung dung ctia phuong phap quy
nap toan hoc vao giai toan ¢ truong

trung hoc pho thong

Chuong nay sé nghién ctu ting dung ciia phuong phap quy nap toan
hoc vao gidi toan & trudng trung hoc phd thong. Cu thé, 1a tng dung trong
s6 hoc, dai s6, hinh hoc lien quan dén dang toan nhu: Chitng minh sy chia
hét, chiing minh dang thiic, bat dang thic, bai toan tim s6 hang tong quét

ctia mot day s6, mot s6 bai toan hinh hoc.

2.1 Chiing minh su chia hét

Nhic lai mot s6 kién thic co ban lien quan dén su chia hét.

Dinh nghia: Cho 2 s6 nguyén a va b,b # 0. Ta néi, a chia hét cho b
néu ton tai s6 nguyén ¢ sao cho a = bg.

Ki hiéu: a ' b.

Tinh chéat:

e a:a,Va € Z,a+#D0.
. Ja:c .
e Néu {b' thi ax + by : ¢,Va,b,c,xz,y € Z,c # 0.
e
Tong quat: Néu aq P b,as i b, ...,a, b thi

(@121 + agwy + ... + apxy) i b

11



trong doé: ai, as, ..., Gy, X1, T, ..., Ty € Z,b € Z,b # 0.

/ b:
e Néu {a ¢ thia: c.

e V6i s6 nguyéen t6 p, néu a /p thi (a,p) = 1.
e V6i s6 nguyén t6 p thi C']’,f ‘pveil <k <p.

0 phan nay sé dua ra mot s6 bai tap veé tng dung phuong phap quy

nap toan hoc dé giai cac bai toan chia hét ¢ trung hoc pho thong.
Vi du 2.1.1 Chitng minh rang vdi n nguyén duong, ta cé
13" —1:6.
Bai giai
Buéc co sé: Véi n = 1, ta phai chitng minh
13! —1:6 (dang).
Vay khang dinh ding véi n = 1.
Buéc quy nap: Gia sit khang dinh ding véi n = k > 1, tic la
13" —1:6.
Ta phai chitng minh khang dinh ding v6i n = k + 1, tic la
13" —1:6.

That vay, ta co
13F—1:6
138 1 =13.13* —1=13(13* - 1)+ 12:6 wi
12:6
Vay khing dinh dang v6i n = k 4+ 1. Theo nguyén 1y quy nap, khang
dinh dang v6i moi n nguyén duong.
Vi du 2.1.2 Chiing minh rang
n®+5n i 6,Vn € N*.
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Bai giai
Buéc ca sé: V6i n = 1, ta phai chiing minh
1° 4+ 5.1 6 (ding).

Vay khéng dinh ding véi n = 1.

Buéc quy nap: Gid sit, khang dinh ding véi n = k > 1, tic la
k* + 5k 1 6.
Ta phai ching minh khang dinh dang v6i n = k + 1, tic 1a
(k+1)°+5(k+1):6.
That vay, ta co
(k+1)+5(k+1)

= K +3k>+3k+1+5k+5
= (k% +5k) +3k(k+1) +6.

Mat khac:
k3 + 5k ‘6
3k(k+1) 6= (k*+5k)+3k(k+1)+6:6.
6 L6

= (k+1)°+5(k+1):6.
Vay khang dinh ding v6i n = k + 1. Theo nguyén 1y quy nap, khang

dinh dang v6i moi n € N*,
Vi du 2.1.3 Chiing minh rang
333 _ 26n — 27 1 676,Vn € N*.
Bai giai
Buéc ca s3:V6i n = 1, ta phai chiitng minh

33113 _26.1 — 27 : 676 < 676 : 676 (ding).
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Vay khang dinh ding véi n = 1.

Buéc quy nap: Gia sit, khiang dinh ding v6i n = k > 1, ttc 1a
3343 — 26k — 27 ¢ 676.
Ta phai chiing minh khing dinh dang véi n = k + 1, tic la:
3%+6 _ 26(k + 1) — 27 : 676.
That vay, ta co
3346 _26(k + 1) — 27 = 27(3%+3 — 26k — 27) + 676k + 676.

Mat khac, ta co

33kH+3 26k — 27 1676
= 27(33%3 — 26k — 27) 4 676k + 676 : 676.
676 L 676

= 336 — 26(k + 1) — 27 : 676.
Vay khang dinh ding véi n = k + 1. Theo nguyén 1§ quy nap, khing
dinh dang v6i moi n € N*,
Vi du 2.1.4 Vdi mot n nguyén duong, ta co

2277,

27 +5:7.

Bai giai
Buéc ca sé: V6i n = 1, ta phai chting minh
22! 4517 < 217 (diing).
Vay khéng dinh ding véi n = 1.

Buéc quy nap: Gia sit, khang dinh ding v6i n = k > 1, tic la

22k

27 +5:7.

Ta phai chitng minh khang dinh ding v6i n = k + 1, tic la

22 457,
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Ta ¢o:
222(k+1) + 5 _ 222k+2 —|_ 5 _ 222k4 + 5
= (27" +5=(27") -5 +5' +5

_ (22% _ 5) (222’“ 4 5) [(22%)2 + 52} + 360.
Mat khac

e [0l (GO R R

= 22" 157,
Vay khang dinh ding véi n = k + 1. Theo nguyén 1y quy nap, ta cé

diéu phai ching minh.
Vi du 2.1.5 Chitng minh rang

24n+1

32" 4 91 11,¥n € N.

Bai giai
Buéc ca sé: V6i n = 0, ta phai chitng minh
32" 12111 « 11 11(ddng).

Vay khéng dinh ding véi n = 0.

Buéc quy nap: Gid sit, khang dinh ding véi n = k > 0, tic la
32" L2111

Ta phai chitng minh khang dinh ding v6i n = k + 1, tic la
32y 2111

Ta co
24k+5

3 + 2 _ 324k+1.16 + 2 _ (324k+1> 16 + 2

_ (324’““>16 — 2164216 9
4k+1 2 8
_ [(32 ) ] —(22) 4216 4 2,
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Mat khac .
[(324’““>2] _ (228 (324“1)2 _9? (2.1)

Lai c6
(324’““)2 — 9232 4o, (2.2)

Theo gia thiét quy nap
32" L9111 (2.3)

Tu (2.1), (2.2), (2.3) ta suy ra:

[(324’““)2] - (22)8: 11, (2.4)

216 12111, (2.5)
Tu (2.4), (2.5) ta suy ra

1 28 4
{<3Q4k+> } (@220 211 = 3" p 2L,

Vay khang dinh ding véi n = k + 1. Theo nguyén 1y quy nap, khéng

dinh dang v6i moi n € N.
Vi du 2.1.6 Chitng minh rang
52—l gntl 4 gntl 92n=l 1 38 vn € N*.
Bai giai
Buéc ca sé: V6i n = 1, ta phai chitng minh
5211 oIl 4 31+l 92171 1 38 5 38 ¢ 38(dting).

Vay khéng dinh ding véi n = 1.

Buéc quy nap: Gia sit, khang dinh ding v6i n = k > 1, ttc la
52](;—1.2]6-1—1 i 3k+1.22k'—1 38

16



Ta phai chting minh khang dinh ding v6i n = k + 1, tic 1a

52k+1'2k+2 4 3]134-2.22]{3—0—1 38

That vay
52k+1.2k+2 + 3k‘+2.22kz+1
= 255271221 4 3. 3kF1 4 92k
= 50.5% 1201 4 12 3k 921
_ 50(52/{—1'21%1 + 3k+1'22k—1) _ 38.3k+1 92k—1
Ta co

50(52]@—1.21474-1 + 3k+1_22k—1) : 38
= 52k+1'2k‘+2 + 3k+2'22k+1 : 38.
38.3FF1 2211 38

Vay ménh dé ding v6i n = k 4 1. Theo nguyén 1y quy nap, khang dinh

ding v6i moi n € N*,

Vi du 2.1.7 Ching minh ring tong cdc lap phuong ctia ba s6 nguyén

duong lién tiép chia hét cho 9.
Bai giai
Theo dé ra, ta phai chiing minh
n® +(n+1°4+ (n+2)°:9,n € N
Buéc co sé: V6i n = 1, ta phai ching minh
1° 423 +3°:9 & 36: 9 (ding).

Vay khang dinh ding véi n = 1.

Buéc quy nap: Gia sit, khang dinh ding v6i n = k > 1, ttc 1a
4+ (k+1)°%+ (k+2)° 19,
Ta phai chitng minh khang dinh ding véi n = k + 1, tic 13

(k+13 4+ (k+2>%+ (k+3)*:9.
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That vay
(k+12+ (k+2)°+ (k+3)?°
= KP4+ 9k> +27k + 27+ (k+1)3 + (k +2)3
= B+ (k+1)7°+ (k+2)° +9(k* + 3k + 3).
Ta co
{k3+(k+1)3+(k+2)359

= (k+17°+ (k+2)°+ (k+3)%:9.
9(k* +3k+3):9

Vay khang dinh ding véi n = k + 1. Theo nguyén 1y quy nap, khing
dinh dang v6i moi n € N*,
Vi du 2.1.8 Cho n la s6 nguyén duong. Chiing minh ring
(n+1)(n+2)(n+3)..3n: 3"
Bai giai
Buéc ca sé: V6i n = 1, ta phai chiing minh
2.3 1 3 (dang).

Vay khéng dinh ding véi n = 1.

Buéc quy nap: Gia sit khang dinh ding véi n = k > 1, tic 1a
(k+1)(k 4 2)(k + 3)...3k : 3%,
Ta phéai chitng minh khang dinh ding véi n = k + 1, tic 13
(k+2)(k+3)(k+4)..3k...(3k + 3) : 3*F1.

Ta co:
(k +2)(k + 3)(k + 4)...3k(3k + 1) (3k + 2)(3k + 3)
= 3(k+1)(k+2)(k+3)....3k(3k + 1)(3k + 2).

Mat khac, ta co
(k+1)(k+2)(k+3)...3k : 3

3(3k +1)(3k +2) : 3
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= 3(k+1)(k+2)(k +3)...3k(3k + 1)(3k +2) : 3*L,

= (k+2)(k +3)...3k(3k + 1)(3k + 2)(3k + 3) : 3F1,

Vay khang dinh ding v6i n = k + 1. Theo nguyén 1y quy nap, khang
dinh dang v6i moi n nguyén duong.
Vi du 2.1.9 1. Ching minh rang néu p la so nguyén to, thi s6 a®> —a  p
vdi moi a (a la so nguyén duong).

2. Chitng manh rang néu p la s6 nguyén to va a khong chia hét cho p,

thi s6 a?~1 — 1 i p (dinh lj Fermat).
Bai giai
1. Buéc co s8: Véia=1,thi 17 —1=0:p (ding).

Vay khang dinh ding véi a = 1.

Buéc quy nap: Gia sit khang dinh ding véi a = k > 1, tic la
kP —k : p.
Ta can chiing minh khéng dinh ding véi a = k + 1, tic 1a

(k+ 1) — (k+1) i p.

Ta co
(k+1)P = (k+1) =37 ,Cpk?~1" — (k+1)
=k + CpRP T+ CoRP 2 4 L+ O e+ 1= (k4 1)
= (kP — k) + CokP 1 + CoRP 2 + . 4 CV .
Mat khac

ClipVi=T1,p—1
= (k+ 1) — (k+1):p.
(k* — k) ip

Vay khang dinh dang v6i n = k+ 1. Theo nguyén I quy nap, ta c6 diéu
phai chiing minh.
2. Ta c6
(a? —a) = ala® — 1)
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Theo chiing minh trén:
a’ —aip=ala®t—1)ip.
Vi theo dé bai, a khong chia hét cho p = (a,p) = 1.
= P! — 1 p (diéu phai chiitng minh).
Vi du 2.1.10 Chiing minh rang vdi moi n nguyén duong, ta cé
n—n:iT.
Bai giai
Ap dung dinh 1y Fermat véi p = 7, ta ¢6
n’ —ni7 (dpem) .
Vi du 2.1.11 Hay tim wdc chung lon nhat cia cdc so
2 4 9% 41,27 427 41,27 427 4,
Bai giai
Ta ki hiéu
ap=22" 42" 4+ 1,n> 1.

Voin=1,a; =2% +2% +1=21:21.

Véin=2a0 =22 4+2% +1=273=21.13:21.

Véin = 3,a3 = 2% 4+ 2% + 1 = 65793 : 21.

Ta dy doan a, : 21,Vn > 1. Ta chitng minh bang phuong phap quy nap
toan hoc.

Buéc co s6: V6i n = 1,n = 2 ta thay khang dinh ding nhu da kiém
tra & treén.

Buéc quy nap: Gia sit, khang dinh ding véi n = k > 2, tic la

2k+1

ap =22 492 1191,
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Ta phai chting minh khang dinh ding v6i n = k + 1, tic 1a
apg =227 227 121,
Ta co
apy =227 42 1= (22’““)2 +227 41
— 92! (22“1 o2 g 1) . (22’““”’“ . 1)
=22 (22 122 1) — (28 — 1)
_ g2t (22’““ o2 g 1) - [(22’“)3 . 1]
— 92 (22’““ o2 4 1) . (22’“ _ 1) <22"'“ o2 g 1) .
Theo gid thiét quy nap, ta cé
92+t (22’““ o2 g 1) : 91

92" 4 92 L 1:9] = ) L
(22'—1) <22+ e +1> 191

= Q41 i 21.

Vay khing dinh dang v6i n = k+ 1. Theo nguyén I quy nap, ta c6 diéu
phai chiing minh.

Nhu vay tat ca cac so trong day ban dau déu chia hét cho 21, ma 21 1a
sO hang bé nhat trong day d6 nén u6c chung 16n nhat ctia cac s6 da cho

la 21.

Vi du 2.1.12 Chitng minh ring vdi moi sé6 nguyén duong n thi so 23" +1

chia hét cho 3"1,
Bai giai
Buéc co sé: V6i n = 1, ta phai chiing minh:
25" 413 (dung).
Vay khang dinh ding véi n = 1.
Buéc quy nap: Gia sit khang dinh ding v6i n = k > 1, nghia la
23" 411 3FL
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Ta phai chting minh khang dinh ding v6i n = k + 1, tic 1a

93" 4 1 gkt2,

Ta c6 5
N 2
= (2% +1) [(23"> — 2% 4 1]
= (2% +1) {(23’“ +1)2 - 3.23’“} .
Mt khéc

23" 4 1: 3k
2% 1 1:3 = (241 {(23’“ 11)? - 3.23’“} b2 o 93 q g2,
3.28:3

Vay khang dinh dang v6i n = k + 1. Theo nguyén 1§ quy nap, ta cé

diéu phai ching minh.

Vi du 2.1.13 Vdi moi s6 nguyén duong n > 2, hdy tim chit so tan cung
cla s6 A, = 22" + 1.

Bai giai

Ta c6: Ay = 22 + 1 = 17 ¢6 chit s6 tan cung 1a 7.
As =22 +1 = 257 ¢6 chit s6 tan cing 1 7.
Ay = 2% +1 = 65537 6 chit sb tan cung 1a 7.
Ta du doan: A, = 22" + 1,n > 2 ¢6 chit s6 tan cing 1a 7.
Dé chitng minh chit s6 tan cing ctia A4, 14 7 ta quy vé chiing minh hieu
A, — 7110 , hay noi cach khac: 22" — 6 10,n > 2. Ta chitng minh bing
quy nap toan hoc.

Buéc ca sé: V6i n = 2, ta phai chitng minh
2% — 6110 (ding).
Vay khéng dinh ding véi n = 2.

22



Buéc quy nap: Gia sit khang dinh ding véi n = k > 2, ta ¢6
22" —6: 10.
Ta phai chiing minh khing dinh dang véi n = k + 1, tic 1a

2k+1

22" _ 6 10.
Do 22" — 61 10, ta c6

22" — 6 =10m = 22" = 10m + 6.
Mit khéc

2
22§ = (22’“) — 6= (10m +6)2 — 6
= 100m? + 120m + 36 — 6
= 100m? 4+ 120m + 30

= 10(10m? + 12m + 3) : 10.

Vay khang dinh ding v6i n = k+ 1. Theo nguyén Iy quy nap, ta c6 dicu
phai ching minh. Vay A4, = 2% +1,n > 2 ¢6 chit s6 tan cling 1a 7.
2.2 Chitng minh dang thic, bat dang thic
2.2.1 Chitng minh dang thic
Vi du 2.2.1 Ching minh rang: Véi moi so tu nhién n > 2, ta cé

a" =V =(a—b)(a" P +a"* b+ .. Fa- V4.
Bai giai
Buéc co sé: Khi n = 2, ta phai chiing minh:
a* — b* = (a — b)(a + b) (ding).

Vay ding thic dang véi n = 2.
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Buéc quy nap: Gia sit dang thic ding véi n = k > 2 tic la
a" — b =(a—0b).(a" P +ad"Pb+ a4,
Ta can chiing minh déng thiic ding véi n = k + 1, tidc 1a

"t = (o = b).(aF + "I+ 4 ab T 4 b)),

Ta co
(a—b).(a® + a* Lo+ ... + abl™! + %)
= (a—b).[a.a”  +a.a"2b+ .. +ab !4 b

= a.(a—0b).[a" 1+ ad"2b+ ...+ + (a —b).VF

= a.(a’ =)+ (a — b).b" = a"*! — @b + a.bF — pFFHL = gF L — PR

Vay ding thitc ding v6i n = k + 1. Theo nguyén 1y quy nap, ta cé diéu
phai chiing minh.

Vi du 2.2.2 Ching minh rang vdi moi n nguyén duong, ta co
n(n+1)(2n +1)

12+224+3%+... +n2=

6
Bai giai
Buéc co sé: V6i n = 1, ta phai chiitng minh
1(1+1)(2.1+1

6
Vay dang thiic ding véi n = 1.
Buéc quy nap: Gia sit dang thic ding véi n = k > 1, tic 1a ta c6

Kk +1)(2k + 1)

1P+224+ . + k= ;

Ta phai chitng minh dang thiic ding véi n = k + 1, tic la

(k+1)(k +2)(2k +3)

P 4+22 4+ .+ (k+1) = -
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That vay, ta co

1)(2k 41
P4+ 22 4+ B+ (k4 1)° _ Rkt )6( s )+(k+1)2

k(2k + 1) +6(k + 1)
6

2k + Tk + 6
(k+1) ;

(k+1)(k+2)(2k + 3)
5 :
Vay déng thic ding v6i n = k + 1. Theo nguyén 1y quy nap ta cé diéu

=(k+1)

phai chiing minh.

Vi du 2.2.3 Chitng minh rang vdi moi n nguyén duong, ta cé
2 2
1
PB4+23 4334 . 0= w.
Bai giai

Buéc co sé: Véi n = 1, ta phai chitng minh
5 B
4
Vay ding thic dang véi n = 1.

(dang).

Buéc quy nap: Gia sit dang thic ding véi n = k > 1, tic 1a ta co
K2k +1)2
1 :
Ta phai chitng minh ding thic ding véi n = k + 1, tic 1a -
3 (k+ 1)%(k + 2)?

PB+234+3+ . 4+ =

P+22 433+ + B+ (k+1)

4
That vay, ta co
3, 93, a3 3 3 Kk (k4 1) 3
P24 84 4B+ (k1) =+ (k+1)
k2
:(k+1)2lz+(k+l)]
—(k+1)2.w
- 4
(k1) (k+2)?
— ] _

Vay déng thic ding v6i n = k + 1. Theo nguyén 1y quy nap ta cé diéu

phai chiing minh.
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Vi du 2.2.4 Tinh tong sau

S=14+27+310+ ...+ n(3n + 1),n € N*.
Bai giai
Ta co
S =144+27+3.10+ ... —|—n(3n—|— 1)
= 1(3.1 + 1) + 2.(3.2 + 1) + 3(3.3 + 1) + ...+ n(?m + 1)

= (312 +1)+ (3.22+2) + (3.32+3) + ... + (3.n* + n)
=3.(12+224+3F+ ... +n)+(1+2+3+..+n).

) 1
O Vi du 2.2.1, ta da ching minh: 1 +2+3+ .. +n = %
) 1)(2 1
3 Vi du 2.2.4, ta da ching minh: 124224324 +n2 = n(n+ )6( ntl)
Do do 1)(2 1 1
ot DEnY) ol 1)
§ 2

_n(n+1)2n+1+1)

B 2

=n(n+ 1)
Vay

144274310+ ... +n(3n + 1) = n(n + 1)

Vi du 2.2.5 Ching minh rang vdi moi n nguyén duong, ta co

1 N 1 - 1 _n
1.5 59 7 (4n-3)dn+1) 4dn+1
Bai giai

Buéc ca sé: V6i n = 1, ta phai chitng minh

1 11 1(d, )
= — = — (dang).
15 4141 5 5 18

Vay khang dinh diang véi n = 1.
Buéc quy nap: Gia sit, khiang dinh ding v6i n = k > 1, ttc 1a

L S 1 ok
1.5 59 7 (4k—3)4k+1) 4k+1
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Ta phai chting minh khang dinh ding v6i n = k + 1, tic 1a

1 1 1 1 k+1
T5+E+'“+(4k—3)(4k+1)+(4k+1)(4k+5)_4k+5'
That vay, ta co
11 1 1
5 50 T GE—3)@k+ 1) (4k+ D)(dk+5)
_ K N 1 _ 4k® + 5k + 1
Ak+1  (4k+1)(4k+5) (4k +1)(4k +5)

(4k+1)(k+1)  k+1
(4k +1)(4k +5) 4k +5

Vay khang dinh dtang véi n = k + 1. Theo nguyén 1y quy nap, khang

dinh dang v6i moi n nguyén duong.
Vi du 2.2.6 Ching minh rang vdi moi s6 nguyén duong n, ta cé
L4221+ . +nnl=Mn+1) -1
Bai giai
Buéc ca sé: V6i n = 1, ta phai chting minh:
1.11 = 2! — 1 (dung).
Vay khéng dinh ding véi n = 1.
Buéc quy nap: Gid sit, khang dinh ding v6i n = k > 1, ttc 1a
LU +221+ .+ kE =(k+ 1) —1.
Ta phai chiing minh khang dinh dang véi n = k + 1, tic la
LU +220+ L+ kR +(B+1).(k+ 1) =(k+2)! -1

That vay
LU 4220+ .+ kk + (k4 1).(k+ 1)
= (k+1)!—1+(k+1) (E+1)
= (k+DI1+(k+1)]-1
= (k+D(k+2)-1=(k+2)! -1
Vay khang dinh ding v6i n = k + 1. Theo nguyén 1y quy nap, khang

dinh dang v6i moi n > 1.
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Vi du 2.2.7 Ching minh rang

xn+1 -1

l4+z+22+.. +2"=
r—1

vdi moi x # 1,n nguyén duong.
Bai giai

Buéc ca sé: V6i n = 1, ta phai chitng minh

x2—1

1+2= : (ding Vx # 1)

Vay dang thiic ding véi n = 1.

Buéc quy nap: Gia sit, ding thic ding véi n = k > 1, tic 1a ta ¢

k+1
't =1
l+ax+2> 4. +aF =
r—1
Ta phai chting minh déng thitc ding v6i n = k + 1, tic 1a

$k+2 -1

l4+o+a?+ . +ah M = ;
x_

That vay, ta co
142+ 2%+ ... +aF + 2F!

k
_ xH_l_i_ka
rz—1
$k+1—1+$k+1($—1)
r—1
1+ —-1)-1
r—1
xk+2_1

r—1
Vay ding thitc ding v6i n = k + 1. Theo nguyén 1y quy nap, ta cé diéu

phai ching minh.

Vi du 2.2.8 Chiing minh rang véi moi v # 1 va vdi moin € N, ta cé

1 2 4 2" 1 o+l

1+x+1+x2+1+x4+'”+1+x2n_3:—1+1—:c2"+1'

Bai giai
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Buéc ca sé: V6i n = 0, ta phai chitng minh

S RN ST SR (¢ B R
I+ 2-1 1-—a2 1+ (1—-2)(1+2z)
1 1

= = dung V +1).
1+2x 1+x(ung T 7 )

Vay dang thiic ding véi n = 1.
Buéc quy nap: Gia sit, ding thic ding véi n = k > 0, ttc 1a

L2 421 o
l+z 1422 1424 7 1422k -1 71— g2

Ta phai chitng minh dang thiic ding v6i n = k + 1, tic la

1 2 Qk 2k+1 1 2k+2
1+$+ 1+x2—|—...—f— 1+$2k+ 1+x2k+1 :x—1+ [ 2
That vay
L + 2 + 1 + ...+ 2 + 2
l4+2 1422 1424 7 1422 14 g2
1 2k+1 2k+1

= x_1+1_x2k+1+1+x2k+1

L (1 4 227y 4 2M1 (1 — 22T
r—1 1— (z2)2

1 2k+2
11—

Vay dang thitc ding véi n = k + 1. Theo nguyén 1y quy nap, ta cé diéu

phai chiing minh.

2.2.2 Chitng minh bat dang thic

Vi du 2.2.9 Bit dang thic Cauchy
Cho cdc s6 thuc khong am aq, as, ...a, va s6 nguyén duong n > 2, ta co:

ai+as+ ... +ay
n

> Jajas...a,,.
Bai giai

Cach 1: Chitng minh bang quy nap lii.
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Dau tién ta di ching minh bat déng thic ding véi cac sb c6 dang
n = 2m, v6i m nguyén duong tuy ¥.
Buéc co s3: V6i n = 2, ta phai chitng minh

a+b

>Vab < a+b>2Vab < (a+b)? > dab
& a® — 2ab+ b & (a — b)? > 0 (ding).
Vay bat dang thic ding véi n = 2.
Buéc quy nap: Gid stt, bat dang thiic ding v6i n = k(k > 2), tic 1a
a + as + ... + ag

2 Z \’“/alag...an.

Ta phai chiing minh bat déng thic ciing ding khi n = 2k, tic 1a ta sé
chiing minh

ay + as + ... + ag +ak+1 + ...+ ag
2k

Z %ﬂ/alag...akakﬂ....a%.

Ta co
(a1 +as + ... + ak) + (akH + ...+ ak+k)

2k
S k¥/aias...ar + kg 1..-Qprk
- 2k
2k 2/ aqas...a
2k

= Faya9...a9%.

Ta da ching minh néu bat déng thic ding v6i n = k thi cling ding

v6i n = 2k. T d6, suy ra bat dang thiic ding véi n = 2™, m duong tiy ¥.
Ta gia s, néu bat dang thic ding véi n, ta co

ai+as+ ... +ay
n

> Jajas...ap,

Ta sé ching minh bat ding thic dang véi n — 1, tic 1a

a1 +ag+ ...+ a1
n—1

> "Vajag...a,_1.

Ta co
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a;+as+ ...+ ap-
a+az + ... +ap_1+ L 2 n-l

n—1
il/ ay+as + ... +a,_q
> nylaias...apn_1 -
n—1

al+as + ... + Qp—
= (@ +as+ ...+ ap_1) > nilaras...a, 1 - LT !

n—1 n—1

ay+as + ... +a,_q

=

(al +as+ ... +a,1

n
Z a1a9...Adp—-1
n—1

n—1
ay+as + ... +an_q

= > nVajas...a,_1.

n—1
Vay bat déng thitc ding v6i n — 1. Theo nguyen 1 quy nap i, ta c6 diéu

phai chiing minh.

Cach 2:

Cho bai toan: Ching minh rang néu tich n sé thuc duong bang 1,
thi tong cia ching khong nhé hon n. Hay néi cich khdac cho xy, T, ...z, 10
nhiing so duong, ching minh rang néu x1Ts...T, = 1 thi v1+x9+...+x, >N

vor motn > 1.
Bai giai

Budc co s6: Vi n = 1, ta thay bai toan théa man.
Véi n = 2, ta phai chitng minh néu z1xs = 1 thi 21 + 29 > 2 trong d6
x1, T2 1 nhitng s6 thuc duong.

That vay, ta luén co

1
(11 —-1)2>0 @22 +1>20 a1+ —>2 (viag >0)
Ty

1
@x1+x222(d0x2:—).
o

Vay bai toan ding véi n = 2.

Buéc quy nap: Gia st bai toan dung véi n = k > 2, tic la ta c6
1Xo..Tp =1vaxi+ 29+ ... + 2 > k.
Ta phai ching minh bai toan dang v6i n = k + 1, ttc la cho
T1T9...TpTpa1 = 1
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ta phai chiing minh
$1+$2+...+$k+$k+1 > k+1.

Khi do6, ¢6 2 truong hop xay ra:

Truong hop 1: x1 =19 = ... = ) = T, = 1. Khi do

1 +x9+ ... +xp+ x50 =k+1.

Truong hop 2: x1, %o, ...., Tk, Tpo1 12 cac s khong bang nhau.

Khi d6 dé tich cac s6 bang 1 thi phai c6 mot s6 hang 16n hon 1 va mot
s6 hang nhé hon 1. Dé khong lam mat tinh tong quat ta gia st z; < 1 va
Tr41 > 1.

bat y1 = 12111, khi d6 ta co: y1xoxs...0 = 1

Do gia thiét quy nap dung véi n = k, ta c6
1 +xo+ax3+ ... +ap >k

Khi do:
1+ To+ .+ T+ T =t axetx3+ o+ xk) Fxp — 2

>k + Tpr1 —y1 + 11
=(k+1)+ x4 — 12801+ 21 — 1
= (k+ 1)+ (@1 — 1)(1 — 1)
>k+1(Viag >1vax <1).

Tit hai truong hop trén, ta thay bai toan ding véi n = k + 1. Theo

nguyén 1y quy nap, ta c6 diéu phai chiing minh.
Ap dung bai toan trén ching minh bat déng thic Cauchy:
Ta dat:
ap + as + ... +an,

a = , g = \/a109...Qy,,.

n

Truong hop 1: a1, as, ..., a, déu duong.

Khi dé bat dang thiic Cauchy chi 1a hé qua ctia bai toan trén.
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a; a a .
That vay, ta c¢6: ¢" = ajas...a, nén L2007 — 1 Do d6 theo két
g g g
qua bai toan trén, ta co:
a a a
L2y =2y
g g g
ar+as+...+a
L 2 & Z A/aA1a9...Qy.
n
, . a a a
Dang thic xay ra khi: —1:—2:...:—:1haya1—a2: = ay,
g g g

Truong hop 2: Xét truong hop da; = 0,1 = 1,
Khi do, ta co:

=

a + as + ... + a,
n

>0 = VYajas...a,.

Vay ta c6 diéu phai ching minh.

Vi du 2.2.10 (Bat dang thitc Bernoulli): Chitng minh rang vdi moi

x> —1, ta co:
(1+2)" > 14 nz,Vn € N*.
Bai giai
Buéc ca sé: V6i n = 1, ta phai chttng minh
(1+2z)' > 1+ 1z (dang Vo > —1).
Vay bat dang thitc ding v6i n = 1.
Buéc quy nap: Gia sit, bat dang thitc ding véin =k > 1, ta ¢b
(1+2)F > 1+ ka.
Ta phéai chitng minh bat dang thic ding v6i n = k + 1, tiic 1a
(142" > 14 (k+ 1)z
That vay, ta co
(1+2) > A+ k)1 +2) =1+ (k+ 1)z + ka?
> 1+ (k+ 1)z (luon ding Vo > —1).

Vay bat dang thitc dung véi n = k + 1. Theo nguyén 1y quy nap, ta cé
diéu phai ching minh.
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Vi du 2.2.11 (Bat dang thiic Cauchy-Bunhiacopzki). Ching minh ring
(@ + 25+ o+ ) (] + 05+ o T Y) > (T + Ty + o A Tayn)?
VO X1, Ty Y1, - Y L0 nhiing s0 thuc va n nguyén duong.
Bai giai
Buéc co sé: V6i n = 1, ta phai ching minh

21yt > (z1y1)? (ding).
Vay bat dang thic ding véi n = 1.
V6i n = 2, ta phai chiitng minh

(7 + 23) (Y7 + v3) = (2191 + T232)°
That vay:
(2191 + 2ay2)® = (27 + 23) (yi + ¥3) — (T1y2 — T2y1)°
= (21 +23)(yi +3) > (11 + T2y2)”.
Vay bat dang thic ding véi n = 2.
Budc quy nap: Gia stt, bat déng thic dang v6i n = k > 2, tiic 1a
(@3 + a5+ .+ 2L+ 95 + o+ ¥ > (Y1 + Ty + -+ TYE)”
Ta phai chiing minh bat déng thic ding véi n = k + 1, tic 1
(@234 i+ N+ + o+ y)
> (2191 + Toya... + TuYk + Trr1Ykt1)

That vay, ta co
@i+ a3+ .+l +ar, )W+ + Ui+ Yi)

) 2
( x1+w%+..-+wi) +93%+1] [(\/y%+y§+---+yi) +y%+1]

Vv

2
\/x% +a5+ ..+ xi\/y% YRty xkﬂyw)

2
(\/ i+ . )ity 4yl + $k+1yk+1)

Vv

2
V(T + zoys + ..+ zpyr)? + $k+1yk+1)

Vv

(191 + oy + - + ThYk + Thr1Yrr1)?
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Vay bat dang thic ding véi n = k + 1. Theo nguyén 1y quy nap, ta co
diéu phai ching minh.

Ta ap dung quy nap dé lam mot sb vi du vé chitng minh bat ding thiic.
Vi du 2.2.12 Chiing minh rang vdi n > 4, ta cé
P, > 2n.
(P, la s6 nguyén to thin).
Bai giai
Buéc co sé: Véin =5, tacé: P =11 > 2.5.

Vay bat dang thic ding véi n = 5.

Buéc quy nap: Gia stt, bat dang thic ding véi n = k > 5, tiic la
P > 2k.
Ta phai chitng minh bat dang thic ding véi n = k + 1, tic 1a
Poot > 2(k +1) = 2k + 2.

Vi n > 4 nén cac s6 nguyén to6 P, déu 1a s6 18. Do do

Pii1— Py > 2 (vinéu Py — Py = 1 thi mot trong 2 s6 sé 1a s6 chin).
= Pii1 > Py +2 > 2k + 2 (dpem).

Vay bat dang thic ding véi n = k + 1. Theo nguyén 1§ quy nap, ta co

bat dang thitc ding véi moi n > 4.
Vi du 2.2.13 Goi P, la 50 nguyén to thi n. Ching minh rang
P, <22 Vn e N
Bai giai

Buéc co sé: Véin =1, taco: P, =2 =22",

Vay bat dang thic ding véi n = 1.
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Buéc quy nap: Gia sit, bat dang thitc ding véin =k > 1, ta ¢b
P, <2¥"
Ta phai chitng minh bat dang thic ding v6i n = k + 1, tic 1a
Pppy < 2%
Dé dang chimg minh dugc
P < PP.. P+ 1.

Ap dung, ta co

Ppyy <2202 0270 927

0,191,092 k—1
22 +2°424...42 4 1

k_
R N e
2k
=5 +1l< 22" (i 22" > 2 Vk > 1).
Vi du 2.2.14 Chiing minh rang
2" >2n+1,VYn € N,n > 3.
Bai giai
Buéc ca sé: V6i n = 3, ta phai chiing minh:
2° > 2.3+ 1 (ding).

Vay bat dang thic ding véi n = 3.

Buéc quy nap: Gia sit, bat dang thitc ding véi n = k > 3, ta ¢
2" > 2k + 1.
Ta phai chiing minh bat déng thic ding véi n = k + 1, tic 1

oh+l S ok + 3.
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That vay, ta co:
kL =228 > 2(2k + 1)
=4k +2=(2k+3)+ (2k—1)
> (2k+3) (vi2k—1>0.Vx > 3).
Vay bat dang thitc ding v6i n = k + 1. Theo nguyén 1y quy nap, bat

déng thic ding véi moi n > 3.

Vi du 2.2.15 Chiing minh rang vdéi moin > 1, ta cé

1.3.5....(2n — 1) _ 1
2.4.6.2n Von+1
Bai giai

Buéc co sé: Véi n = 1, ta phai chitng minh
1<L¢>2>\/§(dfmg).
2 V3
Vay bat dang thic ding véi n = 1.
Buéc quy nap: Gia sit, bat dang thic ding véi n = k > 1, tiic la
135..(2k—1) 1
2.4.6.2k V2k+1
Ta phai chitng minh bat dang thic ding v6i n = k + 1, tic 1a
135..(2k— )2k +1) 1
2.4.6.2k.(2k + 2) V2k+3

Ta c6
1.3.5....(2k = 1)(2k + 1) - 1 2k+1  V2k+1 (2.6)
2.4.6.2k.(2k + 2) V2k+1 2k+2  2k+2° '
Ta phai ching minh
V2k+1 1
il (2.7)

< .
2k + 2 V2k+3

That vay
(2.7) < (2k+1)(2k + 3) < (2k + 2)2.

& 4k% + 8k + 3 < 4k® + 8k + 4.

< 3 < 4 (luon ding).
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Suy ra (2.7) dung. Tw (2.7) va (2.6), suy ra

135..(2k—1)(2k+1) _ 1
2.4.6.2k.(2k + 2) V2k +3

Vay bat dang thitc ding véi n = k + 1. Theo nguyén 1y quy nap, ta cé

diéu phai ching minh.

Vi du 2.2.16 Cho a,b,c > 0, n nguyén duong. Chitng minh rang

a)a + > a+ .
2 2

a® + b" + " - (a—i—b—i—c)”

b
) 3 3

Bai giai

a) Gid stt a > b = a* > b* Vk > 1.
Buéc co sé: V6i n = 1, ta phai chiitng minh

b b
a; Za; (dtng).

Vay bat dang thic ding véi n = 1.
Buéc quy nap: Gia sit, bat dang thitc ding véin =k > 1, ta ¢6

ak + bF S <a+b>k.
2 - 2

Ta phai chitng minh bat dang thic ding véi n = k + 1, tic 1a

ak+1 +bk+1 - (a+b>k+1

2 2

Ta co

a+ b\ ! a+b\*a+b d"+bF a+b

—_ = < . ) (2.8)

2 2 2 2 2
Ta phai chiing minh
k bk b k+1 bk—H
a”+06" a+ <@ =+ . (2.9)

2 2 2
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That vay
(2.9) < (af + V") (a+0b) < 2(aFH! + bFHY
& a4 afb + bFa + bFT < 2aF T 4 2R
e gbtl — gkh + b — gk > 0
& a¥(a—b) — b (a—1b) >0
& (a* —b*)(a —b) > 0 (ding via — b > 0,a” — b* > 0).
Suy ra (2.9) diung. Tt (2.8) va (2.9) suy ra

aF L L phl y a4 b\
2 - 2 '

Vay bat dang thic ding véi n = k + 1. Theo nguyén 1y quy nap, bat
déng thic ding véi moi n nguyen duong.
b) Giastta >b>c=a">b" > cF Vk > 1.

Buéc co sé: V6i n = 1, ta phai ching minh

a+§+c > a—l—;)—l—c (dang).
Vay ménh dé diang véi n = 1.
Buéc quy nap: Gia sit, bat dang thitc ding véin =k > 1, ta ¢b
b+ b+t (a+b+c>k
3 - 3

Ta phai chitng minh bat dang thic ding véi n = k + 1, tic 1a

3 3
Ta ¢co
a+b+c k“_ a+b+c ka+b+c<a"“rb’“rcl~C a+b+c
3 N 3 3 - 3 3
(2.10)

Ta phai chiing minh

ak+bk+ck a+b+c<ak+1+bk+1+ck}+l
3 3 - 3 '

(2.11)

39



That vay
(2.11) & (a+b+c)(a" +b" + &) < 3(aFHh 4 b 4 FF
& 20kt 4 2pF L okt bk — ack — baf — beF — caf — eb® > 0
o (@M B abt — bak) (B 4 L ek — )
(@R 4 ack —eat) >0
& (a—b)(a" =)+ (b—c)(tF =) + (a — c)(a* — F) > 0 (ding).
Suy ra (2.11) dang. T (2.10) va (2.11) suy ra

3 - 3 '

Vay bat dang thic ding véi n = k + 1, Theo nguyén 1y quy nap, bat

déng thic ding véi moi n nguyen duong.

Vi du 2.2.17 Cho a,b,c > 0,n nguyén duong. Chitng minh rang
a)\/EJr Vb <0 a+b_

2 2
Va+ Vb+ /e L Jatb+c
b) 3 < —3
Bai giai

a) Dat = Va,y = Vb= a=2",b=y",Vn > 1.
Via,b>0nénz,y > 0. Tacod

r+y _ L ja"+y" c4+y\" a4yt

< <~ < d .
5 = 2 ( 2 ) < 5 (ding)
¢ /b b

Vay bat dang thitc luon ding véi moi n nguyen duong.
b) Dat ¢ = Ya,y = Vb2 = Ve=a=a"b=1y",c= 2",VYn > 1.
Via,b,c>0nén x,y,z > 0. Ta ¢

x+y+c§,\l/a: +y" 4z - r+y+z <@ +y" 4z (dting).
3 3 3 3
Ja+ b+ Jatbte

5 < T(dpcm)-

Vay bat dang thic luon ding véi moi n nguyen duong.
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Vi du 2.2.18 Chiing minh rang vdi moi so6 nguyén duong n > 3, ta cé
1 n
(1 + —) < n.
n
Bai gii
Buéc ca s3: V6i n = 3, ta phai chitng minh

1 3
(1 + g) <3 (dﬁng).

Vay bat dang thic ding véi n = 3.

Buéc quy nap: Gia sit, bat dang thic ding véi n = k > 3, tiic la

1k
1+ — k.
(*k)<

Ta phai chitng minh bat dang thtc ding v6i n = k + 1, tic 1a

RTINS
< +/<:+1> +

That vay

<( %) ( )
(14 D) =k

Vay bat dang thic ding v6i n = k + 1. Theo nguyén 1y quy nap, bat

déng thic ding véi moi n > 3.

Vi du 2.2.19 Ching minh rang véi moi so nguyén duong n > 2, ta cé

1 n 1 n 1 13
n+1 n+2 7 2n 24

Bai giai

Buéc co sé: V6i n = 2, ta phai chiing minh

Lo, 1 >13M Y
— un
2+1 242 924 \U8
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Vay bat ding thitc ding véi n = 2.
Buéc quy nap: Gia sit, bat dang thitc ding véi n =k > 2, ta ¢b

1 n 1 N +1>13
k+1 k+2 2k~ 24

Ta phai chitng minh bat dang thic ding v6i n = k + 1, tic 1a

1 N 1+ +1+ 1 N 1 >B
E+2 k+3 7 2 2k+1 2k+2° 24
That vay

! + 1+ +1+ L + L

E+2 k+3 2 2k+1 2k+2
B 1+ 1%_+1 N 1 N 1 1
C \k+1 k+2 T 2% 2k+1 2k+2 k+1
>13 1 13

— > =,
a0 T 2k )2k+2) 24
Vay bat dang thic ding v6i n = k + 1. Theo nguyén 1§ quy nap, bat

déng thic ding véi moi n > 2.

Vi du 2.2.20 Chiing minh rang véi moi x > 0, ta co:

2 3 n
e e e
E>14r+—+—4..+—Vn>1
21 3! n!
Bai giai

Buéc ca sé: V6i n = 1, ta phai chtiing minh
e’ >14x,Vr > 0.

bat f(x) =e" — (1 + x).
Ta c¢6: f'(x) =" — 1> 0,Vz > 0.
= f(x) dong bién trén (0; +00).
= f(z)> f(0)=0=¢">1+ux.
Vay bat dang thic ding véi n = 1.
Buéc quy nap: Gia st bat ding thic ding véi n = k > 1, tic 1a

2 1'3 I’k

x X
" >ltrt ottt
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Ta phai chting minh bat déng thic ding v6i n = k + 1, tiic la

2 3 o Lkt
>1 —+ =+ ...+ = :
Ty Ty T T T
bat
e (14 +a:2_|_:1:3+ +xk+ L
r)=e" — TH =+ =+t :
J ol 3l K (k+ 1)
R " )
= ¢ (zr)=¢e"— <1+x+§+§+...+y> > (0 (gia thiet quy nap).
= g(z) dong bién trén (0;+o00) = g(z) > g(0) = 0.
2 3 ok L
=e" > 1 — + — + ...+ =
T TR MR P N

Vay bat déng thic ding v6i n = k + 1. Theo nguyén 1§ quy nap, ta co
diéu phai ching minh.
Vi du 2.2.21 Chiing minh rang véi moin > 1,z € R, ta c6
| sinnz| < n|sinx|.
Bai giai
Buéc co sé: V6i n = 1, ta phai chiitng minh
| sin x| <|sin x| (ding).
Vay bat dang thic ding véi n = 1.
Buéc quy nap: Gia sit, bat dang thic ding véi n = k > 1, tiic la
| sin kx| < k|sinz|.
Ta phai chiing minh bat déng thic ding véi n = k + 1, tic 1
|sin(k + 1Dz < (k4 1)|sinz|.
That vay
|sin(k + 1)z| =|sinkz cosx + cos kz sin x|
<|sin kz|.| cos x|+ | cos kx|.| sin x|
=|sin kz|+| sin x|
< k| sin z|+| sin z|
= (k+1)|sinz|.
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Vay bat dang thic ding véi n = k + 1. Theo nguyén 1y quy nap, ta co

diéu phai ching minh.
Vi du 2.2.22 Vi moi n nguyén duong, ta cé

T
—ncos— > 1.

1
(n + )Cosn+1 -

Bai giai
Buéc ca sé: V6i n = 1, ta phai chitng minh
7

2COS§ — 1008% > 1 (duang).

Vay bat dang thic ding véi n = 1.

Buéc quy nap: Gia sit, bat dang thitc ding véin =k > 1, ta ¢b

—kcosﬁ > 1.

T
1
(k + )cos]€+1 .

Ta phai chting minh bat déng thitc dung v6i n = k + 1, tiic 1a

(k+2)coski2—(k+1)coskil > 1.
Ta co
(k:+2)cos/€i2—(kJrl)coskZTrl > 1.

& —(k+1) (coskil—cosk2:2> Zl—coskj:?
: T : (2k + 3)7 . T
k+1 > _— .
& kDS T ks 0+ D = 2+ 2)
Mat khac
L (2k + 3)m ST
27 2k +1)(k+2) " 2(k+2)
. (2k + 3)m . m
— 2.12
T Dk 2 M2k 2) (2.12)
O Vi du 2.2.21, ta da ching minh
n|sinz| >|sinnzx|.
m s
k+1)si > sin ————. 2.13
=kt s 2 = 5+ o) (2.13)
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Tw (2.12) va (2.13) suy ra

T , (2k + 3)m o2 T

(k- Dsin s ) ok Dk +2) = 2% 1 9)

Vay bat dang thitc ding véi n = k + 1. Theo nguyén 1y quy nap, ta cé

diéu phai ching minh.

2.3 Mot sd bai toan vé day sé

Trong muc nay, dau tién trinh bay ting dung ctia phuong phap quy nap
toan hoc trong bai toan xac dinh s6 hang tong quat ctia day s6. Tiép theo,

trinh bay chi tiét vé day s6 Fibonacci va mot s6 bai toan khac vé day so.

2.3.1 Xac dinh céng thic sb hang tong quat

\Y% = 5,us = 19
idu 2.3.1 Cho day (uy,) zdc dinh bdi “ » U2
Up = DUp—1 — OUp_2, 1 > 3

Tvm cong thic tong qudt cia diy so.
Bai giai

Ta cé: uy =5 = 3% — 22,
up = 19 = 3% — 23,
us = dug — 6u; = 65 = 3* — 24,
Uy = dug — Gug = 211 = 35 — 25,
Ta du doan: u,, = 3"t — 27"+ n > 1.
Budc cd s6: V6i n = 1,n = 2 thi khang dinh ding.
Buéc quy nap: Gia st khang dinh ding véin = kvan = k+1(k > 1),
tic la

up = 3/€+1 _ 2k+1 va U1 = 3/€—|—2 . 2k+2.

Ta phai chitng minh khang dinh ding véi n = k + 2, tic la

Upyo = 3k+3 . 2k+3.
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That vay, ta co
Uprs = Dy — Buy, = 5(38+2 — 2k+2) _ g(3k+1 — ok+1)
= 15.3F1 — 10.2FF1 — .38 4 6201
9.3kl _ g ok+l _ gkt3 _ ok+3
Vay khing dinh dang v6i n = k+ 2. Theo nguyén I quy nap, ta c6 diéu
phai chiing minh.

U1:1

Vi du 2.3.2 Cho day (u,) dugc zdc dinh bdi
Up = 2Up_1 + 3,VN > 2

Tim s6 hang tong qudt cia day so.
Bai giai

Ta c6: u; = 1 = 211 — 3,

Uy =21+3=5=2"" -3,

us =2.5+3 =13 =23 - 3.
Ta du doan: u, = 2" —3,n > 1.
Buéc cd s6: V6i n = 1, thi khang dinh ding nhu trén.
Buéc quy nap: Gia st khang dinh ding véi n = k > 1, tiic 1a

uy, = 28 — 3,
Ta phai chitng minh khéng dinh ding véi n = k + 1, tic 13
Ups1 = 282 — 3.
That vay:
Up = 2uy, + 3 =2(2"1 —3) +3 =282 _3
Vay khang dinh dtang véi n = k + 1. Theo nguyén 1y quy nap, khéng
dinh dang v6i moi n > 1.

Vi du 2.3.3 Cho day s6 (uy,) dudc zdc dinh nhy sau

ulzl,u2:2

Up, + Uy
unH:nTm’anQ

Tvm s6 hang tong qudt cia day.
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Ta co
Uy + Uz U — Us 1
up —up = Lug —ug = 5 W= =g
U + U3 1
Uy — U3 = — Uy = —,..
4 3 9 2 47
Ta du doan
1 n—2
Upy — Up—1 = <—§> ,n > 2.

Ta chitng minh bang phuong phap quy nap toan hoc.
Buéc cd s6: V6i n = 2, khang dinh dang nhu trén.

Buéc quy nap: Gia st, khing dinh ding v6i n = k > 2, ttc la

U — Up—1 — —5 .

Ta phai chitng minh khang dinh trén dung véi n = k + 1, tic 1a

Uk+1 — Uk = ) .

U + Ug—1 _ Ug—1 — Uk

Uk41 — U :T_Uk—

() ()

Vay khéng dinh dang véi n = k 4 1. Theo nguyeén 1y quy nap, ménh dé

That vay, ta co

dang v6i moi n > 2.
Mat khac, véi n > 2, ta c¢6 thé viét nhu sau:
Up = uy + (ug —uy) + (uz — ug) + (ug — us) + ... + (wy — wp—1)

_1 n—1
=1+ 11 1+1 + 1" 1+1_<7>
- 2 4 2 - (1)

1— (==
2
120 NN 5 2/ 1\
N 3 2 3 3\ 2




— 9wy =3
Vi du 2.3.4 Cho day (uy) zdc dinh bdi 4+ 2
Upt1 = Uy — 2Up_1,M > 2

Tium s6 hang tong qudt cia day.
Bai giai

Cach 1:
Ta co: up =2 =20 4 1,
up =3 =2"+1,
us = 3uy — 2uy =5 = 2%+ 1.
Ta du dodn u, = 2" ' +1,n > 1..
Buéc co s6: V6i n = 1,n = 2 khang dinh ding.
Buéc quy nap: Gia sit khang dinh ding véin = k—1van = k(k > 2),
nghia la

up =21+ 1 v =282+ 1.

Ta phai chitng minh khang dinh ding v6i n = k + 1, tic 13
Upq = 28 + 1.

That vay
Upr1 = dup — 2up_q = 3(2F 14+ 1) —2(2F 2 4+ 1)

=320 1 —222 41 =328 — 21 4

=224 1=2F4+1.
Vay khang dinh dang v6i n = k+ 1. Theo nguyén Iy quy nap, ta c6 diéu

phai chiing minh.

Cach 2:
Ta ¢6 Upi1 — Uy = 2(uy — Up—1),n > 2.
Dat v, 1 = up —Up—1,M 2 2 = Uy = Upyp1 — Up.

= Un - 2Un717n Z 2
L =1
= {v, }n>1 14 cap s0 nhan véi { ! )
q =
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Ta co
u, =uy+ (ug —ur) + (ug — uz) + ... + (Up-1 — Un—2) + (Up — Up—1)

=24+v14+v9+ ... +U,_9+ U,_1

n—1

—241.7 Loty
B 2-1 '

Vay u, = o=l 1.n>1.

Vi du 2.3.5 Cho day s6 (u,) zdc dinh nhu sau

U1 = 1;UQ =3
Upio = 2Upi1 — Uy +1,n=1,2,3, ...

a) Tim s6 hang tong qudt cia day so.
b) Chitng minh rang vdi moi s6 nguyén duong n, s6 A, = duyty o + 1

la 56 chinh phuong.

Bai giai

a) Cach 1:

Tacé:ulzlzw,
u2:3:2(2;1),
U3:2u2—u1+1:6:M.

Ta du doan: u,, = W,Vn > 1.

Buéc cd s6: V6in = 1,n = 2, khang dinh ditng.
Buéc quy nap: Gia sit khang dinh ding véin =k —1,n = k(k > 2),

tic 1a ta ¢o
k(k — 1) B k(k + 1)
-2

Ta phai chitng minh khang dinh ding véi n = k + 1, tic 13

C(k+1)(k+2)
Uk+1 = 9 .
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That vay
Upy1 = 2up —up—1 + 1
Rk+1) (k= 1)k

=2 - 1
2 S

K43k +2

2
(k+1)(k+2)

5 :
Vay khang dinh ding v6i n = k + 1. Theo nguyén 1y quy nap, khing

dinh trén ding véi moi s6 nguyén duong n.
Cach 2:
Ta ¢6 Upio — Upr1 = (Upy1 — uy) + 1.
Dat: v, = upy1 — Uy (N> 1) = Vg1 = Upso2 — Upq1.
= Upy1 =0, +1,n > 1.
= {Up}n>1 14 cap s cong.
Tacov,=v1+(n—1)d=2+(n—-1).1=n+1.
Mat khac
u, =uy+ (ug —ur) + (uz — uz) + ... + (Up-1 — Un—2) + (Up — Up—1)

=U +vV1+Vy+ ... F U2+ VUpy1

n(n + 1
:1+2+3+...+(n—1)+n:¥.
1
Vayun:%ynzl-
b) Ta c6

A, =4upupio + 1

1) (42 +3)
2 2
=n*+6n3+11n2+6n-+1

=1 +1

= (n*43n+ 1)~
Vay A, 1a s6 chinh phuong véi moi s6 nguyén duong n.
Vi du 2.3.6 Cho diy so (x,) théa man dicu kién

o = 4,1‘1 = 34
Tpyo Tp =22, +18-10""1 ¥n € N
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Chatng minh rdng vdi moi so tu nhién n, ta luon cé

10n+1 + 2
Ty, = ——.
3
Bai giai
101 42
Buéc co s6: V6in =0 thi xg =4 = 3+ :
10% + 2
V6in=1thix =34 = 3+ )

Vay ménh dé ding véin = 0,n = 1.

Buéc quy nap: Gia sit khang dinh ding véin = k—1van = k(k > 1),

tice 1a
10% + 2 105 2
Li_1 = T = ————.
k—1 3 y Lk 3
Ta sé chitng minh khang dinh ding v6i n = k + 2, tic 1
1072 4+ 2
X =
k+1 3
Ta co
10k+1 2 2
Tpt1 - Tp1 = o3 + 18- 107! = (TJr) + 18- 10F
10F+2  10%+2 +4.105 ! +4 4+ 162 - 10F
< Th41 - 3 9
1042  10%+2 4202 - 10F 4+ 4
< Tkl =
3 9
- 10F4+2  10F+2 108242
T . — .
k+1 3 3 3
1052 4+ 2

<~ T4l = T

Vay khang dinh diang véi n = k + 2. Theo nguyén 1y quy nap, khéng

dinh dang v6i moi n € N.

Vi du 2.3.7 Cho day s6 (uy,) zdc dinh bdi
uy = \/§
U2 =V 2 + \/§

un:\/2—|—\/2—|—\/2—|—....—|—\/§, n dau can bac hai

2, - N . . 7T *
Chiing minh rang: w, = 2 cos F,Vn e N*.
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Bai giai

Buéc co s6: Vi n =1, ta c¢o

up =2 COS% (dang).

Vay dang thiic ding véi n = 1.

Buéc quy nap: Gia sit, ding thic ding véi n = k > 1, tic 1a

uk\/2+\/2+\/2+....+\/§2008% (k dau can bac hai).

Ta phai chitng minh dang thitc ding véi n = k + 1, tic la

Upy1 = \/2 + \/2 + \/2 + . +V2= QCOS# (k+1 dau can bac hai).

That vay

Ukt = \/2—|— \/2+ \/2—|— V2 (k+1 diu can bac hai)
¢2+<¢2+v@+“n+v?>vﬁ+uk

T T
= \/2+2008ﬁ: \/2 <1+COSW>

m

-
_ 2 _ _
= , /4 cos T 2 cos TR

Vay dang thitc ding v6i n = k + 1. Theo nguyén 1y quy nap, déng thiic

dang v6i moi n > 1.

2.3.2 Day Fibonacci

Dinh nghia: Day Fibonacci 1a day s6 uq, u9, .. dugc dinh nghia bang
u =1
cong thic ¢ uy =1
Upt2 = Upt1 + Up, N > 1

Nhitng s6 u1, us, ... duge goi 1a s6 Fibonacci.

Mot s6 s6 hang clia day:

1,1,2,3,5,8,13,21,34, 55,89, 144, ....
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Day s6 Fibonacci thuong gap trong tu nhién. Nhitng chiéc 14 trén canh
cay moc cach nhau cac khoang cach ting véi cac s6 trong day Fibonacci.
S6 canh hoa trong hau hét cac bong hoa la cac s6 trong diy Fibonacci.
Hoa loa kén c¢6 3 canh, hoa mao luong vang c6 5 canh, hoa phi yén c6 8
canh,...Trong hoa huéng duong ciing xuat hién cac s6 Fibonacci.

Ngoai nhitng diéu thd vi trén, mot sd van dé cia kién tric, hoi hoa, am

nhac,... cling liéen quan dén cac s6 Fibonacci.
Vi du 2.3.8 Ching minh rang trong day Fibonacci
Uy 4+ ug + ... + Uy = Upao — 1,n > 1.
Bai giai
Budc co sd: Vi n = 2, theo dinh nghia vé day, ta c6
wF+u=1+1=3-1=uy — 1.

Vay khéng dinh ding véi n = 2.

Buéc quy nap: Gia sit, khang dinh ding véi n = k > 2, ttc la
up + uo + ... + up = upio — 1.
Ta phai chitng minh khang dinh ding v6i n = k + 1, tic la
Ul + U + ... + U + Up1 = Upr3 — 1.

That vay, ta co
U+ ug + o up Fupyr = (ug +ug + o ug) + Uk
= (Ups2 — 1) + w1
= Ups1 + Upq2 — 1
= U3 — L.
Vay khang dinh diang véi n = k + 1. Theo nguyén 1y quy nap, khéng

dinh dang v6i moi n > 1.
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Vi du 2.3.9 Ching minh rang vdi moi n nguyén duong, ta co
U +ug + us + ... +uUsp_1 = U9y
Bai giai
Buéc co s6: Véin =1, tacoé uy = uy = 1.

Vay khéng dinh ding véi n = 1.

Buéc quy nap: Gid sit, khang dinh ding véi n = k > 1, ttc la
Uy + uz + us + ... + Ugp—1 = Uk
Ta phai chitng minh khang dinh ding v6i n = k + 1, tic la
Uy + U3 + Us + ...+ Ugg—1 + U2k4+1 = U2k+2-
That vay, ta co
Up + U3 + Us + .o+ Ugk—1 + U2kl = U2k T+ U2k+1 = U2k42-

Vay khing dinh dang v6i n = k 4+ 1. Theo nguyén 1y quy nap, khang

dinh dang v6i moi n > 1.
Vi du 2.3.10 Chiing minh rang
UF A U5 AU A U = U, n > 1L
Bai giai

Buédc co s6: Véin =1, taco ug = 1 = uj.us.
Vay khang dinh ding véi n = 1.

Buéc quy nap: Gia si, khang dinh ding v6i n = k > 1, ttc 1a
u% + u% + u% + ...+ uz = UpUk+1-
Ta phai chitng minh khang dinh ding véi n = k + 1, tic 13

2 2 2 2 2
'Ull + u2 + U3 + + uk + uk+1 = Uk+1Uk+2.
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That vay, ta co
u%+u%+u§+ +uz+u%+1 = UpUk+1 +uz+1
= Upy1(Ug + Upy1)
= Uk+1Uk+2-
Vay khing dinh dang v6i n = k 4+ 1. Theo nguyén 1y quy nap, khang
dinh dang v6i moi n > 1.
Vi du 2.3.11 Chitng minh rang
Up+1Unt2 — Uplpgs = (—1)".
Bai giai
Buéc co sé: Véi n = 1, ta phai chitng minh
up.uz — uguy = 1.2 — 1.3 = (—1)' (ding).
Vay khang dinh ding véi n = 1.
Buéc quy nap: Gia sit, khang dinh ding v6i n = k > 1, ttc 1a

Upy1Uk e — Ugtprs = (—1)".

Ta phai chitng minh khang dinh ding véi n = k + 1, tic 13

— k+1
Uk 42Uk +3 — Uk+1UE+4 — <—1) .

That vay, ta co
Uk oUWk 43 — Ukt 1Ukra = (Uk + Ukg1)Up43 — Wkt1 (Up42 + Up3)

= UpUk43 T Up41UE43 — Uk 1Uk42 — U1 U3

= — (Up41Uk+2 — UpUgys) = —(—1)F = (=1)FHL.
Vay khang dinh dtang véi n = k + 1. Theo nguyén 1y quy nap, khang

dinh dang v6i moi n > 1.

Vi du 2.3.12 Chitng minh rang
a) Uppan = Um—1Up + Upi1Up, vFim > 1,n > 1.
b) UTU2 + U2UZ + ... + Ugp_1Uy = u%n, n € N*,
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Bai giai

a) Vi m > 1 bat ki, ta chiing minh dang thiic biang phuong phap quy nap
theo n.
Buéc co s3: Véi n = 1, dang thic tré thanh w,1 = U + Um—1 (vi
u; = up = 1) nén dang thic ding v6i n = 1.
Khi n = 2, ding thiic tré thanh
Upt2 = Up—1 + 2Uy,
= (um + umfl) + U,
= U1 + Uy (dOng vi ug = 1, u3 = 2).
Vay dang thiic ding véi n = 2.
Buéc quy nap: Gia st dang thitc ding v6in =k — 1,n = k(k > 2),
tic la ta co
Umnt(k—1) = Um—1Uk—1 T UkUpm,
Umtk = Um—1Uk + U1 U,

Ta phai chitng minh dang thitc ding véi n = k + 1, tic la

Um4-(k+1) = Um—1Uk+1 + Ug+2Unp.-

That vay
Ut (k+1) = Umtk T Ut (k—1)

= Um—1Uk T Up+1Um + Up—1Uk—1 + UpUp,
= U1 (Ug + Uk—1) + U (U1 + Ug)
= Um—1Uk+1 + Ugr2Up,.

Vay dang thic ding véi n = k + 1. Theo nguyén 1y quy nap, ta c6 diéu

phai chiing minh.
b) Ta chiing minh bang phuong phap quy nap toan hoc.

Buéc co sé: V6i n = 1 ta phai chiing minh
uuy = uj (ding).
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Vay dang thic dung véi n = 1.

Buéc quy nap: Gia sit dang thic ding véi n = k > 1, tic la
ULUY + UoUg + ... + Uk _1U2E = u%k
Ta phai chitng minh dang thitc ding véi n = k + 1, tic la
ULU + UU3 + ... + Ug—1U2k + U2kUk+1 F U2k+1UK+2 = U’%]H-Q-

That vay
ULU + UU3 + ... T+ Uk—1U2k + UKU2k+1 T U2k+1U2k+2

= ng + Uk U2k+1 + U2k+1U2k+2

= gy (Ugk + Ugks1) + Ugkt1Uks2
= UkU2k+2 T U2+1U2k+2
= Ugk2(Uok + Usk1)
= Uk42U2k+2 = U%;Hg-
Vay khang dinh dang véi n = k+ 1. Theo nguyeén 1y quy nap, ta c6 diéu

phai chiing minh.

Vi du 2.3.13 Chiing minh rang
a) u? + uflﬂ = Ugpy1 VI N > 2.

b) UpUp+1 T Up+1Up4+2 = U2p42 VoL n > 2.
Bai giai

a) Ta chiing minh tinh chat bang phuong phap quy nap toan hoc.

Buéc co s6:Vé6i n = 2, ta phai chiitng minh
2 2 _ .
us + uz = us (dang).

Vay dang thitc dang véi n = 2.

Buéc quy nap: Gia sit, ding thic ding véi n = k > 2, tic 1a
U+ Uiy = Unjy1.
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Ta phai chting minh déng thic ding v6i n = k + 1, tiic 1a
U + Upsy = Uiy,

Ta co
Uiy Uiy = Uiy + (Uper + up)?

= uiﬂ + uiﬂ + u,% + 22U
= Wyt (U1 + 2ug) + (U] + uiyy)
= U1 (Upg2 + Uk) + Uopyr
= U2k+2 T U2k+1 = U2k+3-

Vay ding thitc ding v6i n = k + 1. Theo nguyeén 1y quy nap, déng thiic

dang v6i moi n > 2.

b) Budc co sd: V6i n = 2, ta phéi ching minh
UU3 + UU4 = Ug (dl’mg).

Vay dang thic dung véi n = 2.

Buéc quy nap: Gia sit, ding thic ding véi n = k > 2, tic 1a
UkUk+1 + Up+1Uk+2 = UE+2-
Ta phai chitng minh dang thitc ding véi n = k + 1, tic la
Uk 1U+2 T U4 2Uf43 = U2k+4-

Ta co
U 11Uk +2 + Ukr2Uk3 = U1 (Whe1 + Ug) + Upp2(Upr2 + Upy1)
2 2
= Upyq + Up1UE + Upy o + Up41Uk+2
_ 2 2
= (Uptgy1 + Wrr2ups1) + (Uj g + Ug,)
= U2k+2 + U2k+3 = U2k+4-
Vay dang thic ding v6i n = k + 1. Theo nguyeén 1y quy nap, déng thiic

dang v6i moi n > 2.
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2.3.3 Mot s6 bai toan khac

Uy = 2
Vi du 2.3.14 Cho (uy,) zdc dinh bdi u, + 1
Up4+1 =

,n>1

2

Chatng minh day so trén la diy so gidm va bi chan dudi.
Bai giai

*) Chitng minh day s6 1a giam.

Ta phai chiing minh

Ups1 < Up, VN >1

Buéc co sé: Véin = 1, ta co:

_U1+1_2+1
29

U9 < u1 (dﬁng).

Vay khang dinh ding véi n = 1.
Buéc quy nap: Gia st khang dinh dang vé6i n = k > 1, tic 1a
Upy1 < Uk
Ta phai chitng minh khang dinh ding v6i n = k + 1, tic la
U2 < Uk+1-
That vay

upy1 +1 w41
<
2 2

Vay khang dinh ding véi n = k + 1. Theo nguyén 1y quy nap, khéng

Uk42 = = Ug41-
dinh dang v6i moi n > 1.

*) Ching minh day bi chan dudi.

Ta phai ching minh u,, > 1,Vn > 1.

Buéc ca s6: Vin=1,tacou; =2 > 1.

Vay ménh dé ding véi n = 1.

Buéc quy nap: Gia st khang dinh ding véi n = k > 1, tiic 1a

ug > 1.
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Ta phai chting minh khang dinh ding v6i n = k + 1, tic 1a

Uk4+1 > 1.
That vay
u+1 141
Uk+1 = 9 > 9 = 1.

Vay khang dinh dtang véi n = k + 1. Theo nguyén 1y quy nap, khéng

dinh dang v6i moi n > 1.

Vi du 2.3.15 Cho day s6 (uy,) wdc dinh nhu sau

U1:U2:1

2
u:_ 1+ 2
-1
Up = = —, N = 3,4,...
Up—2

Chitng minh moi s6 hang trong day déeu la s6 nguyén.
Bai giai

Dau tien, ta ching minh w,, = 4u,_1 — Up_2,Vn > 3.
1% + 2

1
Vay khang dinh trén la ding véi n = 3.

Budc co s6: Véin = 3, ta cb uz = =3 = 4uy — uy.

Buéc quy nap: Gia sit khang dinh ding véi n = k > 3, tic 1 ta co
up = 4up_1 — Up_o.

Ta phai ching minh khing dinh ding v6i n = k + 1, titc 1a
Upy1 = dug — Up_1.

That vay

Up1 = dup — U1

2
uy + 2
o —k =4dup — up_1
Uk—1
& ui + 2 = dupupg — Ui

& (dup_1 — up_9)* +2 =4(4dup_1 — up_2)up_1 — up_,
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S ui o —dupqupo+2=—ui_,

S Ul +2=up o(dup_1 — up_2)
= M = 41 — ugp_2
Ug—2
& up = 4dup_1 — Up_9.
Vay khang dinh ding v6i n = k + 1. Theo nguyén 1§ quy nap, ta cé
Up = 4Uyp_1 — Up_o, VN > 3.
Ta di chitng minh moi s6 hang trong day 1a s6 nguyén.
Buédc co s6: Véin =1,n =2 ta co u;p = us = 1 déu 1a s6 nguyen.
Vay khang dinh dang véin = 1,n = 2.
Buéc quy nap: Gia stt, khang dinh ding véin =k —1van =k
(k > 1), ttic 1a uj_1 vA ug déu la s6 nguyen.
Ta phai chiing minh ménh dé ding v6i n = k + 1, tic 1 ta phai ching
minh wuy,; cling 14 sd nguyén.
That vay, ta c6 ugy1 = 4ug — up—1 (theo cmt).
Ma theo gid thiét quy nap, u,_1 va u;, déu 1a s6 nguyén nén suy ra wj4q

ciing 13 s6 nguyeén.

Vi du 2.3.16 Cho day (u,) xdc dinh bdi

U = Uy = 1
Up = 2Up—2 + Up—1,n = 3
Chatng minh rang moi s6 hang cta day so nay deu la so Ié.
Bai giai
Budc co s6: Véin=1,n=2, ta co: u; = ug = 1 1a s6 18.
Vay khang dinh ding véin = 1,n = 2.
Budc quy nap: Gia stt khang dinh ding véin = k—1van = k(k > 2),

tuc 1a

Up_1 va uy 1a so 18.
Ta phai chitng minh khang dinh ding véi n = k + 1, tic 13
Uk+1 1a Sé 1é.
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That vay, ta co
U1 = 2up—1 + ug,
Ma 2uj_; 1& mot s6 chén, uy 14 mot so 18.
= 2uj_1 + up 12 mot s6 16 = uy4q 12 mot s6 1é.
Vay khang dinh dang v6i n = k + 1. Theo nguyén 1§ quy nap, ta co
diéu phai ching minh.

Vi du 2.3.17 Cho day s6 (uy,) wdc dinh nhu sau
Uy = 1,U2 =2
Up = Up—2 + 2“71717 n=>3
5\" .

Bai giai

Chitng minh ring

ot

Buéc co s6: Véin=1,tacou; =1< X

)2
Buéc quy nap: Gia sit khang dinh ding véin = k—1van = k(k > 2),

Ug—1 < <§> va up < <§> :

Ta phai chiing minh khang dinh dang véi n = k + 1, tic la

_ 5 k+1
Uu — .
k+1 > 9

That vay, ta co

= Up_ 2ur < | = 21| =
Uf+1 Up—1 + 2up < <2> + <2>
2

()6 =6

Véin:Q,tacéu2:2<<

DO | Ot

Vay khéng dinh ding véin = 1,n = 2.

tuc 1a



Vay khang dinh diang véi n = k+ 1. Theo nguyeén 1y quy nap, ta c6 diéu

phai chiing minh.

2.4 Mot s6 bai toan vé hinh hoc

Trong muc nay trinh bay mot s6 bai toan hinh hoc van dung phuong
phap quy nap toan hoc lien quan dén tinh géc, tinh s6 duong chéo cla

mot da gidc, mot so bai toan vé bat ding thiic trong tam giac.

Vi du 2.4.1 Goi S(n) la tong cic géc trong mot da gidc 16i n canh .
Chiing minh
S(n) = (n —2).180°,¥n > 3.

Bai giai
Buéc co sé: Vi n = 3, ta phai chitng minh

S(3) = (3 —2).180" = 180° (dting).

Ay

Hinh 2.4.1

Vay khéng dinh ding véi n = 3.

Buéc quy nap: Gia sit khang dinh ding véi n = k > 3, tiic 1 ta ¢6
Sy = (k —2).180".
Ta can phai chitng minh khang dinh ding v6i n = k + 1, tic la

Spy1 = (k—1).180°.
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Hinh 2.4.2

That vay: Tu da giac k+ 1 dinh A A As.. AL A1 Tandi Ay véi Ay,
ta dude da gidc k dinh A A,... A va tam gidc A; A A1 nén tong sb6 goc
trong da giac tang len 180°. C6 nghia 1a

Skp1 = Sp +180° = (k —2).180" 4+ 180° = (k — 1).180°.

Vay khing dinh diang véi n = k + 1. Theo nguyén 1y quy nap, ta cé

diéu phai ching minh.

Vi du 2.4.2 Goi s6 duong chéo ciia mot da gidc 10i n canh la S,,n > 4.

Chitng minh rang

Bai giai

Budc co s6: Vi n = 4, ta thay ti giac c6 2 duong chéo, thdéa man

44 -3
sy =28=3 _,
2
Ay
Az
A1 AZ
Hinh 2.4.3
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Vay khang dinh ding véi n = 4.
Buéc quy nap: Gia st khang dinh ding véi n = k > 4, nghia la da
giac 16i ¢6 k canh c6 s6 duong chéo 1a

sy = 3

Ta phai ching minh khing dinh ding véi n = k + 1, tic 1a ta phai
chiing minh da gidc 16i k + 1 canh c6 s6 duong chéo 1a

S(k+1):(k+1)2(k—2).

Akt

=71\
e /7 \
_/.(__//___\_\____ Ak
e ’ \
4 \
Ay X
\
NAL
Ay
Hinh 2.4.4

That vay, khi thém dinh thi k& + 1 thi c6 thém k — 2 dudng chéo noi
ti Apy1 dén Ao, As, ..., Ap_1. Ngoai ra, A1 A, ciing thanh duong chéo. Do

1 Sk+1) =Sk)+(k—2)+1

k2 —k—2
2
(k+1)(k —2)
5 :
Vay khang dinh ding véi n = k+ 1. Theo nguyén 1y quy nap, ta cé diéu

phai chiing minh.

Vi du 2.4.3 Trong mdt phang n hinh 16i (n > 4), ma ba hinh bdt ki trong

chiing c6 diém chung. Chaing minh rang cd n hinh 107 dd cho c6 diém chunyg.
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Bai giai

Buéc co s6: V6i n = 4, xét 4 hinh 161 ky hiéu (Hl), (HQ), (Hg), (H4)

va.

C6 hai kha nang sau:
(i) 3 trong 4 diem Aj, Ay, A3, A4 thang hang.

Gia st Ay, Ay, As thing hang va diém A, thuoc doan A;As. Ta c6
(Hs) 1a hinh 16i ma Ay, A3 € (Hy) nén doan A; Az ndm trong (Hs). Nén
As € (Ho).

Vay Ay € (Hy) N (Hs) N (Hsz) N (Hy) hay ca 4 hinh c¢6 diém chung.

(i) Trong 4 diém khong c6 3 diém nao thang hang. Lai c6 hai kha nang;

+) 4 diem A;, Ay, A3, Ay 13 4 dinh clia mot tit gidc 16i. Gia st d6 1a tid
gidc A1 AsAsAy. Goi I 1a giao diem ciia hai dudong chéo A;As va Ay Ay. Ta
cO:

As

Ay

Hinh 2.4.5
A27A4 c (Hl), (Hg) = Doan Ay Ay C (Hl), (H3> =1 € (Hl), (Hg)
A17A3 c (HQ), (H4) = Doan A; A3 C (HQ), (H4) =1 € (HQ), (H4)
Vay I € (Hy), (Hs), (Hs), (Hy) hay ca 4 hinh déu c6 diém chung.
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+) Trong 4 diém c6 3 diém tao thanh mot tam gidc, diém con lai nam
bén trong tam giac. Gia st tam giac la A1 Ay Az chia Ay Goi J 1a giao
dlém cua A2A3 va A1A4.

Hinh 2.4.6

Twong tu nhu trén, ta co:
J e (H1)7 <H2)7 (H3)7 (H4)

Vay ménh dé ding véi n = 4.
Budéc quy nap: Gia stt, ménh dé dang v6i n = k > 4, tic 1a k£ hinh
16i déu c6 diem chung.
Ta phai chiing minh ménh dé ding v6i n = k + 1, tic 1a ta phai ching
minh %k + 1 hinh 16i bat ki (Hy), (Ha), ..., (H}.), (Hpy1) déu c6 diém chung.
bat (Hy) = (Hi) N (Hi11).
Xét k hinh 161 (Hy), (Hs), ..., (Hy). Theo gia thiét, & hinh 16i nay déu c6
diém chung. D6 ciing 1 diém chung ctia (k+1) hinh 16i (Hy), (H2), ..., (Hg), (Hgy1).
Vay khang dinh dang véi n = k + 1. Theo nguyén 1§ quy nap, ta co

diéu phai ching minh.

Vi du 2.4.4 Cho tam giac ABC wvuéng tai C. Goi a, b, c la lan luot la do
dai cac canh BC, AC, AB. Chiing minh rang

Lc2n <@+ < *on > 1.
on—10 = e
Bai giai
*) Ta chiing minh
a® + ™" < P (2.14)
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Buéc co sé: V6i n = 1, ta phai ching minh
a® + b* < ¢* (ding).

Vay bat dang thic ding véi n = 1.

Buéc quy nap: Gia s, bat dang thic ding véin =k > 1, ta ¢
a?t 4 bR <
Ta phai chitng minh bat dang thic ding v6i n = k + 1, tiic 1a

Q201 o p20kt1) < (2(k41)

That vay

a2(k+1) + b2(k+1) _ (CL% + ka)(GZ 4+ b2) — a2p2k — p2g2k

< k2 — 2k

Vay bat dang thic ding véi n = k + 1. Theo nguyén 1y quy nap, bat
déng thic ding véi moi n.

*) Ta chting minh

2n_102” < a* + b*". (2.15)

Ap dung Vi du 2.2.16, ta c6
a2n+62n B (a2)n+ (b2)n - <a2+b2>n

2 2 2
& a*+ b > QCQ—H _ ! " (dpem)
L 2n—1 ’

T (2.14), (2.15) suy ra

2n_102n S a2n 4+ b2n S CQn

Vi du 2.4.5 Cho tam giac ABC vuong tai A. Dat BC = a, AB = c,
AC = b. Goi mg, my lan ot la do dai duong trung tuyén zudt phdt ti cdc

dinh A, B ciia tam gide. Chitng minh rang

2571 (m2" +mp") > 5" n > 1.

68



Bai giai

Hinh 2.4.7

Goi M, N lan luct la trung diém ctua BC, AC.
= AM, BN la duong trung tuyén xuat phat ti A, B hay
mg = AM, my = BN.

Ta co:

2

S +

m +mb —AM2—|—BN2 (TC
2
4 1 Z

Ap dung Vi du 2.2.17, ta c6

2

24 () (md )" (5 )"
2 - 2 8 '

& 271 (m2" + mi") > 5".¢*" (dpem).

(m

Vi du 2.4.6 Cho tam giac ABC c¢6 M thuoc canh BC, N thuoc canh
AB, P thuoc canh AC sao cho AM, BP,CN dong quy tai G. Ching minh

rdang vdi moi n nguyén duong, ta co:

GMA"  (GNN"_ (GPN", 1
MA NC PB) “ a0 =

Bai giai
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C 1 H M B
Hinh 2.4.8
Goi I, H lan lugt 1a chan duong vuong goc ké tit A, G xudng BC.
= Al | GH.
Ap dung dinh 1§ Talet trong tam giac AIM, ta c6

GM GH  Syccs
MA ~ Al ~ Spapc

Tuong ty, ta co

GN _ Sacap GP _ SacAc
CN SAABC ’ PB SAABC'.

Suy ra

GM GN GP SAGCB+SAGAB+SAGAC SnaaBC

n ~1.
MA CN PB  Saapc  Saapc  Saapc  Saabc

Ap dung Vi du 2.2.16

a + b + " S a+b+c\"
3 - 3

Ta ¢co

GM\" (GN\" (GP\"_ 3 (GM GN GP\"_ 1 (tporm)
MA NC PB) “ 3 \MA CN T pp) ~ go1 P

Vi du 2.4.7 Cho A ABC ¢6 BC = a,AC = b,AB = c¢. D¢ dai duong

trung tuyén tw A, B, C la mq, my, m.. Chiing minh rang

2 62 2\ "
m§”+m§”+m2”z3<%> n> 1

Bai giai
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Hinh 2.4.9

Ap dung cong thiic tinh do dai dudng trung tuyén, ta c6

2 4 m? 2 :<b2+02_a_2)+<a2—|—02_b_2>+<a2—|—62_c_2>

o B b e 2 4 2 4 2 4
(VP+E P+ a4 a> b
_< > T2 T >_<Z+Z+Z>

2 b2 2
- (a2+b2+c2)—%:Z(a2+b2+02).

Ap dung Vi du 2.2.16

a’ + b + " S a+b+c\"
3 - 3
Ta co
m2" +mi" +mZ (mQ)” + (m%)” + (m2)"
3

><m2+mb+m>n
<a +62+c>
b2
g L 2n>3(a+ +c) (dpem).
Bai tap dé nghi

Bai tap 1. Ching minh n° — n ! 30 v6i n nguyén duong.

Bai tap 2. Chitng minh rang v6i moi s6 nguyén duong n thi

n®+3n%+5n:3.
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Bai tap 3. Ching minh rang véi n nguyén duong, ta c6
gbn+l | g2n+2 ;{7
Bai tap 4. Chiing minh rang
n(n+1)(n+2)(n+3):24,n > N".
Bai tap 5. Chiing minh rang
20" — 8" : 6,¥n € N*,
Bai tap 6. Ching minh rang v6i moi s6 nguyén duong n thi
(n+1)(n+2).... (n+n)i2"

Bai tap 7. Ching minh ring 32" — 1 chia hét cho 2"*? v6i n nguyéen duong.

Bai tap 8. Chitng minh rang v6i moi n nguyén duong, ta c6
3(1°P+2°+ .. +n”) i 1P 428+ 40

Bai tap 9. Chitng minh ring véi moi n nguyén duong ta c6

_ n(3n + 1).

2454+ .. +Bn—-1) 5

Bai tap 10. Chitng minh rang v6i moi n nguyén duong, ta c6
1 1 1 n(n +3)

123 7234 " nmaDm+2) dn+)n+2)

Bai tap 11. Chiing minh rang véi moi n nguyén duong, ta c6

12 22 n? n(n+1)
— 4+ = :
1-3 35 2n—1)2n+1) 2(2n+1)
Bai tap 12. Chiing minh rang véi moi x # k2w, n € N*, ta c6
o 2n+1
sin T
— 4 cosx + cos2x + ... + cosnr = 2:6
2 23in§

Bai tap 13. Chiing minh rang, véi moi n nguyén duong, ta c6

"2 5 9on + 5.
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Bai tap 14. Cho z,y > 0 théa man: x + y = 1. Chiing minh rang

1
x”—I—y"ZF,VnZ 1.

Bai tap 15. Cho day (u,) xac dinh béi

Uy = 2, U9 = 5
Uy = 5un,1 - 6unf2, n = 3, 4,
Tim s6 hang tong quat ctia day sb.

Bai tap 16. Cho day s6 (u,,) xac dinh bdi
1
Uy = g

(n+ 1)uy,

,n>1
3n

Up+1 =

Xac dinh cong thic sé hang tong quat ciia day sb.
Bai tap 17. Cho day s6 (u,) duge xac dinh béi

u1:1

Up+1 =

Tim s6 hang tong quat ciia day sé.

Bai tap 18.Cho day s6 (u,) xac dinh boi

Uy = 1, Uy = 2
Up = Up_1 — 2Up_o,n = 2,3, ...
Tim s6 hang tong quat ciia day sé.

Bai tap 19. Chiing minh rang trong day Fibonacci, ta c6
UQ+U4+U6+..—|—UQn:u2n+1 —1,722 1.

Bai tap 20. Ching minh rang trong day Fibonacci néu n chia hét cho m,
thi u,, chia hét cho u,,.
Bai tap 21. Cho day Fibonacci, ching minh rang us, : 5 véin = 1,2, ...
Bai tap 22. Cho = + l, x # 0 13 mot s6 nguyén. Ching minh ring vdi
moi s6 nguyén duong nfc

T(n)=2z"+ x—ln

73



cling 1a mot s6 nguyen.
Bai tap 23. S6 duong chéo ciia mot da giac 16i 1a 35. Hoi da gidc d6 co
bao nhiéu dinh?

Bai tap 24. Cho tam giac ABC nhon. Chiing minh ring
n

1+—
a) tan” A+ tan” B +tan"C >3 2,Vn > N*.

3
b) V/cos A+ vcos B+ vcosC < n—\/i,Vn > N*,
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KET LUAN

Dugc sy dong § clia nha truong, em da tién hanh nghién ctu dé tai
Khoéa luan t6t nghiep: “Ung dung cda phuong phdp quy nap toin
hoc vao gidi todn & truong trung hoc phé théng’. Trong qué trinh

nghién ctu, dé tai da dat dudc cac két qua sau:

e Trinh bay phép quy nap, phuong phap quy nap toan hoc.
e Néu duge mot s6 hinh thic clia phuong phap quy nap toan hoc.

e Trinh nay mot s6 ing dung ctia phuong phap quy nap toan hoc trong
dai s6, s6 hoc, hinh hoc va dua ra hé thong phong pht cac vi du minh

hoa cho cac ng dung.

Vé co ban Khoa luan da dat duge cdc muc tiéu va hoan thanh cac
nhiém vu dit ra khi tién hanh nghién cttu. Tuy nhién, do 1a lan dau nghién
cttu mot van dé khoa hoc nén chic chan Khéa luan con cé thiéu sot, em
mong nhan dudc cac ¥ kién déng gép clia cac thay co dé dé tai dugce hoan

thién hon. Em xin chan thanh cam on.
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