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LOI NOI PAU

Hinh hoc tinh toan 12 mét linh vuc nghién ciru dé tim ra céc thuat toan
hiéu qua va thuc thi trén may tinh cho nhing bai toan duoc biéu dién bang
ngdn ngit hinh hoc. Hinh hoc tinh toan thuong giai quyét cac bai toan kinh té
nhu: xac dinh dia diém dé dat nha may, tram dién, bén xe, truong hoc; xac
dinh duong di ngan nhat cho tau bién, 1ap trinh cho robét dién tw, ... CO rat
nhiéu nha toan hoc nghién ciru vé Hinh hoc tinh toan, chang han nhu D. R.
Chand (1970), P. McMullen (1971), R. L Graham (1972), F. P. Preparata
(1988), J. O’Rourke (1998), P. T. An (2007), ...

Bai toan thuong gap ciia Hinh hoc tinh toan 1a tim bao 16i cua tap hiru
han diém trong khong gian 3 - chiéu. Pay 1a mot van dé duoc rat nhiéu nha
toan hoc quan tdm nghién ctru, chang han nhu: D. R. Chand, S. S. Kapur, F.
P. Preparata, M. L. Shamos, J. O’Rourke, P. T. An (xem [6], [10] va [11]), ...
Nam 1970, D. R. Chand va S. S. Kapur da dé xuét thuat toan goi qua dé giai
quyét bai toan nay (xem [11]). Cac thuat toan xac dinh bao 16i chay véi thoi
gian trung binh 12 O(n log n), vi du nhu thuat toan chia dé trj va thuat toan
tang dan ngiu nhién (xem [10]). Tuy nhién, trong thuc nghiém tinh toan da
chi ra rang trong truong hop x4u nhét nhirng thuét toan ndy chay véi thoi gian
la O(n) chur khéng phai 1a O(n log n). Bo 1a 1y do tai sao trong thuc té, chiing
ta thuong st dung thudt toan goi qua chay véi thoi gian la O(nk), trong do n
| s6 diém, k 1a s6 mit cua bao 16i (xem [10], [11]).

Mot hudng tiép can moi dé tim bao 161 ¢4 duoc gidi thiéu trong [5]. Dya
trén y tudng ciua phuong phap mat dinh huéng, nam 2011, P. T. Anva L. H.

Trang d4 dua ra thuat toan hiéu qua tim bao 151 cua tap hiru han diém trong



khong gian 3 - chiéu voi diéu kién duge han ché ([6]). Trong thuit toan nay,
bao 16i dugc tao thanh boi cac mat, mot trong s6 nhitng mat ndy 14 mat dinh
hudng duoc xac dinh tir mién han ché cua b diém phan b déu trong mit
phang.

Trong luan van ndy, ching toi trinh bay mot cach tuong minh cac két qua
trong bai b4o [6] caa P. T. An va L. H. Trang. Do d6 luin vin c6 tén 1a ”Méi
lién hé giira mién han ché trong khong gian 2 - chiéu va bao 16i ciia tap
hiru han diém trong khéng gian 3 - chiéu”.

Bd cuc cua luan vin gém 2 chuong.

Chwong 1. Thuit toan géi qua tim bao 16i cia tap hitu han diém
trong khdng gian 3 - chiéu

Trong chuong nay, chung toi trinh bay khai quéat mot s6 kién thuc 1a co
s& cho ndi dung cua chuong sau, bao gom:

= Dinh nghia tip 16i, bao 16i, diém ciee bién, canh cye bién ciia bao 16i va
mét sé finh chdt co ban.

= Thii tuc xdc dinh canh cuc bién cia bao 16 trong mdtphcfng va dua ra
Vi du minh hoa.

« Mét s6 tinh chdt ciia dwong thang va mdt phang trong E®,

= Thudt todn géi qud tim bao 16i ciia tdp hitu han diém trong khong gian
3 - chiéu va dua ra vi du minh hoa.

Chuwong 2. Méi lién h¢ giira mién han ché trong khong gian 2 - chiéu
va bao 16i ciia tap hiru han diém trong khong gian 3 — chiéu

Noi dung chinh cua luan vin duge trinh bay trong chuong nay, bao gdom:

- Dinh nghia va tinh chdt ciia mién han ché va mat dinh hwéng trong
khéng gian 2 - chiéu.

» Thu tuc xdac dinh mat dinh huong.



= Thudt todn tim bao 16 cia tdp hitu han diém trong khdng gian 3 - chiéu
stk dung mién han ché trong khéng gian 2 - chiéu va dwa ra vi du minh hoa.

« Mét 56 két qua tinh todn.

Luan van dugc hoan thanh vao thang 09 nam 2012 tai Truong Dai hoc
Vinh, duéi sy huéng din tan tinh, chu ddo cua Thay gido, PGS. TS Phan
Thanh An. Tac gia xin duoc bay t6 10ng biét on sdu sic dén Thiy, ngudi da
chi day tac gia nhiing kién thirc, kinh nghiém trong hoc tap va nghién ctru
khoa hoc.

Nhan dip ndy, tc gia cling xin giri 16i cam on siu sic téi PGS. TS.
Nguyén Hitu Quang, PGS. TS. Pham Ngoc Boi, PGS. TS. Nguyén Huynh
Phan, TS. Nguyén Duy Binh, cac thiy c¢6 gido trong Khoa Toan va céc thay
cd giao trong phong Pao tao Sau dai hoc Truong Pai hoc Vinh da quan ly,
nhiét tinh giang day va gitp dd tac gia trong sudt qua trinh hoc tap, ciing
nhu nghién ctru hoan thanh luan van.

Pdng thoi, tic gia xin giri 16i cam on chan thanh dén anh L& Hoéng
Trang, em Pinh Thanh Giang, em Pdng Vian Viét, cac can bd phong Giai tich
s6 va Tinh toan Khoa hoc va cac Thay gido trong Vién Toan hoc d4 gilp d&
tac gia trong qua trinh nghién ctru hoan thanh luan van.

Cubi cling, tac gia xin gui 161 cam on toi ban Gidm hiéu Truong Pai hoc
Hoa Lu, tap thé 16p K18 Hinh hoc — Topd, gia dinh, ban bé va dong nghiép da
dong vién, giap dd va tao diéu kién thun loi cho tac gia trong sudt thoi gian

hoc tap va qua trinh hoan thanh luan van.

Nghé 4n, thang 09 nam 2012

Tac gia



DANH SACH KY HIEU

: Khong gian Euclid 3 - chiéu.

: Tap céc sd thyc.

: Bao 15i cua tap P.

: Tap cac canh cuc bién cua bao 16i convP.
: Mt phang qua ba diém a,b, p.

: Mién han ché ciia mit phang (a,b, p).

: Tam giac.

: Module cua vecto a.

: Puong thang ¢6 hudng tir a dén b.

: Tich c6 huéng cua hai vecto ab va ap.
: Tap rong.

: Goc phang.

: Két thic chang minh.



CHUONG 1
THUAT TOAN GOI QUA TIM BAO LOI CUA TAP HUU
HAN PIEM TRONG KHONG GIAN 3 - CHIEU

Véimoi p,qeE? 1 <[01], ki hidu [p.q]= {(1—/1)p +0/0< 2 sl}.

Trong chuong nay, ching toi luén gia thiét rang, tap hop diém duoc xét
khong nam trén cuing mot duong thang hoic mot mit phiang va khéng cé bén
diém nao thudc cling mit phang.

1.1 Tap 18i, bao ldi

Pinh nghia 1.1. (xem [14]) Mot tap A c E® duoc goi 1a tdp 16i néu voi
inh ng

mMoi x,,x,e A thi doan thang [x, x,]c A.

Hinh 1. cho vi du vé tap 16i va tap khong 16i.

‘

Hinh 1. Tap A 16i, tap B khong 16

Vi du 1.2. Céac hinh tam giac, hinh tron trong mat phang; cac nira khong

gian la cac tap 16i.

Nhan xét 1.3. Giao ciia mot ho bat ky cac tap 16i 1a tap 16i, tuy nhién hop cua

mot ho cac tap 16i chua chic d4 1a tap 10i.



Pinh nghia 1.4. (xem [3]) Mot té hop I6i Cia x,,X,,... %, €E> 12 mot tdng co

k _ k
dang > A,x;, V6i moi 4; >0 (i :1,k) va 4 =1.

i=1 i=1
Ménh dé 1.5. (xem [3]) Gid sir A cE> 13 tdp 16i v X, %y,.... %, € A. Khi do,

_ m L
voi moi 4; €eR, 2,20 (i:l,m) sao cho D 4 =1thi > A4x €A.
i=1 i=1

Chung minh:

Chung t6i chirmg minh bang phuong phap quy nap.

Néu m=2, voi 4,4,>0, 4,4, eR, A4 +4, =1, x.,x,eA, theo Pinh
nghia 1.1, chdng ta ludn cd A,x, + A,x, € A. Gia sir ménh dé¢ diing véi m=k,

vk > 2, ching ta cin ching minh ménh dé dung v6i m=k+1, nghia la, véi
. . k+1 . k+1

X, Xp,0 X €A, MOL 4, >0, 4, eR (i =1,k+1) va Y 4 =1thi x:=> 4x eA.
i=1 i1

R , R . < . k+1 .

Khong mat tinh tong quat, gia sir 0< 4, <1 (Vi néu A, =1 thitr Y 2, =1 va
i=1

420 (i=1k+1)suyra 4, =2, =..= 4 =0, do d6 x=x,, < A). Khi d6, chiing

tacO1-4,,=4+..+4, >0.Suyra Z 20(i=1,_k).

k . n ., e .
Vit-— Mo, K => % nén theo gia thiét quy nap, ching
1- /lk+1 1- /lk+1 i=1 1- /lk+1
k /li
toi dat y=>" X, €A.
|—11_ik+l

Vay voi y, X, €A, 1- 4, >0 va (1-A44) + A4 =1, chdng ta cd

X= (l_j'kﬁ—l)y + A’k-%—lxk-%—l €A. O

Pinh nghia 1.6. (xem [14]) Cho tap P < E>. Khi d6, giao cua tit ca cac tap

161 chira P goi 1a bao 16i cua P, ki hiéu 1a convPp.



Nhan xét 1.7. (xem [14])
(i) convP la tap 16i nho nhét chira P.
(i) P 1 tap 16i khi va chi khi convp =P.
Dinh Iy 1.8. (Pinh Iy Caratheodory trong E°) (xem [3])
Bao 16i ciia tdp P cE® 14 tdp tat cd cdc t6 hop 16i cia khong qud bon

diem cua P.

Ménh dé 1.9. (xem[2]) Bao 16i ciia ho hitu han diém A trong E? 1 hinh da
giac 16i, trong dé cdac dinh cia hinh da gidc 16i thuée A chinh la diém cuc
bién ciia conv A va chi ¢é cdc diém cwc bién dé ma théi.

Ménh dé 1.10. ([9]) Bao 6i ciia ho hitu han diém P trong E* 1& hinh da dién
16i, trong d6 cdc mat cia hinh da dién 16i ¢6 cdc dinh thuée P chinh 1a mat

cuc bién Cua convP va chi co cac mat cuc bién do ma thoi.

Nhan xét 1.11. (xem [11]) Mot khéi da dién 16i dugc mo ta bang bién gom

CAC mat, cac canh va cac dinh.

1.2 Piém cuc bién, canh cwc bién

Pinh nghia 1.12. (xem [8]) Cho tap 16i P cE?, diém x e P duoc goi 1a diém
Cwc bién cua tap P néu xe[ab]; véi moi a,beP thi x=a hoic x=b (xem

hinh 2).

Hinh 2. x 1a diém cuc bién caa tap P



Vi du 1.13. Trong E? néu A 1a mot doan thing, mot hinh tam gic thi cac
diém cuc bién cia n6 twong Gmg 13 hai ddu mut, céc dinh cua tam giac. Trong
E° néu P 1a mot hinh hop chit nhat, mot hinh tir dién thi cac diém cuc bién
cua nd tuong tng la cac dinh cia hinh hop chit nhat, cac dinh cua tr dién.
Chi y rang tap hop cac diém cuc bién cia mot tap 161 khong phai bao gio
cling hitu han, ching han nhu khi P 13 mét hinh cu thi moi diém nam trén

bién cta n6 déu 1a diém cuc bién cua hinh cau do.

Pinh nghia 1.14. (xem [10]) Cho a,be A. [a,b] dwoc goi 1a canh cuc bién
ctia khéi da dién 16i conv A néu ton tai mot mat phang di qua duong thang ab

sa0 cho moi diém cia A ndm vé mot phia ciia mit phiang nay.

Dinh nghia 1.15. (xem [6]) Mat phang F dugc goi 12 mdr cuc bién cia
convP néu convP nam trong mot phia ctia mit phang F va phia kia la hoan

toan rong.

Nhan xét 1.16.
(i) Céc diém trong cua bao 161 khong phai 1a diém cuc bién cua bao 10i.
(i) Mot diém 1a diém cuc bién cua conv A néu ton tai mot duong théng
di qua diém d6 ma ngoai diém dé né khéng cit conv A.
(iii) Mot mat F 1a mit cuc bién cua convP néu ton tai mot mat phang

(o) chita F ma ngoai mat F thi («) khong cét convP.

Dinh nghia 1.17. (xem [6]) Trong mat phing Oyz, cho ba diém
p=(0, Py pz), q =(0,qy,qz), t=(0,ty,tz). Léy

s=(a, - py It - p.)-(t, - P, Ja. - p.)- (1)
Trong khong gian 3 - chiéu, nhin mat phang Oyz tir phia x ~ -+ V& nhin tryc

Oy tir phai sang trai, goi t 1& diém nam bén tréi (twong ng, nam trén, nam
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bén phdi) ciia dudng thang c6 hudng pg tir p dén q néu S >0 (twrong ung,

S=0, S<0).

Quy uwde 1.18. Bé cho don gian, chling t6i quy wdc phia bén trai canh dinh

hudng 12 phan bén trong cia tap A.

Thii tuc xac dinh canh cwc bién ciia bao 16i trong mit phang
Bai toan
Cho: A ={py, pyspyylcE% n>4.

(Trong A khdng c6 ba diém nao thang hang, ...).

Tim: C4c canh cuc bién cua bao 10i conv A.

M0 ta tha tuc (xem [10])

Boi vi canh cuc bién di qua diém cuc bién, do d6 ching ta c6 thé tim
canh cuc bién tir cac diém cuc bién, ciing ¢ thé dya vao dinh nghia canh cuc
bién: néu [a,b] 1a canh cuc bién cua convA thi moi diém cia A nam vé mot
phia cua duong thang di qua [a,b]. C6 thé md ta thu tuc nhu sau.

- Ly hai diém p,, p, tuy ¥ thudc h¢ diém A ={p, p,,..., p,} = E* da cho.

- Lay diém p, eA\{pi, pj}.

+ Néu tat ca cac diém p, ndm bén trdi hogc nim trén [p;,p;] thi
[pi, ;] 1a mot canh cuc bién cua convA.
+ Néu c6 mot diém p, ndm bén phai [p;, p;] thi [p;, p;] khong Ia canh
cuc bién cua convA .
Dura vao hai tinh chat ndy, Thu tuc 1 bén dudi dugc xay dung dé kiém tra

xem mot canh c0 phai la canh cuc bién ctia conv A hay khong.
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Thi tuc 1: Xac dinh canh cwe bién (xem [10])
for mdi mot i do
for méi mét j=i do
for mdimot 1= j=i do

if v&imoi p, ndm bén trai (hodc nam trén) [p,, p;] then

end if
end for

1.
2
3
4
5. [pi.p;] la canh cuc bién cla conv A
6
.
8 end for

9.

end for.

Vi du 1.19. Cho A ={p,(12) p,(2:8), p,(4:17), ps(2;20), p, (- 213), ps (- 3:13)} c E>.

Tim cac canh cuc bién ctia conv A .

Duva vao Thu tuc 1, qua trinh tim canh cuc bién cta convA dugc thuc

hién nhu sau.
- Tai diém p,, ta co cac canh [pq, p,1, [Py, P21+ [Po. Ps], [Po. Pals [Po, Psl-

+ Xét vi tri cac diém p,, ps, ps, Ps VGi [po. p.]. Ap dung cong thirc (1), tai
diém p, ching tdi c6 S, =(2-1)17-2)-(4-1)8-2)=-3<0. Do d6, p, nam
bén phai [p,, p;1. Vay [p,, p;] Khdng la canh cuc bién ctia conv A.

+ Xét vi tri cac diém p,, ps, pa, ps VG [po, p,1. Tuwong tu, ching tdi két
luan duoc py, ps, Py, Ps NAm bén trai [p,. p,1. VAy [p,, p,] & canh cuc bién
Cua conv A.

+ Xét vi tri cac diém p,, p,, ps. Ps VGi [pg. ps]. Tuwong tu, ching tdi két
luan dugce p,, p, Ndm bén phai [p,, ps]. VAy [p,, ps] khong 1a canh cuc bién

cua convaA.
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+ Xét vi tri cac diém p,, p,, ps, ps VGi [pg. p,]. Tuwong tu, ching toi két
luan dugc p,, p,, p; NAm bén phai [p,, p,]. VAy [p,, p.] khdng la canh cuc

bién cta conv A.

+ X6t vj tri cac diém py, p,, ps, P4 VO [pe, ps]. Tuwong tu, ching toi két
lugn duoc py, p,, 3, Py nam bén phai [p,, ps]. Vay [p,, ps] khong la canh cuc

bién cta conv A.

Do @6, [p,, p,] la canh cuc bién cia conv A .
- Tuong tu, tai cac diém pj,, p,. s, Pa. Ps, ching t6i két luan duoc [p,, psl,
[ps, ps]s [Ps, Po] 1 CAC canh cuc bién tiép theo cua convA.

Vay cac canh cuc bién cua convA 1a [py, p,1, [P, P31, [Ps: Psl, [Ps. Pol

(xem hinh 3).

P

Ps ¢P4

Po

Hinh 3. Hinh minh hoa cho vi du 1.19
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1.3 Puwong thing va mit phiing trong E°

Gid si, mit phiang P di qua ba diém doc 1ap p=(p,.p,.p,),
q= (qx,qy,qz) vat= (tx,ty,tz). Nhu ching ta da biét, phwong trinh mat phang P
c6 dang
xn, +yn, +zn, —d =0
& day, n=(n,,n,.n,) la vecto phap tuyén ctia mat phang P (xem hinh 4). R8
rang  d:=n.q,+n,q, +n,q,. V6 w=(w,w,w,)eP VA& n,=0 dit

d-nw, —n,w < . e as X . ,
W= . nx YV thi w':= (wx,wy,wz)eP. Khi d6, néu w, >w; (tuong tng,

w, <w’) thi w dugc goi 1a nam phia trén (twong tng, phia duéi) mat phang P.
Ching t6i ky hiéu pg (twong tmg, [p,q]) 1a dudng thang (twong tmg, doan

thang) c6 hudng tir p dén q.

Hinh 4. i = (nx Ny, nz) 14 vecto phap tuyén ctia mit phiang P

P By P,

Cho cac diém p,q,t,weE>, dat v =V (p,q,t,w)= ?X ?y ?Z : (2)
X y z
W, W, W
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Khi d6, V >0 khi va chi khi p,q,t tao thanh mot vong quay nguoc chiéu kim
d6ng ho khi nhin tir phia w (xem [10]). (3)
Trong trudong hop ndy, chiing tdi n6i w ndm phia dwong ctia mit phang qua
ba diém p,q,t (xem hinh 5) (néu ba diém nay tao thanh mot vong quay nguoc
chiéu kim dong hd khi nhin tir phia w) va ky hiéu mit phang f bai f(p,q.t)

(xem [10], [11]). Do do, f(p,q.t)=f(a,t,p)=f(t,p,q) va f(p,a,t)= f(p,t,q).

Hinh 5. w nim phia duong ciia mat f(p,q,t)

Cho P 12 tap hitu han diém trong E*. Khi d6, bao 16i convP cua tap P 12
mot khdi da dién 161 ([9]). Mot khéi da dién 161 dugc mo ta bang bién gom
c4C mit, cac canh va c4c dinh (xem [11]). Néu khong c6 bén diém nao cua P
ddng phang thi moi mat cua convP la cac tam giac. Goi f la mot mat tam
giac cua convP va cho p,q,t la ba dinh cua f, khi d6, mat f c6 mot sy dinh
hudéng véi y nghia convP nam trong mot phia cia mat phang chira f va phia
kia 12 hoan toan réng. Tur (3), gia stt V >0 v6i moi we P\{p,q,t}. Chlng t6i ky
hiéu mat f boi mat f(p,q,t), hodc mat f(et), voi e:=[p,q]. Do d0, gia st
[p.q] 12 canh cua convP, dé xac dinh ba diém p,q,teP c0 tao thanh mot mit
ctia convP hay khong ching tdi s& kiém tra xem w c6 nam phia dwong cua
mat f(p,q,t), vi moi weP\{p,qt} hay khong, tkc 1a V>0, véi moi

weP\{p,qt} (xem [12]).
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Trong luan van nay, ching toi khong trinh bay van dé giai quyét dang
suy bién nhu cac diém c6 toa do x,y tring nhau, ba diém thang hang, bdn
diém dong phang.

Goi P={p, =(xi,yi,zi)eE3,i =01..,n—1}, n>4. Dat
Xmax =MaX{X:(X,y,2)€ P}, Xpn =MiN{x:(x,y,z) P}, Y =mMax{y:(xy,z)eP},
Yoin =MIN{y :(x,y,2) € P}, 2., =Max{z:(x,y,z)eP}, z,=min{z:(x,y,z)eP}
va P'={py, pj,...Phs} VG p/=(0,y;,z), i=04..n-1 (P la hinh chiéu cua P
theo phuong song song vai truc Ox xudng mit phing Oyz). Vi P dugc chia
trong hinh hop chir nhat c6 cdc mat xung quanh 1a x =X,y X= Xm0y Y= Yirex »
Y=Yins Z=Zmaxs 2= Zpmin,» do d6 chling ta co

convpe c {(X’ y,z): Xmin X< Xmax 1 Ymin < y < Y max » Zmin <z< Zmax}'

AZ
) pr:—l ] ] . . ]
y ] . [] . /p]’-
Po

Hinh 6. Biéu dién vi tri cua cac diém p), p;, p._, trong mat Oyz

Gia st mnam la mot mat cta hinh hop chir nhat, véi n,m la giao ctia mat
X=Xpy V& Mat z=z,,, nm la giao cia mat x=x,, va mit z=z_,. Vi
P c40,Y,2): Yiin <V < Vi Ziin < Z < Z ) NEN P’ Nam trong mat phang Oyz.
Trong khong gian 3 - chiéu, ching tdi nhin mit phang Oyz tir phia x ~ +o va
truc Oy tir phai sang trai. Chon cac diém pj,p}, p,, <P’ sao cho trén mit

phang Oyz, tim diém thdp nhat & bén phai cua P’, dat 1a pj; ly p; (twong
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mg, p/_,) sao cho cac diém khic cua P’ & bén trai cua p;p (twong ung,
Pr-1P5)- (4)
(xem hinh 6). Vi [p,, p,] (twong tmg, [p,., p,,]) 12 canh ciia bao 16i convP, khi
d6, néu p,, >0=p;, thi p; (i>2) nam phia duong ctia mat f(p’y, p,, po); Néu

Doy <0=ph, thi p, (i>2) ndm phia duwong ctia mat f(p’y, py. p;)-

Ménh dé 1.20. (xem [10]) Gid sir P={p, =(x,y;.z)eE>,i=01..n-13,
n>4. Trong mdt phdang Oyz, cdc diém pq, p,, p,., dwoc xdc dinh boi (4). Khi

dé, [po, p1] Va [py, pos] & cac canh ciia convp.

Trong luan van nay, ching toi st dung [p,, p,] duoc xac dinh bsi (4) la

canh dau tién cia bao 16i convP trong c4c thuat toan.

Ménh dé 1.21. (xem [6]) Gida sz P={p; = (x;, v,z )eE%i=01..n-1}, n>4,
ba diém a,b,p 14 cac diém phan biét trong P, (a,b,p) Cit mn VA mn fwong
ung tai u va u. Goi a',b, U, T, 1 hinh chiéu twong ung cua a,b, p,u,d theo
phwrong Song sONg V4i truc Ox Xudng mdt phang Oyz . Khi d6, trén mdt phdang
Oyz, cdc diém a',\b',p’ nam cung phia véi dwong thang dinh huéng u,u, (co

thé nam trén dwong thang G,u, ).

Chitng minh:

Goi («) la mat phang chira duong thang tu. Suy ra ()= (a,b, p). Vi tu
la giao cia mat x = x,,, VOi P dugc chira trong hinh hop chit nhat cd cac mat
xung quanh 1a X=X s X=Xpins Y= Ymaxs Y= Ymins Z=Zmaxs Z = Zmin- DO d0,
hinh cht nhat mnAam 1& tAp {(Xpu ¥:2): Viin < Y < Yivas Zonin < Z < Za § - SUY T

mnAm song song voi Oyz. Mat khac ta co, (a,b, p) giao v&i mnnm tai u (xem
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hinh 7). Do d6, a,b,p nam cung phia v&i duong thang wu. Tir day suy ra

a’,b’, p’ nam cuing phia voi duong thang u,,. O

Chi ¥, néu (a,b, p) vudng goc véi mnnm thi a',b’, p’eu,,T, |-

Trong khong gian 3 - chiéu, hinh hop chit nhat chira tit ca cac diém cia
P c6 thé dugc coi 1a bién. Trong trudng hop dic biét, hinh hop chit nhat co
cac mat xung quanh 1a X=X, X=Xmns Y= Ymaxr Y= Ymins Z=Zmaxr Z = Zmin
dugc coi 1a bién cua convP. Gia sit convP dugc xac dinh trong thuat toan goi
qua (xem [11]) v&i canh dau tién [p,, p,] duoc xac dinh trong (4). Mot mién

han ché s& dugc xac dinh trong bién.

-
]
5 :
: : J/ m
—
, 0 /
: ’Hk; ——————————— - —>
] L’ Y X
A
| a« P> _
T e Hh /N
v -~ u
I’v m

Hinh 7. Mit (a,b, p) cit hinh chir nhat mnAm tai ud

1.4 Thuat toan gdi qua tim bao 1di ciia tip hitu han diém trong

khong gian 3 - chiéu

Nam 1970, D. R. Chand va S. S. Kapur d& dua ra thuat todn goi qua tim

bao 16i cua tip hiru han diém trong khong gian 3 - chiéu (xem [11]). Co sé
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cla ¥ tudng 1a Xuit phat tir mot canh cuc bién caa bao 16i, tim mat dau tién
chtra canh ndy; sau do, tir mat dau tién tim cac mat lién ké véi nd; tiép tuc nhu
thé tim cac mit tiép theo cho dén khi tit ca cac mat ndy bao xung quang tap

hop diém. Ching ta gia thiét ring khéi da dién 1a don hinh.

Dinh nghia 1.22. (xem [11]) Mot khéi da dién duoc goi 1a don hinh néu

mdi mat ctia nd 1a mot don hinh, tire 12 mdi mit chira chinh xac ba canh.

Dinh Iy 1.23. (xem [11]) Trong mét khoi da dién don hinh, mét canh e ciia
bao 16i & giao cia chinh xdc hai mét F,,F, va hai mdr F,, F, c6 chung mgt
Canh e khiva chi khi e dwoc xdc dinh boi hai dinh cung thuge F,F, (hai mat
F,,F, lién ké véi e) (xem hinh 8).

Dinh 1y 1.23 14 co sé cia Thuat toan 1 dudi day, trong d6 st dung canh e

clia mat F, d4 c6 dé xay dung mit lién ké F, ¢d chung canh e Voi F,.

Hinh 8. Hai mat F,F, duoc goi la lién ké

Bai toan
Cho:  P:={py,py....p,4 cE% n>4.

Tim:  Q la tap tit ca cac mit ciia convP.
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M0 ta thuat toan (xem [11])

e  Tim canh cyc bién dau tién e cia convp.

Chon hé truc Oxyz. Chiéu cac diém p, =(x.y;,z)eP, i=0,n-1 theo
phuong song song véi truc Ox Xxudéng mit phing Oyz, ching ta dugc tap
P ={py, Pl Poy )y PL=(0,y;,2), i=0,n—1. Trén mat phiang Oyz, tim canh cuc
bién dau tién cua tap P’ (st dung Thu tuc 1). Khi d6, canh twong tmg voi canh
cuc bién cua bao 16i convP’ 1a canh cuc bién cta bao 10i convP. Gia st
[pg, p;]=¢" |& canh cuc bién ctia convP’, khi d6 [p,, p;]:=e la canh cuc bién

cua convP (xem hinh 9).

b

~NY

0 ':
L
y Py

Hinh 9. [py. p;]=¢ 1a canh cyc bién ciia convP’.
Khi do, [p,, p;]=¢ la canh cuc bién cta conv P

e Tim mat dau tién F, chita canh e cua convP.

Gia st [p,. p,]:=e la canh cyc bién cua convP, [p;, p;]:=¢’ 1a hinh chiéu
song song cua e xudéng mat phang Oyz. Goi (x,) 1a nira mat phang bo e va
chia p, e P\{p,. p,}. DUNg mat phang (e.e’) 1am chuan, xét goc tao boéi mat
phang (e,e’) va mat phang (y,) xem goc nao bé nhat. Tir d6 tim dwoc diém

cuc bién thir ba, gia st 13 p,, khi d6 F, == Ap,p, p, 1 mat dau tién caa convp.
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e Tim mit F, lién k& va c6 chung canh e v6i mit F,.

Gia sir F, = Apyp, p, VA [py, p,]:=¢. Goi () 1a nira mit phang chira F, ¢6
bd e; (8;) la nta mat phang chira p,  P\{p,, p,, p,} €O bo e. Pé tim mit F,
lién ké va cd chung canh e v&i mat F, chung ta di tim goc 16n nhat gitra (o)

va (B,), gia st 1a goc p, = Z(a,p, ). Khido F, =Ap,p,p, (xem hinh 10).

Hinh 10. p la gdc tao bai () va (B, )

e  Tiép tuc qua trinh tim mat lién ké cho dén khi tim dwogc convPp.

Nhan xét 1.24. (xem [11]) Dé tim goc 16n nhat giita nira mit phang () va
c4c nira mat phang (B, ), ta so sanh cotan ciia cac goc do va chon goc ¢ cotan
I6n nhat. Cach tinh goc giita mat phang («) va nira mat phang (B, ),
p. € P\{py, p,, p,} nhu sau.

Gia st [py, p]:=e, F, :=Apypyp, € (), diém p; ¢ (o). Goi fi la vecto phép

tuyén, don vi ctia () va a la vecto don vi cua canh e va vecto fi. Khi do, fi

nam cing phia voi nira mat phang chta p, ¢6 bo (), = PP PoPa

—_—

‘pop1>< Po P2
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—_—

i x , ~ . L. R A . L. ——
NxPiPo po g6, a vuong goc voi i va a vudng goc vai p,p, - Suy ra

A x Py Py

a.:

_

de(a) va a vudng goc véi p,p, .
T p, ké pH vudng goéc vai (). Trong (a) ké HM song song véi

Py Py, S80 cho M e a. Dyng hinh chit nhat p, HMN . Khi d6, p, la goc tao boi

(a) va (B, ) (xem hinh 11). Ta c6 cotan p, =—cotan(z - p, ) = -

Hinh 11. G6c p, la géc tao bai (er) va (B, )

Mt khéc, ta lai c6 p,p, xa={pM +MH + Hpk)xa

=p,M xa@+MH xa+Hp, xa

= p,Mxa (do MH,Hp, L&)

I
s}
a2}

txax

2 _t.

t

X
jab

—

Suy ra p,M =txa=(p,p, xa)xa. Do dé ‘pl—M‘:‘mxﬁ

x[a] =[PPy x4

_

PPy xa

_—

PPy x A

Twong ty, ta cé ‘W‘ - ‘ﬁ x ﬁ‘ . Do d6, cotan p, = -
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PPy xa

Véi mbi p, ¢(a), ching tdi tinh duge p, ~cotan p, =— . Suy ra,

PPy x A

pi = Maxp,.

Thuat tean 1: Thuat toan goi qua (xem [11])
Xét Q:=¢ va &(P):=¢;
goi Thu tuc 1 dé tim mat F;
gan ¢(P) la tap cac canh cua F;;
gdn Q =QuUF;
while (Q = ¢) do
begin lay F, tir tap Q; (Q cb céu trdc hang doi)
T datlatap cac canh cua F;

for each ee T ne(P) do

© o N o 00 bk~ w0 Ddp -

begin tim mit cuc bién F, lién ké va c6 chung canh e Véi F;;

|
©

gan vao &(P) tat ca cac canh ctia F, chua co trong &(P)
Va X04 tAt ca C4c canh cua F, d4 co trong &(P);
11. gan Q:=QUF,;
end,;
12. output F;;

end.

Khi d6, Q la tap co thir tu cac mat cuc bién ctia convP.

Vi du 1.25.
Cho P = {p,(1;1;2), p,(-2;2;8), p,(1;417), p5(4;2;20), p,(3;-213), ps (- 2;-3113)} € ES,

Tim convP.
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. E « Ps3

P E i

7 E p5 p4

0 Py ;
X [ R
» Po
y

(a) (b)

Hinh 12. (a) Tap P dugc chira trong hinh hop chit nhat. (b) Biéu dién bao 16i convP

Tap P dugc chira trong hinh hép chir nhat cé cac mat xung quanh la
Xmax =41 Xein = =2 Ymax =41 Yimin = =3+ Zmax =20, 2, =2 (Xem hinh 12 (a)).

Dua vao thuat toan géi qua, quéa trinh tim bao 16i convP duge thuc hién
nhu sau.
1. Xét Q:=¢ va &(P)=9;
2. goi Thu tuc 1 dé tim miat dau tién F, di qua canh e cua convp;

Chon hé tryc toa do Oxyz. Chiéu cac diém cta P theo phuong song song
V6i truc Ox xudng mit phang Oyz ta duoc tap

P = {p;(L:2). p;(2:8), p5(4:17), p3(2:20), pj (- 2:13), pi (- 3:13)}.

Tir vi du 1.19, gia st e :=[p}, p;] & canh cuc bién dau tién caa convP’ tim
duoc theo Thu tuc 1. Khi d6, e:=[p,, p,] 1a canh cuc bién dau tién ctua convP.
Dung mat phang (ee’) lam chuan, xét goc tao boi mat phéang

F = Apyp, P < (e.e’) va mit phang (B, ) chia p, ¢ (e.e'), p € P\{po., p,}-
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Goi i la vecto phap tuyén, don vi cia mat (e,e’) va a la vecto don vi ctia

canh e va ii. Theo Nhan xét 1.24, ta c6 ﬁ:MPopz‘:[o. = . 1 j va

‘popzxpopé V26 '+/26

i= X PaPy _ (1,0;0).
A% pzpo‘

Khi d6, goc tao boi mat phang (8, ) chaa p,, VSi p, P\ {p,, p,} va mat

9 N p2pk Xa , . , .2 , e ,
phang (e,e’) 1a p, = —‘—. Do d6, tai cac diém p,, ps, ps., Ps, ching ti c6
‘pzpk xn
cac goc tuong tng la
Popy xd@ P,Psxa
PR - - = —0,9511; p; ~ - - = -0,9158;
P2PLxnN P2P3xnN
PoPs xa ‘pzpsxé
Py~ 1 ~ ~13165; pg ~— -~ -13247.
P2PyxN ‘pzpsxn

Suy ra, max{p,, ps, P4, Ps = -

Vay mat Ap,p,p; = F, 1a mat dau tién cia convP.
3. géan &(P)=1{po, p,} [P0 Ps}[P2. Ps ]}
4. gan Q:=QuUF, ={Apyp,ps};
5. while (Q #¢) do
6. begin lay F, = Ap,p, p, tir tip Q;

T ={{po. P2} [Po. P3}[P2. 2]} 12 thp céc canh cla F;
(Tuwong tu voi cach tim F, ¢ trén, ching toi tim dugc cac mét F, phia dudi).

- Vi e=[py, ps1eT Me(P)={po, p2}[Po. P3 )P pal} thi F, = Apypsp,

X04 [Py, p;] Va gan &(P)={{po, pa}[ps, Pa} [P, P21 (P2, Ps]};

gan Q:=QUF, =1{Ap, P3P, AP P2 Ps ;
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- V6i e=[pg.p,]ee(P)={{po. P4 [Ps. Pal [Po: P2 1Pz, p3 ]} thi F, = Apgp, ps
X04 [po, p,] Va gan &(P)={{po, ps}[pa. Ps} [P, P4l [P0, P2} P2, Pl
gan Q =QuUF, = {Apyp, Ps, APy P3Pa, APo P2 P3 )
- V6i e =[po, ps] € &(P) = {{p, Ps } [P4, Ps 1 [Ps, P4l [P0, P2} [P, ps] thi F, = Apgpsp,
X04 [Py, ps] va gan &(P)={{po. pi}[Ps, P} P4, s} [Ps. Pal [P0, P2} [P psl)
gan Q=QUF, = {Ap, Ps Py, APo P4 Ps APo P Pa» AP P, Ps f
- V6i e=[po, p;]e £(P)={[po, P} [Ps, P} [Pa. Ps}IPs. Pab [P0, P2} [P2, Ps ]
thi F, = Ap, p,p,
X0& [Py, P11.LPo. P,1 Va gan &(P)={p.. p,}[ps. P} [Ps. Ps}[Ps. Pab P2, P51}
gan Q:=QuUF; = {Apy P, P2, AP Ps Py, APg P Ps: APg P3 Ps, AP P, P
-V6i e=[py, poJe &(P)={{p1, P2} [Ps, P} [Pas Ps ] P2y Pal P2, ps]t thi Fy = Apyp,ps
X04 [py, po1.Lps, p:] VA gan (P)={{pz, ps}[pa: Ps}lps, pal[p2s ps 1}
gan Q =QuUF, = {Ap;p, Ps, APo P1 P2, APg Ps Py APo Py Ps APo P3 Pa, APo P2 Pa
- V61 e=[p,, ps]e &(P)={[p,. Ps) [Pa: Ps)[Ps. P4 [Pz, ]} thi F, = Ap, psps
X04 [p,, ps} [P, p;] va gan &(P)={{ps, ps}[ps: Ps}[Ps. . ]}
gan Q:=Qu F; = {Ap, s P3, AP; P Ps, Ao P1P,,
APo Ps Py, ABo Py Ps, APo P3 Py APo P, Ps
- V6i e =[ps, p;]e £(P) = {{ps. Ps}[Pa: Ps}[Ps. P4 ]} thi F, = Apspsp,
X084 [ps, P} [Pa» Ps b [Ps, 4] VA gaN &(P)=¢;
gan Q:=QuUF; = {Aps P3P, AP, Ps P3. AP; P2 Ps, APg Py P2,
AP Ps Py, Ao Py Ps, ADo P P, APo P2 P3
Vay
Q = {AP5P3 P4, AP, Ps P3, APy P2 Ps, APg PP APo Ps Py, APo Pa Ps» APo P3 P APg P P

la tap co thlr tw cac mét cuc bién cta convP (xem hinh 12 (b)).
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CHUONG 2
MOI LIEN HE GIUA MIEN HAN CHE TRONG KHONG
GIAN 2 - CHIEU VA BAO LOI CUA TAP HUU HAN PIEM
TRONG KHONG GIAN 3 - CHIEU

2.1 Mién han ché va mit dinh hwéng trong khdng gian 2 - chiéu

Gia thiét ring P={p, =(x,y;.z)eE>,i=04...n-1}, n>4 dugc chua
trong hinh hop chir nhat c6 cdc mat xung quanh 1a x = X, s X = Xm0y ¥ = Yine »
Y= Ymins Z=Zmaxs Z=Zmin - HINO cht nhat mnam [a mot mat cta hinh hop chix
nhat, mn la giao cua hai mat x_, va z,,, mn la giao cua hai mat x., va
z,... LAy ab,peP va (ab, p) cit mn, mn twong ung tai u, o (xem hinh 7).
Chlng toi ky hi¢u a',b’,p’,u,,T, la hinh chiéu twong tng cua a,b, p,u,i theo
phuong song song véi truc Ox 1&n mat phang Oyz. Theo Ménh dé 1.21, trong
mat Oyz, cac diém a’,b’, p’ nam cing phia véi dudng thang U,u,. Ching toi
ky hiéu (uv)" 12 nira mat phang dong véi bién U,u, vachta a',b’, p’ (xem hinh

13).

Dinh nghia 2.1. ([6])

—_——

Mién (a,b, p):= {(0 Y,2)€ (V)" Yoin <Y < Yiaxs Zmin < Z < zmax} dugc goi la mién

han ché cia mit phang (ab,p) (xem hinh 14 va 15). Trong trudng hop
T — —~—
a,b, p).

e =[a,b]econvP, ching toi ky hiéu (e, p) thay cho (
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Chi y, néu mat phang (a,b, p) vudbng goc voi mat phang Oyz (tirc 13,

TN
(a,b, p) song song véi Ox), thi (a,b, p)=|a,.u, |-

AZ
D v
[ ]
_____ Up
- «-------
V__
-o---- €=
S 0 R
NN X
! - -
——
e
N (7=

Hinh 13. Nira mit phing déng (uv)" (phan ké ngang) véi bién u,u, chaa a',b’, p’
Gia sir ¢(P) la tap tat ca cac canh cuc bién cua convP. Lubn tim duogc

mat dau tién ciia convP chira [p,, p,]e &(P) (xem [10], [11]). Pé tim bao 16i

convP cua P, chung t6i dung phuong phap mat dinh hudng. Gia str v’ la hinh

chiéu cua v e P theo phuong song song véi truc Ox 1&n mat phang Oyz.

Dinh nghia 2.2. ([6]) Gia st e =[a,b]e £(P). Néu ton tai peP, sao cho

i) (e, p) giao véi duong mn.

N

ii) veP sao cho v' (e, p) kéo theo v nam phia duwong cta f(e, p),
khi d6, mat f(e,p) qua ba diém a,b, p duoc goi 1a mat dinh hwéng qua canh

dau tién e =[a,b] (xem hinh 14).

Trong Dinh nghia 2.2, mat dinh huéng dugc xac dinh khi chiéu tap P
theo phuong song song véi truc Ox xudng mit phang Oyz (nghia 14, mat dinh
hudng ndm trén mat phang Oyz). Chlng ta c¢d thé chon phuong chiéu khac dé

mat dinh huéng nam trén mat phang khac, vi du nhu mat phang Oxy, Oxz.
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Mién han ché

TN
Hinh 14. Mat (e, p) va mién han ché (e, p) tuong ting (phan ké soc, bén trai duong Uup).

Mat f (e, p) la mit dinh hudéng qua canh dau tién e = [a, b].

Ménh dé 2.3. ([6]) Gid si e=[a,b]e&(P), n, V& n, ld hoanh dj va tung dg

Cuia tich ¢6 hiedng hai vector abxap khi peP.

1) Gia s n,#0, veP sao cho V' ¢ (e, p). Khi d6, v nam phia duong cua
f(e, p) (nghia /a V(a,b, p,v)>0) néu n,>0.

ii) Gig sit n,>0. Néu f(e,p) 1&a mér mar dinh huéng qua canh e thi
f(e, p) la mgt mat ciia convP.

iii) Ton tai duy nhdat mét diém peP sao cho hodc f(e, p) la mét mat cia
convP véi n, =0, hodc f(e, p) la mét mat dinh hwéng qua canh e.

Gia st lay dwoc veP sao cho v/ em. Vén dé lay veP nhu thé ndo

—~—

dé v' ¢ (e, p) chlng toi s& trinh sau thuat toan tim bao 16i bang mién han ché.
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= (Xmax 1 Ymin » Zmax )

Mat dinh hudng
qua canh e = [a,b]

0 Zmin Mién
P han ché

TN
Hinh 15. Mt (e, p) va mién han ché (e, p) twong ting (phan ké soc, bén phai duong UpUp).
Mit f(e, p) Ia mat dinh huéng qua canh ddu tién e = [a,b].

Cho ni =(nx,ny,nz) 1a tich ¢6 hudng cua hai vecto abxap. Vi (a,b, p) Cit
mn va mn twong Ung tai u va u (nghia la, n,#0). u, va T, la hinh chiéu
trong Gng ctia u VA U theo phuwong song song Véi truc Ox I1&n mit phing
Oyz. Viu =(xmax,uy,zmax) (a,b,p) va u _(Ou max) nén ching ta c6

Viabpug )=—{u,, —ah, +lu;, —a by +up, -a; ;)

=—(~a.)n, ( —ay )y +(Zna -2, )n;)
((Xmax Ny ( y)ny Zmax — 8, z)+ Xmax Nx

=-V(a,b, p,u)+ X N = X Ny -

Lay veP, khi do
V(a,b, p,v)-V(a,b, p,up)z(—aX n, ( y)ny Zmax — 85 )N,
~((v, —a,)n, +(v, —a, ), +(v, —a,)n,)
:(_Vx Ny ( y)ny Zmax —V z n,.
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ﬁ=;><a?;
AN
€ i
b Y = Ynmin
—~— U 0 Up v’ §

Y = Ymay (e’ p) P

X'= Xmin
r /-\’ b
Hinh 16. Tuong tmg vé6i hinh 15, néu nhin mat Oyz tir phia x ~ +co thi (e, p) 12 mién han

ché twong tng. V(a,b, p,v)=fivu = Aiw™ = nx(vi* —vx). Khi d6, véi moi veP sao cho

T N ,
V' ¢ (e, p) thi V(a,b, p,v)>0 néun, >0

Suy ra V(a,b, p,v)=fivu (xem hinh 16). Liy v** <(a,b,p) sao cho w* song
song véi truc Ox, tir d6 chlng téi co
V(a,b, p,v)=fivu = ﬁ(\F +ﬁ)
— W™ + VU
v =nx(v§* —vx).
bat s:=(upy —UpyXp; —Upz)—(p;—ﬁpyXupz -0, ). Gia su n=m,n,n) 1
tich c¢6 hudng cua ap va ou. Khi d6, = (ﬁx,ﬁy,ﬁz) la vecto phap tuyén cia
(a,b, p) va
Ny Z(py _nyuz _Uz)_(uy _nypz ~0,)

n (pz_Uz)(ux_Ux)_(uz_Uszx_Ux)

y

(5)

= (Zmax = Zpin )(Xmax - px)
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n, :(px _Ux)(uy _UY)_(UX _Ux)(py _Uy):(px _XmaX)(uy _Uy)'

=0U,, Ppy=p,, P;=p, va (5, ta co
Uy—uyzM va s=(p, -0, u, -0, )-(u, -a,)p, -0, )=-1,. Tu

Zoox > Zmin V@ Xpax = Py, 2 CO [, >0.

max
Do d6 fi=abxap vVa m=upxuu la cac vecto phép tuyén twong tmg cua
c4c mit phang (a,b, p), (n,.n,.n,)=p,,0,.7,) V6i peR, p=0. Mat phang

(a,b, p) 6 phuong trinh la xi, + yn, +zi, =d . Khi d6, d = pd va

ny +v,0n,.

Kk —— Kk —— - Kk ——
d =v, N, +v, N, +Vv; N, =V, 'N, +V,

d-v,n,—v,n d-v,n, —v

\ r Lk y'ly 'z
Twdotaco vy = = —
n)( n)(

Chitng minh ménh dé 2.3:

P

i) LAy veP sao cho v/ ¢ (e, p). Xét hai truong hop sau.

Trwong hop 1. Diém p' nam bén tréi cia dudng Uyu,. Khido 0>s=-m,

vav, <vy. Trn,>0, n,>0 va v, <vy, ching toi lay

| >

X = *
ny(vy —vy)zo.
X

®
ny(Vy _Vy)_

=

d-x_.n,—v.n

Vi vy = mx X2 2 nen ta CO d—Xpn,—V,n, -v,n, 20. Tr n, >0 va
ny

EES d _Vyny _VZnZ 4 *k r Kk A} r A

vy = ta cO vy >X.,- Do do6 vy >v,. Tu do, ta co

Ny

V(a,b, p,v)= nx(vi* —vx)z 0. Vi a,b, p,v khong dong phang va V(a,b, p,v)>0 nén

v nam phia duong ctia mat f(e, p).
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Trwong hop 2. Piém p’ nam bén phai cia dudng U,u,. Khi do
O<s=-n, va v, >vy. Lap ludn tuong tu truong hop 1 & trén ta coO
V(a,b, p,v)>0. Khi @6, v nam phia duong ctia mat f(e, p).

ii) Néu n, #0, gia st mit dinh huéng qua e=[a,b] 1a f(e,p) Vi peP.
L4y veP sao cho v’ e((;,\[;j. Tu (i) ta c6 v nam phia dwong ctia mat f(e, p). Tur
do ta co (a,b, p) 1a mat cuia convPp.

iii) T e=[a,b] 1a canh cyuc bién cta convP ta c6 mat f(e,p) vVéi peP.
Xét truong hop miat f(e, p) khdng song song véi mn (nghia la, n, = 0). Do do,
f(e,p) 1a mot mat dinh huéng. Vi thé, ton tai duy nhat mat dinh huéng qua

canh e. m]

<y Yimax /\-— Ymin
Zmin Up

Hinh 17. Néu X, >0 va u o nam phia trén (a,b, p) thi mién han ché (phan ké soc)

nam phia dudi U,

Lay v* e [up,LTp] sao cho v'v* song song véi Oy. Do do v* = (o,v;,vz) (xem
hinh 17 va 18). Mat phang (a,b, p) ¢6 phuong trinh xn, + yn, +zn, =d va co
vecto phép tuyén 12 fi=(n,,n,.n,). Vi (ab, p)nmn tai mot diém duy nhat nén

n, =0. R0 rang, v* = (O,v’;,vz)e [up,LTp]. Theo Dinh 1y Thales, ta co
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vE = (Zmax ~ Zpmin )Uy_(vz ~ Zmin )(Uy_uy)
y o Z,. —1 '

max min

Mt khac ta €0, U =Xy, Uy Zay ) € (3,0, P) VA T = (X, Uy Zynay ) € (@b, ) SUY T2

d =uyn, +Uyn, +U,N, = Xpau Ny +U Ny +2Z5.N,

Tu dotacod

_ d _Xmaxnx _Zmaxnz

py y
ny
R d _Xmaxnx _Zminnz (6)
Upy —Uy =
ny

* d ~ Ximax N = VN,

AL
P1
"/ mig han ché
P
o Aabpy
Zmin U’p

Hinh 18. Néu X, >0 va U, nam phia dudi (a,b, p) thi mién han ché (phan ké soc)

nam phia trén U,u
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Ménh dé 2.4. ([6]) Gid sir ab,peP va fi=(n,,n,,n,) 1a vecto phdp tuyén

Ciia mdt phang (a,b, p). Khi d6, u, Nam phia trén (twong umg, phia duéi) mat

phang (a,b, p) khi va chi khi Xm0 (trong img, % >0).

Chung minh:

TU d = Xpax Ny +UyNy + 205N, U, =(O,uy,zmax) nam phia trén (twong Ung,

d —-uyn,

phia dudi) mat phang (ab,p) khi va chi khi z, > (twong tng,

z

d-uyn 5 Ximax Ny + Zmax Nz

Zax < Yy, nghia 13, Loy > X Xn (tuong  ung,
z z
Xy My + Z g N Ay o Xy N .
iy < Xn mx 7)., Pi€u nay tuong duong vadi %<O (twong Ung,
z z
Xmaxnx > O). O

Ménh dé 2.5. ([6]) Gid sir [a,b] 1a canh ciia convP, peP Vva u, Nam phia
trén (twong vmg, phia dwéi) mdt phang (a,b, p). Khi do,

i) Néu x>0 thi mién (;b\—[;) nam phia dwdi (twong img, phia trén)
dwong dinh hudng w,u, trén mdr phang Oyz (nhin tir phia x ~+). Néu
Xma <0 thi (a/b\[;) nam phia trén (twong img, phia dwéi) dwong dinh hwdng
U,u, trén mdt phang Oyz (nhin tir phia x ~ +0).

i) Néu = (ny.n,.n, ) la tich c6 hwéng cia hai vecto abxap va

d-v,n,—-v,n
(Vx - yny : Zjxmaxnx >0 (7)
X

, d-v,n,—v,n
(twong ng, {vx —%}xmnx <0)
X
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thi v nam phia dwong ciia f(a,b, p).
e

iii) Néu (7) khong diing véi ii =abxap va v'e(a,b, p) thi f(a,b,p) khong

la mat dinh hudng qua canh [a,b].

Chung minh:
i) Dau tién, ching toi xét truong hop u, ndm phia trén mét phang (a,b, p).
T a1, =0, U, —u, =0, c6 hai khd ndng sau:

Khd nang 1. u,-u, <0 (xem hinh 14 va 17). Khi d6 a1, <0, ching toi
can ching minh (a/b\B) nam phia dudi (twong Gng, phia trén) dudng dinh
huéng T,u,. Tr Ménh dé 1.21, ching tdi chang minh duwoc p’ nam bén tréi
duong dinh huéng T,u, (st dung cong thic (1)) néu nhin mit phing Oyz tur
phia x~+o VA nhin truc Oy tir phai qua trai. Tir Ménh dé 2.4, ta co

X 1 sX \ . Y SR .
max X — X 0 va do dO sX,u <0. Nhu vay, néu nhin mat phang Oyz tu

n n

z z

phia x~+0 VA nhin truc Oy tir phai qua trai va néu x,, >0 (twong tng,

X, <0) p’ nam bén tréi (twong tng, bén phai) duong dinh hudng U,u,, thi
N

(a,b, p) ciing nam bén trai (twong wng, bén phai) dudng dinh huéng u,u,. Do
do, (;b\TJ) nam phia dudi (twong tng, phia trén) duong dinh huéng U,u, trén
mét phiang Oyz (nhin tir phia x ~ +w).

Khd nang 2: U, -u,>0. Khi d6 7, >0 Vva sxg >0. Nhu viy, néu

Xmax >0 (trong ung, X, <0) thi (a/b\B) nam bén trai (twong tng, bén phai)

—~— .
duong dinh huéng ,u, (xem hinh 19). Vay (a,b,p) nam phia dudi (tuong
rng, phia trén) duong dinh huéng T,u, trén mat phang Oyz (nhin tir phia

X = +0).
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Sau d6, chiing t6i xét truong hop u, ndm phia duéi mit phing (a,b, p).
Khi @6, cé hai kha nang sau:
Khd ndng 3: u,-u, <0. Khi d6, m, <0. Tir Ménh dé 2.4, chiing ta c6

sX ; . A A bs g .
max X — M 5 0 va do d6 sx,, >0. Nhu vay, néu nhin mat phang Oyz tu
n

:
phia x~+w, nhin truc Oy tir phai qua trai va néu x, >0 (twong ung,
X, <0) thi p’ ndm bén phai (twong tng, bén trai) duong dinh hudng U,u,
va do dé (a/b\B) cling nam bén phai (twong ung, bén trai) dudong dinh hudéng
u,u, (xem hinh 18). Vay (m) nam phia trén (twong Gmg, phia dudi) duong
dinh huéng T u, trén mat phing Oyz (nhin tir phia x ~ +o).

Khd nang 4: u,-u,>0. Khi d6, A, >0 va sx,, <0. Nhu viy, néu
X >0 (trong ung, x.. <0) thi (a/b\_[;) nam bén trai (twong tng, bén phai)
duong dinh huéng w,u . Vay (a/b\B) nam phia trén (twong ung, phia dudi)
duong dinh huéng T,u, trén mit phang Oyz (nhin tir phia x ~ +0).
d-vyn, —v

. . n ]
i) Tu (7) va v;" = 2 taco

X

Hok

(vX — vy )xmaxnX >0 (tuong Gng, (vX —vy )xmaxnX <0). (8)

Gia st u, niam phia trén mit phang (a,b, p) Vva gia sur ta c6 (8) (nghia 13,

(v v Kogen, >0). T Ménh @& 2.4, ta c6 ™« <o, T (8), ta co

z

V(a,b, p,v):—(vX —vﬁ"‘)nX >0.

Gia str u, ndm phia dudi mit phang (a,b, p) va gia sir ta ¢6 (8) (nghia 13,

(v V2 Ko, <0). TUr Ménh d& 2.4, ta c6 Zm™ 50 Tu (8), ta co
n

z

V(a,b, p,v)= —(vX —v"x"“)nX > 0.
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Vay v nam phia dwong ctia mit f(a,b, p)
iii) Gia s (7) khong dung véi vecto phap tuyén f=abxap Cua mit
” T— - a e
phang (a,b, p) va vGi v' e (a,b, p). Ching minh tuwong tu nhu (ii) & trén, ta co
N

V(a,b, p,v)<0, va do d6 v khéng niam phia duong ctia f(a,b, p) vdi v' € (a,b, p).

Do d6, mat f(a,b, p). khdng 1a mat dinh huéng qua canh e =[a,b]. O

2.2 Thuat toan tim bao 16i ciia tip hitu han diém trong khong

gian 3 - chiéu bang mién han ché trong khong gian 2 - chiéu

Thuat toan ndy duogc cai bién tir thuat toan goi qua tim bao 161 cua tap
hitu han diém trong khong gian 3 - chiéu, ¢ budc tim mat dau tién F, qua
canh cuc bién dau tién e, dya trén y tuong cia phuong phap mit dinh hudng.
Bao 16i dugc tao thanh boi cac mit, mot trong sd nhirng mit ndy 1a mat dinh
huéng dugc xac dinh tir mién han ché trong khong gian 2 - chiéu. Y tuéng
cta thudt todn 1a xuat phat tir canh cuc bién dau tién e= [a,b] ta tim diém
peP\{ab} sao cho V(a,b, p,v)>0 V&i moi veP\{a,b, p}. Khi do, F, =(a,b, p)
la mat dau tién cia convP. Dé khong phai xét véi moi veP\{a,b, p}, chiing
toi sir dung mién han ché (/e_,\p)’ cta mat (a,b, p), v&i muc dich 1a chi phai tinh
V(a,b, p,v), v&i moi veP\{a,b, p} mav’ e@{), con néu v/ e(/e:)’) thi khong phai
tinh v(a,b, p,v).

Véi bai toan bao 16i trong khong gian 3 - chiéu, mot hinh hop chit nhat
chtra cac diém cuia P c6 thé dugc coi nhu mot bién. N6i riéng, hinh hop chir
nhat c6 cac mat xung quanh 1a x=Xpa, X=Xpins Y= Ymax: Y= Ymins Z = Zmax

Z =2, dugc coi nhu bién cua convP.
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Thi tuc xac dinh mat dinh hwéng
Bai toan
Cho: P ={p, =(xi,yi,zi)eE3:i=O,1,...,n—1}, n>4.

Tim: Mot mit dinh hudng f (e, p) qua canh dau tién e.

Néu veP vacochisélai (tcla v=p,) thidit v, =p,,. Theo Ménh
dé 1.20, chlng ta chon phan tir dau tién cia £(P). Dya vao Ménh dé 2.3, thu
tuc 2 x4c dinh mit dinh hudng qua canh dau tién e s& duoc trinh bay ¢ dudi

day. Néu khong ton tai mat dinh hudng thi s€ xac dinh mdt mat qua e.

M0 ta tha tuc ([6])
Dua vao Dinh nghia 2.2, thu tuc xac dinh mat dinh huéng duoc mo ta
nhu sau
e Tim canh cuc bién dau tién e =[a,b] ciia convP (sir dung Thi tyc 1).
e Tim peP\{ab} sao cho (e, p) giao Vi mn (trong d6, mn la giao cua hai
Mat X, V& Z,) VA v nam phia duong cua mat f =(e,p), (nghia 14, tim
—~—

veP\l{a,b, p} sao cho V' ¢ (e, p)).

Khi d6, mat f =(e, p) la Mot mat dinh hudng qua canh dau tién e = [a,b].

Thi tuc 2: Xac dinh mat dinh hwéng ([6])

Cho P eE?, gia sir e:=[a,b] 1a canh diu tién caa bao 15i convP.
1. Lay p, eP\{ab}. I'=0.

2. Xét f=(e,p). Giasir n_va n, la hoanh d6 va tung do cua tich co hudng

hai vecto abxap, .

If n, >0van =0
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While veP do
If v/ é/((-%,\[;) /I do Ménh d¢ 2.3 (i), v nam phia dwong ctia mat f(e, p,)
dat vi=v, .,
Else, if v khdng nam phia dwong ctia mat f (e, p,)
/ do Binh nghia 2.2, f(e, p;) khong la mat dinh hudng
dat I :=1+1 goto 2
else, dat v=v,
Il 1(e, p,) la mat dinh hudéng qua e
Else // kiém tranéu f(e, p) 12 mit ciia convP
While veP\{a,b, p } do
If V(a,b, p,,v)>0 //tirc 13, v nam phia dwong cua mat f(e, p,)
dat vi=v,.,

Else, dat I :=1+1 goto 2.

Il (e, p,) 1a mat qua canh e.

Thuit toan tim bao 16i bing mién han ché
Bai toan

Cho:  P:={py,py.... poylcE% n>4.

Tim:  Q la tap tit ca cac mat cia convP.

M0 ta thuat toan ([6])

e Tim canh cuc bién dau tién e cua convP (sir dung Thu tuc 1).
e Tim mat dinh hudéng qua e (S dung Thu tuc 2). Tur d6 tim dugc mat
dau tién qua e.

e Tim c4c mat con lai caa convP gidng nhu thuit toan goi qua.
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Thuit toan 2: Tim bao 16i bing mién han ché ([6])
1. Pat P:={p'y,p" ... P'ya) VOI p;=(0,y;,2), i=0L..,n-1 va [py,p;] dugc
xac dinh boi (4). Dat e :=[p,, p,]-
2. Xét Q:=¢ va ¢(P):=¢;
goi Thu tuc 2 dé tim mat F,;
gan cac canh cta F, vao ¢(P);
gdn Q=QuUF;
while (Q =¢) do
begin lay F, tir tp Q;
T datlatap cac canh cua F;
for each ee T n¢(P) do // e dugc chon trong thudt toan goi qua
begin goi Thi tuc 2 dé tim mit F, ¢6 chung canh e Voi F;;
/I thuat toan goéi qua béi mat dinh hudng
gan vao £(P) tat ca cac canh cta F, chua c6 trong £(P)
VA X04 tat ca cac canh cua F, d& c6 trong (P);
gdn Q=QuUF,;
end;
output F,;

end;

Trong khdng gian 3 - chiéu, ching tdi nhin mit phing Oyz tir phia
r /_\’ \
x~ -+ Va nhin tryc oy tir phai qua trai. Néu o, <u,, (a,b, p) nam phia dudi

(twong g, phia trén) duong dinh huéng T,u, va v, <v, (twong g, v, >Vv;)
TN , T~ N
thi v’ ¢ (a,b, p). Nguoc lai, néu U, >u,, (a,b, p) Nam phia dudi (twong (mg, phia
N
trén) duong dinh huéng u,u, va v, >v; (twong umg, v, <v; ) thi v’ ¢ (a,b, p).
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Theo (6), ta co T, -u, _ (oo = Zoo va v = (d_xmaXnX_VZnZ). Suy ra, tu
n n
y y

Ménh dé 2.5 (i), ching ta két luan

néu u, nam phia trén (twong tmg, phia dudi) mét phing (a,b, p),

[vy - S el Y ]— >0 (9)

ny y

4
—Z Xy <0)
n n max

(twong ing, [vy ~
y y

d — Xppax Ny —vznzln

— ~——

thiv' e (a,b, p).

Thay (1) (twong Gng, (2)) vao (9) (twong tng, (8)), kiém tra xem v’ ¢6
thuoc mién han ché cua (e, p) (twong ung, v nam phia duong cua mat f (e, p))
hay khong. Tir Ménh dé 2.3 (i), néu n, #0 va n, >0 thi v nim phia duong
Ciia mat f (e, p) VGi Moi ve P, v ¢ (ab, p). Sau o, tir Thii tuc 2, kiém tra xem
V= (vx,vy,vz)eP nam phia duong ciia mit f(e, p) hay khong va (e, p) 1a mat
dinh huong hay khong, chung t61 st dung (8) va (9) nhu sau

if n, >0, n, #0 then

if nyv, <d =X —v,n,
then v nam phia duong cta mit f (e, p)
else, if n,v, <d-v,n, —v,n, (10)
then v nam phia duong ctia mit f (e, p)
else f(e, p) khong la mat dinh hudng,
// Tir Ménh dé 2.3 (iii), f(e, p) khdng la mat dau tién

khi d6 (nx’nY’nZ):gxa_p' vad:= PxNy + pyny + p,N,.
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Vi du. Trong khong gian 3 - chidu E*, cho b diém P ngiu nhién phan bé
déu g@)m 100 diém (xem phu luc). Thyc hién tinh toan sir dung thuat toan 2
(code cua thuat toan nay dugc cho trong bai bao [6] cia P. T. Anva L. H.
Trang) thu dugc két qua bao 16i ¢ 196 mat va 294 canh; tong sb luot diém
khong can phai xét trong todn bd chuong trinh 14 15385 (Vi mdi canh bao 16i
dang xét, néu han ché duoc thi c6 mot mién han ché khac vai nhitng canh

khac) (xem hinh 19).

‘input-100.dat’ +
‘EXIreme-Points.tnt’ —se—

18000
16000
14000
12000
10000
8000
6000
4000
2000

Hinh 19. Biéu dién bao 16i conv P

2.3 Két qua tinh toan

Thuat toan gbi qua va thuat toan mai trinh bay trong muc 2.2 duoc thuc

hién trong C (viéc thuc hién thuat toan goi qua cé trong [7]). Code va chuong
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trinh chay boi GNU C trong SuSe Linux 10.0 va dugc thuc hién trén mét bo
su ly Pentium V.

Tap  P={p, =(x.,y,,2,): %y, 2eR,z, =x2+y2,i=01..n-3cE® gdm
nhitng diém ngau nhién nam trén mat caa paraboloid va do d6 tat ca cac diém
cta P 1a diém cyc bién cua bao 16i convP. Bang 1 cho thiy thuat toan tim bao
15i béng mién han ché dugc md ta trong muc 2.2 va thuc hién bsi (10) chay

nhanh hon dang ké thuat toan goi qua.

Input (s6 diém ngau ‘ ,
Thuat toan goéi qua | Thuat toan mién han ché
nhién cua P trong 3D)
n Thoi gian thuc hién thuat toan tinh theo gidy
2000 2.859683 2.770367
5000 19.908366 19.108360
7000 45.485017 42.728962
11000 108.292630 99.300761
15000 218.984432 183.929030
17000 288.311208 245.224522

Bang 1: Thoi gian chay cua thuat toan méi dugce trinh bay trong muc 2.2 va thuat
toan gb6i qua trinh  bay trong [11] (tinh  theo  gidy)  voi
P={p; =(x;,y;.z):x,V,2eR, z; =xZ +y2,i=01...n-BcE% khi {(x,y;):xyeR,

i=04,..,n—1} latap diém ngiu nhién nim trong hinh vuéng kich thudc 200x200.
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KET LUAN

Trong luan van ndy, ching toi nghién ctru vé ”Mai lién hé giira mién

han ché trong khong gian 2 - chiéu va bao 16i ciia tap hitu han diém trong

N
A 77

khong gian 3 - chiéu” va da dat dugc mot s6 két qua, ciing nhu dwa ra mot s6

hudng nghién ctru phét trién luan van. Cuy thé nhu sau.
1. Két qua dat dwoc

- Trinh bay lai mot céch chi tiét thuat toan goi qua tim bao 15i cua tap
hitu han diém trong khong gian 3 — chiéu va dua ra vi du minh hoa cho thuét
toan nay (muc 1.4).

- Ching minh lai mot s6 tinh chit cia mién han ché va mit dinh huéng
trong khong gian E* (muc 2.1).

- Trinh bay lai mét cach chi tiét thuat toan tim bao 16i trong khdng gian
3 — chiéu bang mién han ché trong khéng gian 2 - chiéu va dua ra vi du minh
hoa cho thuat toan nay (muc 2.2).

= Trinh bay lai mot s két qua tinh todn cua hai thuat toan da dugc thuc

thi trén may tinh (muc 2.3).
2. Hwéng phat trién luin vin

- Nghién ctru mit dinh hudng trong c4c mat phang Oxy, Oxz.
- Sir dung mién han ché dé tim bao 16i cua tap hitu han diém trong
khong gian nhiéu chiéu.

= Str dung mat dinh hudng trong viéc xay dung tam giac phan Delaunay.
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PHU LUC

Bo diém P va cac mit cua bao 16i convP trong vi du cia muc 2.2

% Running time: 0.004575

% The total number of non-visiting points: 15385

%% Vertices:

%% Index:
18.153799
46.582401
8.377230
44 .406700
80.825203
76.652603
66.527496
-4.532080
-25.853100
-36.320499
55.629799
29.638800
-53.452599
72.086197
36.326801
-12.120300
-8.838850
-81.314598
-2.324670
-19.988701
94.976303
6.015670
-17.104900
71.483902
88.290398
36.862701
-29.988100
14.113300
-50.194000
-39.651501
84.479202
40.352001
-25.450800
-4_.551970
47 .455299
-88.603798
-36.076698
-28.435801
29.786699
12.737700

V =
x y
96.074402
-34.160000
11.709500
28.217699
31.765699
84.576897
10.952200
-8.408730
-25.150200
13.588200
-68.258003
78.324402
-13.298300
-68.891602
-88.066399
88.586304
55.113701
-49.418400
24_.728500
88.407997
44 .037800
-26.323400
20.224001
-7.689850
-71.363098
16.516600
-92.322304
-73.636902
24.038500
-95.950302
99.026001
5.041690
87.936699
59.420601
47.711102
-15.426200
54 _.585701
-31.300900
18.504999
78.853500

100

z

10154 .309570

2557.671387
251.124939

2509.305664
6872.825684

12828 .441406

3884.068848
131.042053
1464.623169
2100.307129
6595.734375
7328.852539
3623.670166
8581.366211
7992_.571289
8893.818359
3710.414307
9692 .999023
892.618286
9208.162109

10217 .828125

500.100647
1119.449463
4299.997559

11312 .244141

1370.849731
9104 .084961
4920.376465
3943.469482

10547 .619141
16762 .740234

1260.
9435.
4128.
4387.
9084.
5199.
1934.
1069.
6903.

022583
228516
834961
193848
306641
421875
402832
759277
339355



-15.903300
99.493500
88.566803
-2.135910
-0.528460
29.715900
-23.523100
-69.084503
-88.282700
16.557600
-74.552399
33.363602
46.321301
47.215801
7.530930
-84.442902
-91.842796
55.342999
71.227798
5.617640
-81.139000
-4.562920
-24.302200
-65.807602
-33.631100
19.682600
-94.470398
87.833199
38.157700
86.289703
-55.033100
98.286003
-54.259499
75.897202
-13.380000
-22.619301
-22.104900
64.639999
68.530998
1.285370
-20.539200
28.504700
81.780899
85.610703
-12.790300
94.109100
21.865801
-21.362801
-80.233902
16.480301
-25.602501
12.378700
25.860901
90.542000
40.614498
-57.552700
-84.277199
-34.029202

63.332699
3.684680
78.233803
-26.318100
-78.862801
-67.466698
-3.543340
68.020798
-2.192490
-89.454803
-5.358090
-5.864630
-17.297800
80.566200
-19.962200
-90.246300
-13.769400
17.146099
28.863400
-54.578999
-29.131399
-95.767799
50.553501
-2.230650
-94.699699
-79.142601
-70.985397
84.357498
55.585300
-38.797001
-19.936001
75.501099
-48.801102
-14.608700
51.760300
-28.557199
-23.027599
-35.194401
-97.036697
89.252998
-65.779999
-67.494003
-21.753500
-45.856300
40.763802
-81.855499
-3.960470
-39.320499
-70.789497
30.495800
-90.043404
38.461300
20.242300
5.852930
93.062698
87.171700
9.037550
87.674698
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5008.811523
8796.552734
13570.587891
566.311890
5653.184570
4594 .742188
872.712891
10821 .339844
8895.308594
7420.413086
6493.166992
751.535156
1802.428223
8842.208984
258.351379
15627 .998047
9672.494141
2878.672607
5330.027832
2562.394043
8229.511719
8540.491211
3890.946289
5161.574707
9805.473633
5839.137695
14589.791016
14494 171875
4578.808594
7657 .504395
3982.169922
14827 .955078
5643.778320
4996.812988
3480.996094
1424 .960693
1154.322021
4412 _.370605
12571 .349609
8711.126953
4526.815430
4542 266602
6056.961426
8090.629883
2353.924805
13828.087891
251.226654
1999.912476
11905.107422
1296.742920
8409.979492
1840.094604
979.607300
7241.002930
10610.575195
12346 .009766
8321.750977
10000.595703



81.024399
-0.958653

%% Faces:

47

-92.559196 13476.042969

826.023193

%% List of all hull faces:

%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%

vO
7

86
92
89
99
22
22
46
76
43
54
54
51
31
38
38
3

3

68
91
91
18
18
84
62
9

9

12
8

8

75
75
87
59
21
21
1

52
52
52
23
6

57
25
25
25
57
58
34
34
53
11

23.921101
F = 196

vl v2
2 86
2 92
2 89
2 99
2 22
2 7

7 46
7 76
7 43
7 54
7 86
86 51
86 31
86 38
86 92
92 3

92 89
89 68
89 91
89 99
99 18
99 22
22 84
22 62
22 9

22 46
46 12
46 8

46 76
76 75
76 43
43 87
43 59
43 21
43 54
54 1

54 52
54 51
51 31
31 23
31 6

31 57
31 25
31 38
38 3

3 57
3 58
3 34
3 68
68 53
68 11
68 39

(vertex indices)



%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%

39
39

16
84
16
74
74
40
36
28
28

63
70
70
37
37
37
72
80
80
44
27
81

81
45
10
77
77
73
73
93
93

58

20
42

94
94

79
79
15
40
40
15
19

97
97
95

91
33
16
84
18
74
62
40
36
28

63
12
70

37
75
87
72
80
59
44
27
81

21
45
10
77
52
73

93

58
57
34
20
42

53
94
11

39
79
33
15
40
16
74
19
32
97

95
47

48



%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
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%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%
%%

%% Edges:

56
66
66
55
55
78
61
64
64
61
78
78
14
55
98
98
24
24
85
85
41
85
85
30
85
85
85
35

showpage

17 66
17 88
88 55
88 29
29 78
29 61
29 64
29 26
26 61
26 90
61 49
49 14
49 65
78 98
78 13
13 24
13 83
83 85
83 69
69 41
69 82
41 71
71 30
71 67
30 55
55 98
98 24
56 48
E = 294
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