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MG dau

Ly thuyét cac toan ti tich phan ki di va cac bai todn bo Riemann ctia ham
giai tich bién phitc da dugce xay dung va phét trién manh mé trong vong niia thé
ky, tit nhitng nam 1920 dén 1970. Cac két qua nay gin vé6i tén tudi nhidu nha
toan hoc ndi tiéng nhu Carleman, Noether, Muskhelishvili, Gakhov, Vekua,. ..
Cung song hanh va tiép ngay sau do6 1a sy ra doi clia hang loat cac 1y thuyét céc
toan tit ky di trong khong gian tuyén tinh téong quat gin véi 1y thuyét phuong
trinh tich phan ki di v6i dich chuyén va lien hop phiic cling nhu nhiéu dang bai
toan bag khac.

Ly thuyét gidi dugce clia toan ti tich phan ki di chi c6 dang day du véi toan
tt tich phan ki di hai thanh phan vé6i dich chuyén. Trong pham vi ctia luan vin,
ta chi tap trung nghién cttu tinh giai duge ciia phuong trinh tich phan ki di véi
dich chuyén Carleman.

Cho T' la chu tuyén déng don va a(t) : I' — I' la dich chuyén Carleman
(a(at) =t, d(t) #0,t €T, /(t) € Hy(T')). Ta xét toan ti

K = (aI +bW)Py + (cI + dW)P_ (1)

v6i W 1a toan tit dich chuyén , (Wy)(t) = ¢(a(t)), trong H,(T) (hodc L,(T)).
Cung v6i toan tit K, ta cling xét toan tit ban cia toan tit K

K = (aI —bW)Py + (cI —dW)P_, (2)

trong H,(T) (ho#c L,(T")). Khi do, ta c6 hé thiic sau

1 /7 I K 0 I W
A T N TR e

trong do
(et b _ ‘)
A”‘Qm@)MMW)B@_(WW”dMW)

néu a = a4 (t) bdo toan huéng trén I', va

T d(t) B c(t) b(t)
A@_mecMW)B@_QWW“WW)



néu o = a_(t) thay doi huéng tren T.
o L(o (b(t) — d(t))(WSW —~5)
T D= —
oan tit D = (o (a(a(t)) - c(a®) (WSW = 75)
a = ay la toan tit compact bdi vi toan tit Dy = WSW — ~.S la compact.

Ly thuyét Noether ctia toan tit (1) duge phat biéu nhu sau:

) , trong d6 v = £1 néu

o = ar : Ait) = e()ela(t)) — dt)d(a(t)) # 0, Da(t) = a(t)alalt)) — b(H)b(a(t)) # 0,
1

indK:—{arg it } :
r

47 Ag(t
ind K = L A(t
ind & =~ {arg A1)

>

~—

a=a(t)- : A(t) = a(t)c(a(t)) — d(t)b(a(t)) # 0

Tt hé thic (3), suy ra
dimker K + dimker K = dim ker(APy + BP_ + D).

Vi vay, ly thuyét giai duge ciia toan tit da thanh phan véi dich chuyén (1) duge
dua vé viec phan tich thanh nhan ti& toan t ma tran khong dich chuyén

Tat ca cac tai lieu lien quan dén 1y thuyét gidi duge ctia toan ti da thanh
phan (1) dugc chia thanh hai nhém két qua. Trong nhém thi nhat, 1y thuyét
gidi duge clia toan tit dude xay dung bang phuong phap dua toan tit da thanh
phan vé toadn tit hai thanh phan, st dung cidc han ché vé cac hé s6 a, b, ¢, d.
Trong nhém thit hai, 1y thuyét gidi duge clia todn tit da thanh phan (1) dugc
xay dung v6i cac heé s a, b, ¢, d tity ¥ théa man diéu kien Noether va véi dich
chuyén phan tuyén tinh Carleman tac dong trén dudng tron hodc trén dudng
thang.

Luan van dudc chia thanh hai chuong cting v6i phan mé dau, két luan va
danh muc tai lieu tham khéo.

Chuong 1 trinh bay cac kién thiic vé toan tit Noether, ham dich chuyén, toan

tt dich chuyén, cong thitc Sokhotski-Plemeli, bai todn b Riemann trong mién

don lien va toan ti tich phan ki di véi dich chuyén Carleman.

Chuong 2 14 phan chinh ctia luan vin, trinh bay 1y thuyét gidi duge clia phuong

trinh tich phan ki di dic trung tong quat v6i dich chuyén phan tuyén tinh

Carleman trén duong tron don vi bang phuong phap phan tich thanh nhan ti.
Luan van duge hoan thanh duéi sy huéng dan khoa hoc cua PGS. TS Nguyén



Minh Tuan, truong Dai hoc Gido duc - Dai hoc Qubc Gia Ha Noi. Tac gid xin
bay t6 long biét on chan thanh va kinh trong sau sic dén thay, nguoi thay da
tan tinh huéng dan, giup do tic giad trong sudét qua trinh hoan thanh luan van
nay.

Tic gia xin bay t6 long cdm on t6i cac thay co gido, cac thanh vién, cac anh
chi dong nghiép trong Seminar Gidi tich truong Dai hoc Khoa hoc Ty nhién -
Dai hoc Qudc Gia Ha Noi, vé nhitng § kién déng gop quy bau, sy gitup do tan
tinh v& su co vii hét stic to 16n trong thoi gian qua.

Cubi cling, tac gid xin chan thanh cdm on Ban Giam Hiéu, phong Sau dai
hoc, khoa Toan - Co - Tin hoc truong Dai hoc Khoa hoc Ty nhién, Dai hoc
Qudc Gia Ha Noi da tao dieu kien thuan 1oi cho tac gid trong sudt thoi gian hoc

tap tai truong.



Chuong 1

Kién thiic chuan bi

1.1 Toan t1* Noether

Cho X; va Xy la cac khong gian Banach.Ta ki hiéu L(X;, X2) 1a khong gian
Banach tat cd cac toan tit tuyén tinh bi chin A tac dong tit khong gian X; vao
khong gian Xo v6i chuan ||A|| = sup{||Az|| : ||z|| = 1}. Néu X la khong gian
Banach, ta ki hieu L(X, X) bdi L(X). Khong gian xac dinh nhu thé 1a mot dai
s6 Banach, tich 1a phép hop thanh céc toan tii.

Hach va anh cta toan tt A € L(X, X») la

ker A:={z € X;: Az =0}, imA = {Az : 2z € X3}

Do toan tit A bi chan nén ker A 14 khong gian con déng ciia X;. S6 chiéu cia
khong gian con ker A, titc 1a s6 nghiém doc lap tuyén tinh ctia phuong trinh

Az =0 (1.1)

duge ki higu 1 a(A), va ta viét a(A) = dim ker A.

Cho X} va XJ 1a khong gian tat cd cdc ham tuyén tinh bi chén tuong tng
xac dinh trén X7 va Xs, duge goi 1 cac khong gian lién hgp. Néu A € L(X1, X»),
thi toan tit lien hgp A* : X5 — X; dudc xac dinh bdi he thic (A*u) (z) = u (Ax)
voi u € Xj. Tap ker A* := {u € X3 : A*u = 0} 1a khong gian con clia X3 véi 6
chiéu a(A*) = dim ker A*,

Toan t1t tuyén tinh A € L(X;, X») dudc goi la giai chuan (theo nghia Haus-
dorff) néu phuong trinh

Ax =y (1.2)
gidi duge v6i moi y € Xy ma tryc giao véi tat ca cac nghiém clia phuong trinh

thuan nhat lien hop A*u = 0, tiic 1a néu va chi néu

u(y) = 0v6i moi ham u € ker A*. (1.3)



Bay gio, ta dua ra cac dinh nghia vé toan tit Noether va chi s6 ciia né.

Dinh nghia 1.1. Toan tt tuyén tinh A € L(X1, X5) dudc goi 1 toan tit Noether
néu:

(i) A la toan tit giai chuan,

(ii) a(A) va a(A*) 1a cac s6 hitu han.

Dinh nghia 1.2. S6 nguyén ind A = a(A4) — a(A*) dude goi la chi s6 clia toan
tr Noether A.

Nhan xét 1.1. Ta c6 thé chitng minh duge rang diéu kién gidi chuan ciia todn
tt A (theo nghia Hausdorff) tuong duong véi diéu kién tap im A 14 dong trong
khong gian Xo, tiic 14 im A = im A. Khong gian X»/im A dude goi 14 d6i hach
clia todn ti A va duge ki hieu 1 coker A, tiic 14 coker A = X5/im A. Ta ki hiéu
s6 chiéu ctia né bdi B(A), tic 1a S(A) = dim coker A. Ta ciing c6 thé ching
minh dudc rang, véi toan tit gidi chuan A € L(Xi, X»), khong gian con ker A*
14 hitu han chiéu néu va chi néu khong gian con coker A 1a hitu han chieu va
a(A*) = B(A). Vi vay, ta thu duge dinh nghia thay thé sau vé toan tit Noether.

Dinh nghia 1.3. Toan t1t tuyén tinh A € L(X1, X5) dudc goi 1 toan tit Noether
néu:

(i) A la toan tit gidi chuan (im A = im A),

(i) a(A) va B(A) la cac s6 hitu han.

Dinh nghia 1.4. To4an tit Noether c6 chi s6 bang 0 duge goi 13 toan tit Fredholm.

Ta thay toan tt A =1+ D € L(X), trong d6 I 1a toan tit dong nhat va D 1a
toan tit compact la toan tit Fredholm, ta goi l& toan tit Fredholm chinh tic.

Vi du 1.1. Toan tu
U:Cla,b] — Cla,b]

(Uy) () +>\/sz

trong d6 K(z,s) 1d ham s6 lién tuc trén mién {a < z < b, a < s < b} 1a toan ti
Fredholm chinh téc.

*) Mot s6 tinh chat clia toan tit Noether:
1. Toan tit A 1a toan tit Noether néu va chi néu toan tit A* 1a toan tit Noether



va khi d6 ind A* = —ind A.

2. Cho toan tit Noether A c6 s6 duong p(A) . Khi d6, v6i mdi toan tit B thda man
diéu kién ||B|| < p(4), toan tit A + B la toan t1it Noether va ind (A + B) = ind A.
3. Néu A la toan tu Noether va D 1a toan tit compact thi A + D 1a toan tit
Noether va ind (A + D) = ind A.

4. Néu B € L(X1, X2) va A € L(X2, X3) la cac toan tit Noether thi AB €
L(X1, X3) cing la toan tit Noether va ind (AB) = ind A + ind B.

Dinh nghia 1.5. Ta néi rang toan tit A ¢6 chinh quy trai (phai) néu ton tai
toan ti tuyén tinh bi chin R sao cho tich RA(AR) la toan tit Fredholm chinh
tac.

Toan tit R duge goi la chinh quy trai (phai) cla toan tit A. Ta néi toan tit A
c6 chinh quy néu toan tit A c6 R4 vita la c6 chinh quy phai va chinh quy trai.
Khi d6, Ry dugce goi la chinh quy hai phia cia A.

Dinh 1y 1.1. (Tiéu chuan Noether, xem [6])

Ciac khang dinh sau vé todn ti A € L(X1, X2) la tuong duong:

(i) A la toan ti Noether;

(ii) Todn ti A cé chinh quy;

(iii) C6 cdc todn ti By € L(Xa, X1) va By € L(X2, X1) sao cho B1A va ABs la
cac todn ti Noether.

1.2 Ham dich chuyén

Dinh nghia 1.6. Cho T' 1a duong cong dinh hudéng, déong hodac khong doéng,
don va a(t) 1a mot dong phoi anh xa duong cong I' vao chinh né. Dong phoi
a(t) : T' = T dudc goi la ham dich chuyén.

Ham dich chuyén a(t) bao toan huéng trén I' duge goi la dich chuyéen thuan
va ki hiéu 14 . (¢). Ham dich chuyén o(t) thay doi huéng trén I' duge goi la dich
chuyén nguge va ki hieu 1a o (t).

Vé sau, néu khong c6 gia thiét ndo khac, ta luon gia thiét rang dich chuyén
a(t) c6 dao ham o/(t) luon khac khong va théa man diéu kién Holder tai moi

diém tren T.

Dinh nghia 1.7. Diém 7 € T’ dudc goi la diém tuan hoan ctia ham dich chuyén
a(t) cap k> 1 néu ay(r) =7 va ( voi k>1) a;(7) # 7,Vi = 1,2, ...,k — 1, trong d6
a;i(t) = ala;—1(t)) va ta quy udc ag(t) =t.



Diém tuan hoan bac mot duge goi 1a diém bat dong ctia ham dich chuyén.
Ta ki hieu M(a, k) 14 tap cic diém tuan hoan clia dich chuyén a(t) bac k.
Day ay,(t),n =1,2,... dugc goi la day lap cua dich chuyén a(t) tai diém t e I
Phan loai ham dich chuyén cé thé duge thyc hién duya trén cac su kieén sau:
1) Ham dich chuyén a(t) bdo toan huéng trén I' hodic thay doi hudng (theo hudng
ngugc lai) trén T.
2) Ham dich chuyén a(t) ¢ hoac khong c6 diém tuan hoan trén I.
3) Néu ton tai nhitng diém tuan hoan thi hoac la tat cd nhitng diém trén duong
cong I' tuan hoan hoic tap nhing diém tuan hoan trén I' 1a mot tap déng.
*) Phan loai cac dich chuyén bao toan hudng:
Tap tat ca cac phép dich chuyén bao toan huéng ciia chu tuyén dong, don, ki
hiéu 1a M, duoce chia thanh cac 16p sau:
(1) Ton tai s6 nguyén k > 2 (nh6 nhét) sao cho M(«, k) =T. (I6p M;")
(2) M(a, k) # @ va M(a, k) #T. (16p M)
(3)M(a, k) = @. (16p M)

Dinh nghia 1.8. Dich chuyén bao toan huéng o(t) théa man dicu kien M(a, k) =
T vé6i k > 2 (thuoc 16p M;") dugde goi 1a dich chuyén Carleman thuan cap k. Dich
chuyén bdo toan huéng a(t) théa man dicu kien M(a, k) # I' duge goi 1a dich
chuyén khong Carleman.

Tit viec phan 16p trén, ta suy ra rang mot dich chuyén Carleman bao toan
huéng cap k > 2 khéng c6 diém cb dinh tren T.

*) Phan loai cac dich chuyén thay déi huéng:
Tap M~ tat ca cac dong phoi ctia I' vao chinh n6 thay déi huéng ciia I' theo
huéng ngudc lai dude chia thanh céc 16p M, va M, dudc xac dinh bdi cac diéu
kién sau:
(1) a(t) =t. (16p M)
(2) ag(t) € My va M(az, 1) # @. (16p M)

Dinh nghia 1.9. Ham dich chuyén thay doi huéng thuoce l6p M, duge goi la
dich chuyén Carleman nguge huéng. Ham dich chuyén thuoc 16p M, dugc goi
1 dich chuyén khong Carleman.

T sy phan 16p trén, ta suy ra rang khong ton tai dong phoi o(t) clia mot
chu tuyén don T len chinh né, thay doi huéng tren I' va la mot dich chuyén
Carleman sao cho s6 nho nhat 1a k > 2.



Sau day, ta phat biéu mot sé tinh chat ctia ham dich chuyén va ham dich
chuyén Carleman (xem chitng minh trong [6]):
1. Néu ham dich chuyén o(t) bédo toan huéng trén I' va M(a, k) # @ véi k > 1
nao do thi M(«,l) =< , v6i moi | # k.
2. Néu mot ham dich chuyen a(t) bao toan huéng trén I' va cac diém .7 €
M (a, 1) sao cho: (11, 2)NM(a,1) = & ( (11,72) la cung mé clia T véi cadc dau mit
71 VA 13 ) thi v6i méi diém ¢ € (71, ), day lap a,(t) hoi tu vé mot diem bat dong
hoac la 7 hoac la m.
3. Cho mot dich chuyén Carleman bao toan huéng trén I' v6i cap k > 2, ton
tai mot s6 nguyén duong [ sao cho véi dich chuyén B(t) = o(t), cac diem
Bi(t), ..., Bu—1(t), t € T dugc sap thit ty theo chiéu da xac dinh cta T.
4. Cac l6p M{, My, M3, M, M, la khac rong.

Dinh nghia 1.10. (Chi s6 clia ham s6)

Cho T 14 duong cong déng, dinh huéng va G(t) 14 ham s6 lien tuc sao cho
G(t) # 0 trén T. Chi s6 cia ham s6 G(t) doc theo chu tuyén I' 1a ti s6 gitta do
tang trudng (sb6 gia) clia argumen ctia né khi ¢ chuyén dong hét mot lugt doc
theo chu tuyén (theo chiéu duong) va 27.

Ta ki hieu {w}r 1a do tang ctia w doc theo I' thi chi s6 ctia G(t) dugc viét
duéi dang X
k=1Indr G(t) = Q—{arg G(t)}r. (1.4)
7r

*) Mot s6 tinh chat ctia chi s6 ( xem [2])

1. Chi s6 ctia ham s6 lien tuc trén chu tuyén déng va khong triet tieu trén do6
luon 13 mot s6 nguyén (vi sy tang trudng ctia argumen doc theo chu tuyén doéng
ctia ham lién tuc sé la boi clia 2r).

2. Chi s6 ctia tich hai ham s6 bang tong clia cac chi s6. Chi s6 clia mot thuong
bang hiéu cac chi s6 tuong ting.

3. Néu G(t) 1a gia tri bién ctia ham s6 giai tich tit bén trong hodc tit bén ngoai
chu tuyén thi chi s6 ctia n6 bang sé khong diém tit bén trong hodc tit bén ngoai
chu tuyén lay dau am.

4. Néu ham G(t) giai tich tit bén trong chu tuyén trit ra hitu han diém c6 thé 1a

cac cuc diém thi chi s6 bing hiéu gitta s6 khong diém va s6 cic diem (ké ca boi).
Vi du 1.2. Xét ham dich chuyén phan tuyén tinh

_t=p
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¢6 phéan tich
a(t) = ot (t)tha (1), (1.5)

trong d6 at(t) = A(Bt—1)", a=(t) = ALt =pB)t~", A= /1— [B[% u=1néulg| <
Lvaat(t) = (N 1t=5), a=(t) = ix(Bt—1)"", A= /|62 =1, p = —1néu|p| > 1.

Néu |8| < 1 thi cAc ham a™(t) vd o~ (t) tuong ting gidi tich trong cic mién
DT ={|z] <1} vda D~ = {|z| > 1} v& chiing khong c6 khong diém trong cac mién
d6 bdi vi 1/8 ¢ DY, B ¢ D~. Trong truong hop nay, chi sé clia phan tich (1.5)
duge xac dinh béi thita s6 ¢, tic 1a Indr a(t) = 1. Diéu nay chi ra rang a(t) 1a
mot dong phoi clia dudng tron don vi I'g = {t : |t| = 1} vAo chinh né bdo toan
huéng trén I'g. Bing tinh toan triyc tiép, ta dé dang kiém tra dudc ring trong
truong hop nay céic thita s a™(t) va o~ (t) théa man dieu kién

a*(a(t) = e (1)) " (1.6)

Trong truong hop |3] > 1 cdc ham ot (t) va o (t) tuong tng giai tich trong
cac mien DT = {|z| < 1} va D~ = {|z| > 1} v& ching khong c6 khong diém trong
cac mieén d6 bdi vi B¢ Dt 1/8 ¢ D~. Chi s6 ctia phan tich (1.5) dugce xac dinh
béi thita s6 t~1, tiic 1a Indra(t) = —1. Diéu nay chi ra rang a(t) 13 mot dong
phoi clia dudong tron don vi Ig = {t : |t| = 1} vAo chinh né thay d6i huéng trén
I'y. Bing tinh toan truc tiép, ta dé dang kiém tra dugc rang, néu 8 > 1 thi céc

thita s6 at(t) va a~(t) thoa man diéu kién

oF (a(t)) = oF(t). (1.7)

1.3 Toan ta tich phan ki di

Dinh nghia 1.11. Dudng cong dinh huéng I' (déng hodc ma) duge goi la duong
cong Lyapunov néu diéu kién sau théa man: tiép tuyén tai moi diém t ctia I
ton tai va tiép tuyén dé tao véi truc thyc mot goc O (¢) va thoa man dieu kien
Holder:

1O (1) — O (ta)] < Alty —ta], A> 0,0 < p < 1.

Mot chu tuyén da hgp I' bao gom hitu han céc cong Lyapunov déng, don,
dinh huéng, khong giao nhau 1a bién ctia mot mién lién thong bi chan DT trén
mit phing phic. Dé don gian, ching ta gia st ring: = = 0 € DT, ta ki hicu
D~ =C\ (DT uUTl) va D~ chita diem oco. Chu tuyén I' duge dinh huéng sao cho
khi di chuyén doc trén né thi mién DT luon thuoc bén trai clia chuyén dong.
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Tat ci cac toan tit dude xét trong luan van tac dong trong cic khong gian
Banach L,(T), (1 < p < 00), H,(') (0 < u < 1). Trong d6, L,(T) la khong gian tat
cd cac ham do dugc Lebesgue trén I' kha tich bac p. Chuan trong L,(I") dugc

xac dinh bdi 1
ellr, = (/|gp(t)|pdt> .
I

H,(T), p € (0;1] 1a khong gian cac ham xéc dinh trén I' va thoa man diéu kién
Holder v6i s6 mil . Khong gian H x(I') 1a khong gian Banach véi chuan:

(1) — (1))
= max t)| + sup ———————.

Ta ki hieu C(I') 14 khong gian Banach tat cd cdc ham lien tuc trén I' véi
chuan:

— ).
lelle thlEaFX|90()|

Dinh nghia 1.12. (Toan ti tich phan ky di) Toan tt

trong do tich phan dugc hiéu theo nghia gié tri chinh Cauchy, ham % dugc
goi la nhan Cauchy va ham ¢(¢) duge goi 1a ham mat do cta tich phan ky di
trong khong gian L,(I") (1 < p < 00), hoac khong gian H,(I') (0 < p < 1).

Toan tit S duge xac dinh 6 trén duge goi la toan tir tich phan ky di.

Toan tt tich phan ki di S ¢6 céc tinh chat sau (xem [6]):
1. Toan tu tich phan ki di S bi chan trong cac khong gian Banach L,(T), (1 <
p<o0), H,(I') (0 < pp < 1).
2. 52 =1, trong d6 I 1a toan tit dong nhat (tinh chat doi hop).
3. Toan tt D = aS — Sal 1a toan tit compact trong L,(T') néu a(t) € C(T) hodc
trong H,(T') néu a(t) € H,(T).
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1.4 Cong thic Sokhotski - Plemeli

Ta khao sat bai toan co ban vé sit ton tai gia tri ctia tich phan dang Cauchy
trén chu tuyén cta tich phan va danh gia moi lien hé gitta gia tri ciia ham s6
v6i tich phan ki di.

Bo6 dé 1.1. (Bo dé co bdn, zem [2]) Khi ham mat do (1) théa man dicu kién
Holder va diém t khong trung vdi cic dau mait cia chu tuyén thi ham so

(I)(Z) _ / 90(T> B gp(t)dT

T —Z
r

tai diém z =t cta chu tuyén la lien tuc, tic la ham nay cé gid tri gidi han xdc
dinh tréen diém t di t = t& moi phia cia chu tuyén, doc theo moi duong dan:
—(t
lim ®(z) = /MdT = d(1).
2=t

T—1
r

Xét ham sb

omi T—2z
r

D(2) = L/ o(7) dr, (1.8)

trong d6 ¢(7) thda man diéu kién Holder.

Gia st chu tuyén I' la déng. Trong truong hop chu tuyén mé ta bd sung
dudng cong tity ¥ dé né déng va dit trén duong cong phu dé ¢(r) = 0.

Dé khao sat gia tri ctia ®(z) tai diém ¢ ctia chu tuyén, ta xét ham s6

(z) = L/Mczm (1.9)

T—Z

Ki hicu gia tri ctia ham gidi tich ®(z), ¥(z) khi diém z tién t6i diém ¢ ctia chu
tuyén tit phia trong tuong tng béi ®*(¢), UT(¢), va tit phia ngoai tuong ing
béi @~ (¢), U~ (t) (ddi v6i chu tuyén md sy tuong ting nay duge chon tir trai qua
phéi). Dé mo ta hudéng di téi gii han, ta viét = — ¢+ hosic z — t—. Gia tri clia
ham s6 tuong ting tai diém ¢ clia chu tuyén duge ki hiéu bdéi &(t), ¥(t). Trong
do, ®(t) 1a tich phan ki di theo nghia gia tri chinh

B(z) = L/Mdr

T—Z
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Xét hé thic

1 2mi, khi z€ DT
/ dr = 0, khi zeD™

7 Tz mi, khi zeTl.
Ta co
(1 [elr) , elt) [ 1
+ = o - e — pry + —_
V() = zhi% 5 / ——dr— T [ ——dr| =0 (t) — p(t),
) r r
F 1 ,
\IJ_<t) = hIIl —/ SO(T) — M/ d — ¢—<t>,
z—t— | 2m T—Z 211 T—2
r r
L[ o) e(t) 1 1
U(t) = — — Pt — -
(t) 2mi / T — zd 2me T — sz (t) 280(t)
r r

Theo bd dé co ban, ham s6 ¥(¢) la lién tuc nén vé phai ctia hé thitc 13 dong
nhat, tic 1a

(1) — plt) = B7(1) = 2(1) — (1),
Vay nén
w4(0) = bo(t) + o [ ¥ ar
r ) (1.10)
O (t) = —Sp(t) + %m!f_tdf,

trong do tich phan ki di dugc hic¢u theo nghia gia tri chinh.

Cong thic (1.10) duge goi 1a cong thitc Sokhotski - Plemeli.
Trit va cong cac vé tuong ting clia cong thitc (1.10) ta thu dugce hai cong thric
tuong duong sau

Cubi cung, ta xét cac toan ti
1 . 1
Tt cac tinh chat clia toan ti S, suy ra rang cic toan tit P. va P_ 1a cac toan
tt chiéu bu nhau trong khong gian H,(T') va L,(T) v6i chu tuyén dong T.
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1.5 Bai toan bd Riemann trong mién don lién

Gia st T 1a chu tuyén déng, don, tron va chia mit phang phitc thanh mién
trong DT va mién ngoai D~ (gid thiét co € D). Cho hai ham s6 trén chu tuyén
G(t) va g(t) thoa man diéu kien Holder, trong d6 G(t) khong triét tiéu trén bien.
Ta can x4c dinh hai ham s6 ®*(z) gidi tich trong mién D, va &~ (2) giai tich
trong mieén D—, ké ¢ z = oo, vi thda méan trén chu tuyén I' hé thiic thuan nhat
(bai toan thuan nhat)

DT (t) =G(t) D (1), (1.13)
hozic he thitc khong thuan nhét (bai toan khong thuan nhat)
OT(t) =G() D (t) + g(t). (1.14)

Ham s6 G(t) dugc goi 1a hé s6 ctia bai toan Riemann, va ham s6 g(t) 1a phan ti
tu do.
1.5.1 Bai toan buéc nhay

Trude tién, ta xét bai toan bd Riemann dang don so nhat. Gia thiét rang
trén chu tuyén déng I' cho ham s6 ¢(t) théa man diéu kién Holder. Ta can xac
dinh hai ham s6 gii tich ®(z) = ®*(2) véi z € DT, ®(z) = & (2) véi z € D,

triet tiéu tai vo ciing va théa man diéu kién
OF(t) — D (1) = (1)

Tit cong thiic Sokhotski-Plemeli, hién nhién ring ham s

B(2) —i/ )y,

2 ) T—2
T
13 nghiém ctia bai toan. Dé dang ching minh ring day 1a nghiém duy nhat ctia
bai toan.

Nghiém ctia bai toan trén cé thé phat biéu dudi dang sau: Ham s6 tly ¥ o(t)
cho trén chu tuyén déng va théa man dicu kien Holder, c6 thé bicu dién duy
nhat dudi dang hiéu ctia hai ham s6 ®*(¢), ®~(¢) tuong ting la cac gia tri bién
clia cadc ham giai tich ®*(z), ®~(z), dudi gid thiét &~ (co) = 0. Néu khong doi hoi
diéu kien ®~(o0) = 0, thi nghiém ctia bai toan dugce cho béi cong thiic

O(2) = 2L / de + const.

™ T — 2z

r
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1.5.2 Bai toan thuan nhat

Gia thiét ring bai toan bo thuan nhat (1.13) c6 nghiem va gid st ham s6
dt(2) vd & (2) la nghiém ctia n6. Goi s6 khong diém clia cac ham s6 ®+(z2),
®~(2) tuong ting 1a N*, N=. Tinh chi s6 clia ca hai vé ctia hé thic (1.13) ta nhan
dugc

Nt + N~ =IndG(t) =k.

Chi s6 k ctia hé s6 ctia bai todn bd Riemann duge goi 1a chi sd clia bai toéan.
Hién nhién, vé trai ctia hé thic cudi cung 1a khong am. Vi vay, diéu kién can dé
bai todn bo Riemann thuan nhat giai dugce 1a chi s6 k khong am.

1. Truong hgp k = 0. Khi do6, In G(¢) 13 ham s6 don tri, va In @7 (z), In ®~(2) giai
tich. Lay logarit hai vé clia diéu kién bién (1.13), ta thu dugc

In®*(2) —In® (2) = InG(t), (1.15)

trong d6, In G(t) 1a nhanh lién tuc tuy y. D& kiém tra ring két qua nhan dudc
khong phu tudc vao viéc chon nhanh nao cia logarit. Vay nén, theo cong thic
Sokhotski-Plemeli, nghiém ctia bai todn véi diéu kien kem theém In®~(co0) = 0
duge cho béi cong thic

Ind(z) = L/Mdr (1.16)

- omi T—2z
I

K¢ hiéu In ®(z) = L(z). Ta suy ra nghiém ctia bai toan bién (1.13) thoa man dicu
kien ®~(o0) = 1, dugc cho béi ham s6

dt(z) =) o (2) = b D), (1.17)

Néu khong doi hoi diéu kién &~ (co) = 1, thi cong thiic (4.17) phai chita hing s6
tur do va nghiém ctia bai toan ¢6 dang

Ot (z) = Al ), @ (2) = Ael ), (1.18)

trong d6 A 14 hang so6 tuy §.
2. Trudng hop k > 0. Gia thiét rang goc toa do nim trong mién D*. Ham sb t*
c6 chi s6 k. Ta viét diéu kién bien duéi dang

ot (t) = t*[tFG ()] @ (1),
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Hién nhién 13 ham s6 G1(t) = t7*G(t) c6 chi 6 bang 0. Bicu dién n6 dudi dang
L*(t)
thuong G1(t) = ——, trong d6

eLf(t)
L(z) = L/W—G(T”dr. (1.19)

T —Z

Dieu kién bién viét lai duge nhu sau

() (1)

eLt(t) 7 L (t)’

Heé thtc cudi cing nay cho thay ham sb , gidi tich trong D, va ham sb

(1)
eL_(t) ’
bac khong qua k, 1a thac trien giai tich ctia nhau qua chu tuyén I'. Ngugc lai, ta

tk giai tich trong D~, trit ra tai vo ciing, trong dé noé cé thé co cuc diem
thay ching 1a nhanh ctia ham s6 giai tich duy nhat trong cad mit phang phic,
trit ra mot cuc diém bac khong qué k tai vo cting. Theo dinh Iy Liouville suy
rong, ham s6 nay 1a da thiic bac khong qua k véi hé sé phiic tuy .

Vay nén, ta nhan dudc nghiém téng quat clia bai toan la

P (2) = 6L+(Z)Pk(z), O (2) = e Bk Py (2). (1.20)

Néu k < 0 thi bai toan thuan nhat khong c6 nghiém.

Vé sau, trong ap dung clia bai toan b Riemann dé giai phuong trinh tich phan

ki di, ta thuong tim nghiém ctia bai toan véi diéu kién kem them &~ (oo) = 0.
T cong thite (1.20), thi &~ (co) bang hé s6 ciia t* trong da thiic P(z). Vay

nén, véi diéu kien &~ (oo) = 0, nghiém ctia phuong trinh thuan nhat c6 dang

P (2) = 6L+(Z)Pk_1(z), O (z) =l kP (2), (1.21)

trong d6 Py._1(z) 1a da thic bac k — 1 v6i hé s6 tuy ¥. Trong truong hgp nay, bai

toan c6 k nghiem doc lap tuyén tinh.

Dinh nghia 1.13. (Ham chinh tic) Ta goi ham chinh t&c ctia bai toan Riemann
thuan nhat 1a ham s6 giai tich théa man diéu kién bién (1.13) va khac khong
khép noi trong mién hitu han ctia mat phang phitc va tai diém vo ciing c6 bac
bang k.

Néu ta viét lai dieu kién bién (1.13) clia bai toan b Riemann dudi dang

OF(t) = t*[tTrG ()] 27 (1),
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thi dé dang thay rang véi k tlty ¥, ham chinh tic ctia bai todn y(z) duge cho béi
cong thic
xH(z) = €L+(Z), Y (2) = 2Rl (3, (1.22)
trong d6 L(z) dugc cho bdi cong thiic (1.19).
Khi k£ > 0, nghiém téng quat ctia bai todn thuan nhat dugc biéu dién qua
ham chinh tic nhu sau

O (2) = X" (2) Py(2), @7 (2) = X" (2) Pi(2). (1.23)

1.5.3 Bai toan khéng thuan nhét

Ta viét lai he s6 G(t) ctia bai toan khong thuan nhat (1.14) duéi dang G(t) =

X)) s o e .
et Khi do, bai toan (1.14) c6 dang

Ta thay, ham so gJEZ) théa man diéu kien Holder. Gid st ta thay né béi hieu
X
cac gia tri bien clia ham sb giai tich
g9(t) + _
=UT(t) — P (1),
D) (t) (t)
trong do
1 g(t) dr
U(z) = — ) 1.24
(2) 27rz'/X+(7')7'—z ( )

Khi dé, diéu kien bién c6 thé viét duge dudi dang
oF(¢)
Xt ()

Tuong ti nhu bai todn thuan nhat, ta thu duge két qua sau:
1. Khi k > 0, thi

N (.
V) = )

o (t
~(t)

|
<
_|_
=
I

— U () = Py(2).

>~
T

=

=

Ta thu dugc nghiém
OF(2) = XF(2)[TF(2) + Pi(2)], (1.25)
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trong d6 x*(z), ¥F(2) cho béi cong thidc (1.22), (1.24); Py(z) 1a da thiic bac k véi
hé s6 tuy .

: SO .
2. Khi k£ <0, thi triét tiéu tai vo cung va
Xt (t)
Ot (t) O (1) _
— Ut ()= —2 — U () =0.

o VO rm Y

Vay nén
dE(2) = xF(2)TE(2). (1.26)

Dé ham & (z) giai tich tai vo ciing, di¢u kién can va da 1a ham ¥~ (2) c6 khong
diém bac 16n hon —k — 1 tai diém z = co. Khai trién ham ¥~ (z) thanh chudi liy
thita tai diem z = oo, ta co

o0
U (z2) = Z cjz 7,
j=1

trong do

1 9(1)
o dr.
K 2m/ G
I

Do vay, dé bai toan khong thuan nhat gidi duge trong trudng hop chi sé am

(k < —1), didu kién can va dt la —k — 1 hé s trong khai trién ctia ¥~ (z) triét
tiéu, tic la

/ﬂﬂ—ldfzo(j:1,2,...,—k—1). (1.27)

xH(7)
I

Néu k = —1 thi bai toan khong thuan nhat giai duge v ¢6 nghiém duy nhat.
Trong truong hop doi héi them diéu kien ®~(oco) = 0, nghiém dugc cho khi
k>0 c6 dang
() = x5 ()W (2) + Pes(2)]. (1.28)
(Néu k = 0 thi ta dit P(z) =0).
Néu k < 0 thi nghiém dugc cho béi cong thiic

OF(2) = xF(2) ¥ (2),

va dieu kién can 14 —k diéu kién sau ctia nghiém phai duge théa man

/ 9(7) 7 lar=00G=1,2,...,—k). (1.29)
T
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Vi du 1.3. Giai bai toan bién Riemann sau véi chu tuyén T' 1a dudng tron don

\2!
—t2 42t +2
() =td (1) + ————=
(1) = 197(0) + — =
Ta ¢co
G(t)=t, IndG(t) =1,
1
L(Z)ZL./MM:Q
2 T—2z
r
Do do .
xT(2) = eF @) =1, X (z) =zt B = 2
z
Xét
1 —72 427 42
W) = - TP+ 21+ 2 dr
2mi T(T—2) T—2
r
_L 1 dr _L T+ 1 dr
i | T—27—2 2w T T—2
r r
Suy ra
1 z+1
Ut(z) = —1,U (z)=—(1— .
()= g~ 1, ¥ (3) ( )
Vay, nghiém ctia phuong trinh véi diéu kien ®~(c0) = 0 12
1 _ 1/z+1
+0\ _ _* _
o (z)—Z_2 1+¢, & (2) z< . 1—|—c>,

trong d6 c 1a hang s6 bat ki.

1.6 Phan tich ham ma tran

Cho T 1a chu tuyén tron, dong va don chia mit phang phitc thanh mién trong

Dt (0 € D) va mién ngoai D~ (co € D7), va cho G(t) = (le(t)) la ham ma

n

| k=1

tran ¢d n x n khong ki di véi Gy(t) € H,(I'). Dat k = Q—{arg det G(t)}p.
m

Dinh nghia 1.14. Phan tich thanh thita s6 ctia ham ma tran khong ki di G(¢)
lien quan dén chu tuyén I' la phép bicu dién G duéi dang

G(t) = GH(H)ADG (1), (1.30)
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trong d6 G*(t) 1a gia tri bién clia cac ham ma tran G*(z), giai tich va khong ki
di trong D*, thoa man det G*(2) # 0, tuong tng , A = diag{th tF2 ... tk2} va
k1> ko > ... >k, la cac s6 nguyen. Cac s6 ki, ko, ..., k, dudc goi 1a chi s6 thanh
phan ctia G. Tong k = ky + ko + ... + k, dudc goi 1a chi s6 tong ctia G.

t 1
0 ¢!

co=(5 %) (6.2) (5 )

13 mot phan tich clia G(t), v6i cac chi s6 thanh phan la —1,1 v& chi s6 tong la
k=0.

Vi du 1.4. Cho ham ma tran G(t) = ( > Heé thic

Dinh 1y 1.2. Néu c¢6 hai phan tich khdc nhau cia ham ma tran khong ki di
G(t):
G(t) = GT(HOANG (1) = GHOAHE (1)

va HY = (GH7IGT, H- =G (G7)L, thi A = A = diag{th,t*,. .. %} va AH =
HTA.
Trong truong hop G(t) la ma tran cd 2 x 2, ta co

AN P _ _ A\ the"kip
+ _ 1 ki1—k o 1 k1—k
H —<o if)’H _<0 Ao )

trong dé Py, _y, la da thic bac khong qud k1 — ko va A1, Ao la cdc hing s0.

1.7 Toan ti¥ tich phan ki dj véi dich chuyén Carle-
man

Cho a(t) 1a dich chuyén bao toan hodc thay doi huéng ctia chu tuyén da hop
I' &nh xa moi thanh phan ctia T vao chinh nd, o/ (t) # 0 trén T va o/ (t) € H,(T).

Dinh nghia 1.15. Toan t@ W xac dinh trong L,(I') hoac trong H,(I') nhu sau
(Wo)(t) = p(a(t))
dugce goi 1a toan ti dich chuyén.

Sau day, ta dua ra mot s tinh chat co ban ciia toan ti dich chuyén W (xem

[2]):

1. W la toan tit tuyén tinh bi chan va kha nghich lien tuc trong L,(I') v trong
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H,(T). Dac bigt, toan tit dich chuyén c6 trong (Uyp)(t) = |/ (1)['Po(a(t)) 1a toan
tt tuyén tinh bi chan va kha vi lien tuc trong L,(T) sao cho ||U]|| = 1.

2. WM =W, ,m=0,%1,£2,...

3. Néu a,(t) =t (a(t) 1a mot dich chuyén Carleman) thi W™ = T.

Dinh 1y 1.3. Khi T la duong cong Lyapunov déng don, a(t) la dong phoi cia T
lén chinh nd, o/ (t) #0 va o/ (t) € H,(T), p € (0;1], thi todn ti K = yWSW~! -8
la compact trong cac khong gian Ly(I'), p € (1,00) va Hy(I') vdi A < p.

Cho a(t) : T — T 1a dich chuyén Carleman (a(t) = t) bdo toan hodic thay doi
huéng trén chu tuyén Lyapunov da hop T' sao cho o/(t) # 0 trén I' va o/(t) €
H,(T"). Cho W la toan tit dich chuyén tuong tng (W? = I).

Ta xét toan ti

K = (al +bW)Ps + (c] +dW)P_, Py = %(1 +9) (1.31)

trong H,(T") (a,b,¢,d € H,(I')) hodc trong L,(I") (a,b,¢c,d € C(I")).
Cung v6i toan tit K, ta cing xét toan tit

K = (aI — bW)Py + (cI — dW)P_ (1.32)

trong H,(T") hodac Ly(T), K dugc goi 1a toan tit ban clia K.
Khi do, ta c6 hé thiic sau

(6 4)E D0 B)aeen o
trong do
o a®) b(t) ) d(t)
Alt) = <b<a<t>> a<a<t>>>”5’<”— (d(a(t)) c(a(t»)’
néu a = a4 (t) bao toan huéng trén I, va
_( al) d() (et b
Alt) = (b<a<t>> c<a<t>>)73“>— <d<a<t>> a(a(t»)’

néu o = a_(t) thay doi huéng trén I'. Toan tit D 1 toan tit compact.
Toén tt M = APy + BP- + D dudc goi la toan tit tuong tng véi K.

Dinh ly 1.4. Todn ti

K = (al +bW)Py + (I +dW)P— : Hy(T') = Hy(T) (Lp(T) = Ly(T))
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la toan ti Noether khi va chi khi
A(t) = c(t)c(a(t)) — d(t)d(a(t)) # 0,

(1.34)
Aa(t) = a(t)ala(t)) — b(t)b(a(t)) # 0

néu o(t) la dich chuyén Carleman bdo toan hudng trén T.
A(t) = a(t)c(a(t)) — d(t)b(a(t)) # 0 (1.35)
néu a(t) la dich chuyén Carleman thay doi hwdng trén T.

Chi s6 ctia toan tit Noether K dudc cho béi

o Ar(#)
ind K = E{ arg D) }F (1.36)

néu dich chuyén Carleman a = o (t) bao toan huéng trén I, va
1
ind K = —%{argA(t)}p (1.37)

néu dich chuyén Carleman a = o (t) thay ddi huéng trén T.
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Chuong 2

Ly thuyét giai dudc ciia phuong
trinh tich phan ki di dac trung tong
quat véi dich chuyén phan tuyén
tinh Carleman trén ducong tron don

V1

Xét phuong trinh tich phan ki di tong quét
(Te)(t) = (a(®) I+ bO)W)(Pro)(t) + (c(t)] +d(t)W)(P-p)(t) = f(t)

trong d6 «a(t) 1a dich chuyén Carleman a(a(t)) = t, W 1a toan tit dich chuyén,
(We)(t) = p(alt)).

Dé nghiéen citu 1y thuyét gidi dude ctia phuong trinh tich phan ki di dac trung
tong quat & trén ta c6 thé dua vé bai toan gia tri bien hai thanh phan bing
cach dua ra cac han ché vé cac hé sd da cho, tiic 1a ching ta xét cac truong hop
suy bién. Trong chuong nay ta stt dung cach khac ma khong han ché hé s6 clia
phuong trinh, ta dua ra cac han ché vé ham dich chuyén « , vé toan ti dich
chuyén U va vé chu tuyén I' sao cho US = £SU (S 1a toan tit tich phan ki di)
tuong ng v6i a = oy (t) v a = a_(t). Cu thé, ta xét phuong trinh tich phan ki
di v6i dich chuyén phan tuyén tinh trén duong tron don vi.

Trong cach nay, toan tit T' dugce phan tich thanh nhan tit nhs phép phan tich
clla toan ti ma tran M = AP, + BP_. Tt d6, ta c6 thé tinh toan dudce cac sd
dimker 7' va dim coker T', v& ta c6 thé xay dung dudc co sé cho cac khong gian
ker T va coker T'. Do d6, nghiém ctia phuong trinh Te = f ¢6 thé tim dugc dudi
dang hién néu biét phan tich ctia ham ma tran C = A~15.

Phuong phap phan tich thanh nhan tit ctua toan ti tich phan ki di véi dich
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chuyén Carleman c6 sut khac nhau co ban trong cac trusng hop dich chuyén bao
toan huéng va dich chuyén ngude huéng. Trong phan 2.1, ta xét phuong trinh
tich phan ki di véi dich chuyén phan tuyén tinh Carleman bao toan huéng, ma

tran C théa man hé thtc
C=ceCla(t))e, e= (? é) : (1)

Phép phan tich toan ti 7' = Py + CP_ v6i toan ti ham C = ¢o(t)] + 1 (t)U
dudc thue hién qua hai buée. Trong bude thit nhat, bai toan phan tich toan ti
ham dudc gidi quyét. Ta chi ra mot dang cau dai s6, bai toan phan tich toan tit
ham tuong duong véi bai toan phan tich ham ma tran tuong tng C trong dai sb
cac ham ma tran théa man dieu kién (I). Sau d6, dua trén két quéi dugce de cap,
ta xay dung phan tich can thiét ciia toan ti 7.

Trong phan 2.2, ta xét phuong trinh v6i dich chuyén phan tuyén tinh Carle-
man ngugc huéng. Trong truong hop nay, ma tran C théa man hé thic

_ 01
C=eC Yalt)e, e= (1 O) : (IT)

Dau tién, phép phan tich dac biét clia toan tit ma tran M = P, + CP_ dudc
xay dung. Phép phan tich nay sao cho hé thiic (11) van ding cho cic heé s6 trong
phép phan tich. Sau d6, ta xay dung phan tich can thiét ctia toan tit 7.

2.1 Phuong trinh tich phan ki di dac trung véi dich
chuyén phan tuyén tinh Carleman bao toan huéng

2.1.1 Phat biéu bai toan phan tich thanh nhan t
Xét toan tit tich phan ki di véi dich chuyén Carleman bao toan huéng
T =CP; +DP_: H,I) — H,(T), (2.1)

trong do
C =co(t)] + da(t)W, D =ci1(6)I + di(t)W

cy e, didy € Hy(T),  (Wo)(t) = pla(t),  alalt)) = t.

Theo dinh 1{ (1.4), toan ti T 1& toan tit Noether néu va chi néu:

A (t) = er(t)er(aft)) —di(t)di(a(t)) # 0, Daft) = calt)ea(a(t)) —da(t)d2(alt)) # 0,
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va chi s6 ctia toan ti Noether T dude tinh bdi cong thiic
. 1 Al(t)
d7T = — .
in 47T{argA2(t) )

Khong gidm téng quat, ta cé thé xét toan ti tich phan ki di v6i dang don

gian hon
T =P, + AP_,

trong do
A=a(t)] +b(t)W.

That vay, vi toan t1t ham C = co(t)I 4 da(t)W kha nghich nén ta cé the viét

TE C(P+ +07DP,)

(ca(e(t)) I = da()W)(cr()] + da(t) W)

[(ca((t)) e1(t) = da(t) di(a(t)))] + (ca((t)) du(t) — da(t) ci(a(t)))W].

ar(t) = = (ca(a(t)) e1(t) =da(t) di(a(t)),  b1(t) = = (ca(a(t)) d1(t)=da(t) cr(a(t))

va xét toan tit (2.1) véi toan ti dich chuyén phan tuyén tinh Carleman c6 trong
U = at ()W, trong d6 ot (t) = \(ft — 1)~ ta thu dugc bicu dién sau cho toan
tt ban dau (2.1)

T = (e2(t) I + (ot ()L do()U) (P + (a(t) I +b(t)U)P-),

Vi a(t) = ai(t), b(t) = (a™(t))~ 1 by (t) va trong d6 toan t1t C' = co(t) [+(a™ (t)) " 1da(t)U
kha vi lien tuc. Do d6, ta chi can xét toan tit T c6 dang sau

T(A) =Py + AP_, A=al+0U. (2.2)

Theo phan 1.7, bai toan phan tich thanh nhan ti clia toan tit T(A) dugc lien
két tryc tiép véi phép phan tich thanh nhan tit clia toan tit tich phan khong ki
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di tuong ting M(A). Do SU = US nén toan ti compact D° triét tieu. Vi vay,
toan tit khong dich chuyén tuong tng c6 dang

M(A) = P, + A(t)P-,

_(alt) b
Alt) = (b(a(t)) a<a<t>>)' (2:3)

Dic biet, toan tit A = al +bU kha nghich néu va chi néu det A(t) # 0. Ta ciing
biét rang
ki1 + ko

ind T(4) = Jind M(4) = %{arg det A(t)}rer, = 12, (2.4)

trong d6 ki > ko 1a cic chi s6 thanh phan ciia phép phan tich ham ma tran A(t).
Tu cong thitc (2.4) suy ra rang ca hai chi s6 thanh phan ctia ma tran (2.3) cung
chin hodc cting 1&. Ta thiy ring ham ma tran bat ki c6 dang (2.3) théa man hée
thiic:

A=eAa(t))e, e:G é) (2.5)

Diéu nay rat quan trong trong phép phan tich toan tit T(A). Dé phan tich
ctia todn t T(A) ta can phan tich toan ti ham A, tic la biéu dién né dudi dang

A=A, RA_

trong do cdc todn tu ham Ay va A_ kha nghich va cung vdi cac todn ti nghich

ddio ciia ching, A7' va AZ' théa man diéu kién vé ki hiéu Hankel ciia ching
P_AT'P. = 0vaPy AT P_ =0,

va thita so6 R la mot todn ti khd nghich cé hé so don gidn. Khi dé, ta c6 mot
dang cau dai sb, bai todn phan tich nay tuong duong vdi bai todn phan tich ham
ma tran tuong ing (2.3) trong dai so6 cdc ham ma tran théa man dieu kién (2.5).
Sau day, ta dua ra mot s6 ki hiéu can thiét:
Cho I'g = {t: |t| =1} va H = H,(T) la tap cac ham théa man dieu kien Holder
v6i chi s6 p. Cho Hy = P, H, H = P_H,H_=C @ P_H, va cho A la dai
sO clla tat ca cac toan tit ham vé6i he s6 thuoc H, A4 1a tap tat ca cac toan ti
ham véi he s6 thuoe Hy, A° 1 tap tat cd cac toan tit ham véi hé s6 thuoc HY .
Khi do
A=A, & AvaP: Ay Py = {0}.
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Béi vi toan tit dich chuyen U giao hoan véi toan tit tich phan ki di S nén ta
6 PLU Py =0,
Dai s6 A dugce goi la dai s6 phan tich.
Ta ki hieu H?*? 1a tap tat cd cdc ham ma tran dang (2.3) v6i cac phan ti
thuoc H. D& thay rang H>*? 14 dai s6 con clia dai s6 H**? va
Hit = YR e HC,

trong do

2x2
Q”CZXZ

—x

~ 2%2
2%x2 2X2 s
H ,Oé_P+HOé va H

—,x

=P H>? H>? —H

tiic la, dai s6 H2*? ciing 14 mot dai s6 phan tich.
Xét phép bién doi

T A— HY?

A=al +bU —3 A= (b(‘;) a&)).

Ta thay = 1a mot ding cau dai s6 tit dai s6 A vao dai s6 H>*?, va véi dich chuyén
phan tuyén tinh, ding cau = théa man diéu kién sau:

T(Ay) = Hiﬁ%

Do d6, dé phan tich toan tit A trong dai s6 A ta chi can phan tich ham ma
tran A trong dai s6 H2*%

2.1.2 Phan tich ma tran ham trong dai s6 H>**

Xét toan tix

H[x’y] . H2><2 — H2><2
ducc xac dinh nhu sau:
def 1
H{mmfizz §(f4—-$.4(&)yL

trong d6 A € H**2, z va y 1a cac phan tit ¢6 dinh cta dai s6 H>*2.

Dé thay rang néu zz(a) = eg, y(a)y = eq, eg = (é (1)) thi 1T}, ,; 1a mot todn
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t1t chiéu trong H>*?. That vay

1
H[zm7y]./4 = H[ij] (5(./4 — ZE.A(Oé)y))

212

- i[A — 2z A(a)y + zz(a) Ay(e))y] = I} A

1 [1(/1 — zA(a)y) — g(A(a) — z(@)Ay(a))y

v6i moi ham ma tran A € H>*2.
Ngoai ra, néu them dieu kien x = y~! thi tap kerIlj, , 1a mot dai s6. That
vay, voi A € ker I}, ,, B € kerIl, ), tiic la A =2 A(a)y, B=zB(a)y thi

AB =z A(a)y.zB(a)y = rA(a)y.y 'Bla)y = zA(a)B(a)y,

suy ra AB € kerII|, ,,. Tt (2.5) suy ra

01
HiXQ = ker H[e,e]7 e = (1 0) .

Do dé, bai todn phan tich thanh nhan ti cia ma tran A trong dai s6 H>*?
co thé dugc phdt biéu nhu sau:

Tim mot phan tich cia A € kerlly, . sao cho cic thia s0 phan tich tuong ing
cting thuoc khong gian con ker I, .

Trong truong hop céc chi s6 thanh phan clia ma tran A bang 0, bai toan
phan tich dugc giai quyét dé dang, bdi vi néu A € H>*? c¢6 mot phan tich véi
cac chi so6 thanh phan bing 0 trong H?*? (goi 1a phan tich chinh tic) thi ham
ma tran nay ciing c6 mot phan tich chinh tic trong dai s6 H2*?. Dé thay diéu

nay, ta can mot sé thong tin vé dich chuyén «. Ham bién doi phan tuyén tinh

Z J—
alz) = = ﬁ, 1Bl <1
Bz —1
c6 hai diém cb dinh & va &. R6 rang, ching khong nam trén Iy bdi vi a(t) =
Btt— 51, 18] < 1 la dich chuyén Carleman bao toan huéng trén I'g. Mot trong hai

diém nay nidm beén trong 'y va diém con lai ndm bén ngoai To.
Bay gio, ta tim céc diém c6 dinh nay. V6i 8 = 0 thi a(z) = —z va cac diém
c6 dinh 14 0 va co. Véi 0 < |8 < 1 thi phuong trinh a(z) = z ¢6 dang

Bz2 =224+ 8=0.
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Do do

LFV1- 8|2

{12 = &< 1], €] > 1.
5
Gia st trong H?*?, ta c6
A(t) = AT () A (1), vi AT (&) = ep. (2.6)

Khi d6 A(a(t)) = A+ (a(t) A (a(t), md A= eA(a)e nén ta c6
A(t) = e At (a(t))ee A (a(t))e, va e Ala(&r))e = AT (&) = ep.
T tinh duy nhat cia phan tich (2.6), suy ra
AT () = e AT (a(t))eva A () = e A (alt))e, tiic 1a AT (t), A (t) € H22,

Bay gio, ta xét trudng hop tong quat ma cac chi s6 thanh phan déu khac

khong.
Bo dé 2.1. Cho
A(t) = AT () A(t) A (1), (2.7)
trong do
At) = (t;l t22> , k1 > ko.
Khi do
.A+ € ker H[e,th] va A~ € ker H[h,,e]7
trong do
(et (™ () "p(t)
he (1) = :
0 —e(at (1)
(6(@@))’“ thkl(@(ﬂ)%@))
ho(t) = ,
0 —e(a (1)

ec{—1,+1}, at(t) = ABt — )71, a=(t) = X7t = B)t™, A = /1 —|B|2, va p(t)

la da thic bac k1 — ko thoa man dcfng thiic sau:

p(t) = (™ (1)) Fp(a(t)).

Chiing minh. Tt diéu kién A € ker [T, ., ta suy ra ham ma tran A ciing ¢6 phan
tich sau

A=cAla)e=e AT (a)Ala) A (a)e = e AT (a) AT(O)A()A (1) A (a)e,
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trong do
A ((ai(t»'fl 0 )
0 (™))

Theo dinh Ii (1.2) vé quan hé giita hai phan tich clia cing mot ham ma tran
khong ki di , ta thu dugc

AT = e AT (a(t)AT()R(E) vAA™ = A YR T )A)AT A (at))e, (2.8)

o= (4 1Y)

A1 VA Ag 1& cac hing s6, va p(t) 1a mot da thiic bac ky — ko.

trong do

Ta ching minh rang A Ay = —1va A} = A3 = 1. Diéu nay nghia la \; = ¢, Ao =

—¢e trong d6 e =1 hoac ¢ = —1.

A P
That vay, ta c6 a™(£1) = = = —1. Vi ky + ko 12 56 chln nén det AT (£1) =

pé—1
(aF(&1))1+k2 = 1. Hon nita, ta c6 det h(€1) = A1 Ao va det AT (€1) # 0 bdivi || < 1.

Tit dang thitc At (t) = e At (a(t))AT(t)h(t), suy ra

det AT (£1) = —det AT (a(&1)) det AT (&) det h(&1), (Vi dete = —1). (2.9)

Do dé )\1)\2 = —1.
Tt dang thic thit nhat trong (2.8) ta ciing c6

At (a(t)) = e AT (AT (a(t))h(a(t)). (2.10)
Thay (2.10) vao hé thic (2.9) ta thu dugce
AT(t) = ee AT()AT (a(t))h(a(t))AT(t)h(t).

Do do
eo = AT (a(D)h(a(t) AT (D)h(t), v6ieo = <(1) (1)> . (2.11)
Dénh gia dinh thifc tai diém ¢ = & ta thu duge A2 = A3 = 1. Do d6 A\ =

g, \y = —¢ trong do6 ¢ € {+1, —1}.
St dung dang thitc (2.9) va at.at(a(t)) = 1 ta thu dudc

01 0 1 '
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T hé thiic trén suy ra p(t) = (ot ()2 Fp(a(t)).
Bang tinh toan tryc tiép, ta thu ducgc

elat ()M (o™ () Hp(t)
hi(t) =

0 (a* (1) ) - Ao
_6 o 2

(6(04(25))'“1 th =k (o (1)) 2p(t)

0 e >A1<t>h1<t>A<t>A<t>,

trong d6 h=(t) = (g p_@) Ia nghich dio ctia h(t). So sanh véi (2.8) ta duge

AT(t) = e AT (a(t) hy(t), va A7 (1) = h-(t)A” (a(t))e,
tic la AT € ker Il ) va AT € ker T, ). O

Hé qua 2.1.
(AF(1) " (AT (1)) Me AT (1) = (3 p(’f)). (2.12)

—€
Hé thiic (2.12) dé dang suy ra tit dang thitc thit nhat trong (2.8).

Nhan xét 2.1. Ta cé the thay A* ¢ HZZ A(t) ¢ H®. Do d6, ta sé co ging
tac dong lén cdac ma tran AT va A~ nho cdc ma tran Ry va Ry khong suy bién
trén Ty sao cho

(ATR)* € HYZ (R_AT)* € HYZ,
R =R'AR! € H?**% va ham ma tran R c6 dang don gian nhat trong H>*?,
bat bién trong H>*? vdi todn ti dich chuyén ciing nhu todn ti nhan bdi ma tran
hang e tw bén trdi va ti bén phdi.

Ki hieu M?% 1a toan tit nhan tit ben phai béi ma tran X, titc 1 My A% Ax.

Dé thay rang néu X ¢ ker Iy, —1 g thi MY« kerTly,) — kerIl . That
vay, vi At € kerll,,, tic la AY = eAt(a)hy va X € kerIIy,-1 o, titc la
X =h{'X(a)e thi

MY AT = ATX = e At (a)hyh ' X (a)e = e AT (a) X ()e.

Do d6 ATX € ker I, . Dé dang kiém tra ring ham ma tran h, théa man dang
thuc
BTN = ha(a(t)). (2.13)
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Tt dieu trén, suy ra M, va Il l la cac toan tit chiéu. That vay, ta da

biét I, , 1a todn tu chiéu néu :m(a)[ = eo v y(a)y = ep. Trude hét, xét toan ti
M) Ta co e.e = eg va hy(a(t)).hy(t) = e (do (2.13)). Do d6 My, la toan tit
chiéu. Tuong i, ta c6 hl(t).hy (o) = [y (a(t) s ()] = eo VA e.e = ep nén
suy ra Il ) cling la todn tit chiéu.

Do 1,1 ) la todn ti chiéu nén ta c6

ker H[h117e] = 1m (I — H[hll,ep'
Bay gio, ta tim ham ma tran R4 (¢) sao cho
ATR, € HYY.

Hon nita, ta cling can
-1 2%2
(A*Ry) € H22,

Ta can tim ham ma tran véi tinh chat can thiét sao cho det Ry (t) # 0 trén

[p. Ta kiém tra rang ham ma tran
o (3 +D) 3y —p)
Ry = (a®)# (2 ? ) , (2.14)

trong do
ra () = (@ () M (a(t)) var (1) # 0v6i

thoa méan céc diéu kien da dé cap 6 tren. That vay, bing kiém tra truc tiép ta
dugc

(2.15)

det R (t) = (o (£))*2ry (t) # 0v6i

(t) = hi (R4 (alt))e.

Theo Bo dé 2.1, ta ¢6 AT € ker I}, ), titc 1a AT = e A™(a)hy(t). Do do:

ARy = e AT (a(t) hi (R4 (D (R (a(t)e = e AT (a(t)) R+ (alt) e

Suy ra
ATR, € ker Tl g vaATR, € HY.

Ta lai ¢c6

(ATR) ™ = RINAT) ™ = e R () hae (DAL (#) (AT (1)) e = e (AT (alt)) R (a(t) e
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Do do
(ATRL) ! € kerIl, g va(ATRL) ™ € HYY.

Ham ma tran R_(t) thdéa man diéu kien

detR_(t) # 0 v

t| > 1va(R_A™)* € H>?

dugc xay dung tuong tu.
Ki higu MY 1a toan ti nhan tit ben tréi béi ma tran X, tic la MbA < X A,
Dé thay rang néu X € kerll ;- thi Mt o kerTly, g — kerIly . That
vay, voi A™ € kerll, g, tic la A7 = h-A"(a)e va X € kerlIl, -y, tiic la X =
e X(a)h~! thi

MYA™ = XA =eX(a)hth_ A" (a)e = e X(a) A (a)e.
Do d6 XA~ € ker I, . Dé dang kiém tra rang ham ma tran h_ théa man dang

thuc
A=) = h(aft)). (2.16)

Tit dieu trén, suy ra ITj,_ o va IT, -1 la cdc todn tif chieu. Do IT, ;-1 1a toan
tt chiéu neén ta c6

kel" H[e,hil] - ].m (_[ - H[e,h:1]>
Ta tim ham ma tran R_(t) sao cho
det R_(t) # 0va (R_A)* € H>Z.
Cho r_(t) la ham thoa man
r_(t) £ 0v6it] > 1var_(t) = (aF (£)Fr_(a(t)). (2.17)
Khi d6, ham ma tran
e —%575’“2_’“1 (r— —p)
Ro=(a")2 (2.18)
€ %tk"’_kl (r—+p)

véi det R_(t) = th2=F1(a=(¢))"Fr_(t) # 0v6i
H*?2 (Vi R =eR_(a)h™h).

—,a)

Do d6, véi cac ham s6 r, va r— c6 dang dude xét § trén, ta thu dude phan

t| > 1, thdéa man dieu kien (R_A7)*! €

tich ciia ma tran A c6 dang

A= AR RR_A", (2.19)
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trong do
(A+R+):|:1 c H%—)’(O%’ (R_A—):Izl c H2><2

—,Q)

R =R AR
Dé dang kiém tra ring R € H>*%. That vay, ta c6
Ry = h;1R+(a)e, R_=eR_(a)hl.

Suy ra
R =eR1hy, R2V=h_-R} (a)e.

Do d6
R:LlARzl = eR__Fl(oz)thAh_R:l(a)e.

Bing kiém tra tryc tiép, ta co
hiAh_ = Aa).
Thay (2.23) vao (2.22), ta dugc
RIAR = e RN (a)A(@)RZH(@)e,

tic 1a R € H2*?

(2.20)

(2.21)

(2.22)

(2.23)

Nhu vay, ham ma tran A c6 phan tich trong H2*? xac dinh béi cac cong thiic

(2.19), (2.20), (2.21), (2.14), (2.18).

Bay gio, ta tim chinh xac cau tric clia ham ma tran R(¢). Luu § rang, ham

ma tran R(t) khong chi thuoc dai s6 H>*? ma no6 con bat bién vé6i toan tit dich

chuyén W. Ta sé tinh Rjrl va RZ!, tuong tng 1a nghich dao ciia cdc ham ma

tran ’R,Jr va R+.

=)

Ta co
1 1 1 p 1
o [ —E(=F) (21 E) a=(1-
Rl =(a")? R =(a7)2 - -
1 _etk1—k2 1—k2
= 21+ 2) = o

Vi (1) = (@) () (alt), r—(t) = ()" ()" F1r_(a(t))

Sau khi tinh toan don gian, ta thu dugce

E 1

1 2
R=RIAR_' = §tk1(a+)7(a_)7
(7 =)

ko

(2.24)
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Dé dang kieém tra dudc cdc ham

= ltkl(aﬂ%(a—)% (i + i)

2 T4+ r—
thoa man cac dieu kién
) = [ (alt).

Do d6, ham ma tran R c6 thé viét duge dudi dang

(o
R_(f‘ f+>’

va n6 thoa man cac hé thic sau:

hay
R(t) = (WR)(t), R = M. M/(R)

Mit khac, néu ta luu ¥ ring dai s6 H>*? dugc sinh ra béi cac ding cau dai
s6 W, trong d6 (WA)(t) = A(a(t)) va Se = ML M? thi ta suy ra cdc phan tit ciia
dai s6 nay c6 phan tich dudi dang

A=ATRA",

trong d6 (A*)*! € HI'} va R 1a mot ham ma tran bat bién véi dang cau W
ciing nhu v6i dang cau ..

Dé don gian dang ctia ham ma tran R, ta can chon cac ham sb6 ri don
gian nhat théa man yeu cau. Bing kiém tra truc tiép ta thiy cac da thic
re(t) = (at ()22, r_(t) = thk2(a~(£))™5 tuong ting théa min cic he thic
(2.15) va (2.17). Thay ching vao cong thic (2.24) ta thu dugc

() F (07)F e F ()T e(h(0)F (07)F — (et (a7)

m‘g

1 )
R=3

E

St (0h) % (@)F —th(eh)F(@)F)  F(ah)F (@)F 4R h)F (@)F
(2.25)
Bang tinh toan truc tiép, ta dé dang kiém tra dudc rang ham ma tran R co

thé dugc viét dudi dang don gian hon sau

R = S.(AT)2A(A )28 (2.26)

15 )

o 1 —¢ _1_1 1 £
SE_(& 1)’SE _5(—5 1)'

trong do
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2.1.3 Phan tich thanh nhan ti¥ cia toan tw& tich phan ki di
T(A).

Trude tién, ta viét phan tich clia toan tt ham A = a(¢)I + b(t)U phit hgp véi
phan tich ctia ham ma tran A trong dai s6 H>*% Ta c6

A=A RA_,
trong do
Ay =7 HATRY), A =7 H(R-AD),
R=r'R) Y ul+e=U,
v6i

T A—)H?M><2

b < a2 2
A=al +bU — A= (b(a) a(a)) la dang cau,

U=a(t)W,
u= 5 @)% (@)% + () F ) %),
v= 50" F ) ~ (0 F ) %),

Luu ¥ rang
Py AT Py = AT P, P AT P = AF P

ta thay toan tu tich phan ki di T(A) c6 thé biéu dién duge dudi dang
T(A) = AL T(R) (A{'Py + A_P.), (2.27)
trong do
T(R) =P, + RP_. (2.28)
Cac toan tit Ay va D = AT' Py +A_P_ kh& nghich v6i D™! = (A;'Py+A_P_)"! =
A P, + A~'P_. That vay
DDt = (A'Py + A_P_) (A4 Py + AZ'P.)
= A'PLALP + AT'PLATIP. + ALPLALP + ALP_AT'P.
= AT'AL Py + ALATIP.
—P, +P =1

Tuong ti, ta c6 D~1D = 1.
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Dinh 1y 2.1. Néu k1 = ko = 0 thi todn tii T(A) khd nghich va todn ti nghich
dao cua no la

T YA) = (A Py + AZTP )AL
Chitng minh. Néu ky = ke =0 thiu=v =0, suyra R =0, T(R) = I.
Mat khac, cac toan tit A;, D kha nghich nén suy ra toan ti T(A) cling kha
nghich va

T YA) = (AL Py + AZTP )AL

O

Dinh 1y 2.2. Néu ki > ky > 0 thi todn ti T(A) khd nghich phdi. Néu ko < k1 < 0
thi toan tu T(A) kha nghich trai. Trong cda hai truong hop, toan ti nghich dao
mot phia T-1(A) dugc biéu dién dudi dang

T7YA) = (A Py + AZ'PL)(Py + RTIPO) AT, (2.29)

Chaing minh. Ta thay rang cic hé s6 clia toan ti R giai tich trong |z| < 1 néu
k1 > ke > 0 va ching gidi tich trong |z| > 1 néu ke < k1 < 0. Do d6, véi cac ki
hiéu Hankel clia toan tit R ta c6 P_RP, =0 néu k; > ke > 0 va P, RP_ =0 néu
ko < k1 < 0. Bay gio, ta xét toan tit ngugec R~!. Bing tinh toan truc tiép, ta
kiém tra dugc rang

R =L uw)I —evl),

trong do
U=at(t)W,

L = uu(a) —vv(a) = uu(a) —vo(a) = 11 (o (0) 5 (07(1) 5

That vay

RRp = !

(u(@)I —evU)(ul +evU)

(u(e)ul + eu(a)vU — evUul — 20UvU)
Yu(a)ul + cu(a)olU — evu(a)U — e2vv(a)l)
(u(a)

-1
-1 u—2ov(a))I =1

L

L
=L

L
Tuong tu, ta ciing c6 RR™! = 1.
Do do, ta thu dugc

R = (70t F0) % P () F ) )

—e( ) E @) et R @) ) U
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Néu k1 > ke > 0 thi toan tt R~! c¢6 cac he s6 giai tich trong |z| > 1 va do
d6 PLR™'P_ = 0. Néu kg < k; < 0 thi toan tit R~! ¢6 cac hé s6 gidi tich trong
|z| <1 va do d6 P_R~'P, = 0. Dé dang kiém tra ring T(R™') = P, + R"'P_ 1
toan tt kha nghich phéi ctia T(R) (T(R™') = T, 1(R)) néu k; > ko > 0 va no la
toén tit kha nghich trai ctia T(R) (T(R™1) = T, 1(R)) néu ks < k1 < 0.

Toén tit nghich ddo mot phia ( phai hodc trai) ctia T(A) c6 the duge viét
duéi dang duy nhat sau

T HA) = (A Py + AZ'P_)(Py + RTTPO) AL
That vay, trong truong hop k1 > ko > 0 ta c6

T(A)T Y (A) = ALT(R)(AL' Py + A_P_) (A4 Py + AZPP)(Py + RTIPO) ALY
= A T(R)TH(R)AL = 1.

Trong trucng hgp ko < k1 < 0 ta cod

T~HA)T(A) = (AL Py + AZPP_)(Py + RTIP) AT AL T(R) (AP + A_P.)
= (A Py + AP POT Y (R)T(R) (A Py + A_P) = 1.

]

Nhan xét 2.2. Vi cdc todn ti Ay va D = A_T_lp_}_ + A_P_ kha nghich va T(A) =
A, T(R)D nén trong truong hop tong qudt ta cé

dimker T'(A) = dimker T'(R).
Do do, ta sé nghién ciu hach ciua toan ti T(R).

Dé dang kiém tra dugc rang céc hé s6 u va v trong biéu dién ciia toan ti
R = ul 4 evU théa man dieu kién u(a) = u, v(a) = v. Do d6

T(R)U = UT(R). (2.30)
That vay

UT(R) =U(Py 4+ RP_) =UP, + U(ul +evU)P_
= P,U + u(@)UP- + ev(a)U?P_ = PyU + (u(a)I + ev(a)U)P_U
= (P+ + u(a)P- + ev(a)UP_)U = (P+ + (ul + evU)P_)U = T(R)U.

Tu (2.30) suy ra rang nhan cta toan tit T(R) bat bién déi véi toan tit dich
chuyén U, tiic 1a néu f € ker T(R) thi Uf € ker T(R).
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Ta xét cac toan ti QF = $(I1£U). VI (QF)? = 1(I£2U+U?) = (21 +£20) = Q*
nén QF 1a cac toan tit chiéu. Do ker T'(R) bat bién déi vé6i toan tit dich chuyén
U nén suy ra rang néu ¢ € ker T(R) thi ) = Q*p € ker T(R).

Ta xét cac ham s6

+
v+ = Py, w(i ) = PLQ%p.

Stt dung hé thitc giao hoan SU = US ta thu dugc
() _ + At _ E
Vi =PrQ e =Q  Pro=Q s
Chang han
_ 1 1 1
PLQ 902§(I+5)§(I—U)<p:Z(I+S—U—US)¢
1 1 _ _
=5 -U)5I+ 5 =0 Prp=0Q ¢4

Hon ntta, ta c6
W 4 rp™ =0, (2.31)
That vay, v{7 o+ RYS o = PLQ* o+ RP_Q*p = (P, + RP_)Q* o = 0, vi (Q*v €
ker T'(R)).
Bay gio, ta chi ra rang

RS = (w+ e0)p ™, RpT) = (u — cv)p). (2.32)
That vay
(ul + co0) ™D = (ul + eol)P_Q o = i(u[ b eoU)(I = S)(T + U)p
= i(u[ —uS +ulU —uUS + evU — evUS + evl — cvS)p
_ i[(u + o) — (u—e0)S + (u+ c0)U — (u + e0)US]p
- ;l(u b eo)(I = S)(I+U)g = (u+e0)P-Q g = (u+ ev)p™,
(ul + o)) = (ul + col)P_Q~p = }l(uf el —8)(I — U

= i(u[—uS—uU—i—uUS—l—evU—6UUS—5UI+€US)¢
1
= 1w —ev)] = (u—ev)S — (u—ev)U + (u — ev)USJp

= {01 = ST~ U)o = (u—c0)P-Q g = (u— vy,
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Tu cac phuong trinh (2.31) va (2.32), ta suy ra cac ham sb

P& = ) &)

—

trong do Py = ¢t Py = ) 14 cac nghiem clia phuong trinh tich

phan ki di khong dich chuyén sau:
T(u+c0)o™® (P + (utev)P )™ =0, (2.33)

Tinh toan cac hé s6 u + v, ta thu dudc

(e (0m)% nbu e
u+ev:{t (a™)2 (7) 2 meu e =1, (2.34)
the(a™)Z (a7)7 néu e=—1,
th2(at)F (a™)F néu e=1
u—ev=u+(—e)v = { by Mo ’ (2.35)
tFi(at)2(a7)? néu e=-1
Tt cac cong thiic trén, ta thu duge bo dé sau
Bo deé 2.2.
ker T(¢%1 (™) 3 (a7)F) Nker @~ @ ker T(t*2(a™) F (™) F) Nker Q,
néu =1
kerT'(R) = s s ) ) '
(&) kerT(tkl(aJr)%(a*)%) NkerQT & kerT(th(oﬁ)%(a*)%) Nker @,
neuw &= —1.
(2.36)
Chiing minh. V6i moi ¢ € ker T(R), ta c6
p=Ilp=(Q"+Q )p=Q v+ Q p=v" +y .
Theo (2.33), (2.34), ta ¢6 Y™ € ker T'(u + €v), ¢~ € ker T'(u — ev).
Mat khéc, do v = Q1 p, nén
QW =Q7 Q) =QTp=v".
Suy ra Q ¢y =0. Do d6 " € ker Q™.
Tuong tu, ta c6 ¥~ € ker @*. T do, suy ra cong thic (2.36). ]

Tiép theo, ta phan tich cong thiic(2.36).
Ta da biét, toan ti tich phan ki di khong dich chuyén

Tt (o) (a7)F) € Py +1"(a")E(a7)EP-
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c6 hach khong tam thuong chi khi n > 0, va khi d6
dim ker T(t"(a™)2(a7)2) = n.

Gia st rang n > 0 va ¢ € ker T(t" ()2 (a7)2). Khi d6, bai toan bd Riemann
thuan nhat tuong tng véi toan ti 7' dudce viét dudi dang

Vi (t) = —t"lat (D)3 [a” ()] 20— (1),

Cac ham chinh tic ctia bai toan thuan nhat trén 1a x7(2) = [aT(2)]2, ¥ (2) =
—27"[a~(2)]" 2. Do d6, nghiém ctia bai toan 1a

vy = (a")2 Py, o = —t7(@7) T2 Byo1 VG- (00) = 0,

trong d6 P,_; la da thic bac khong qua n — 1.

Tt cong thiic (2.36), ta chi can nhitng nghiém ctia phuong trinh tich phan ki
di khong dich chuyén dong thai thuoc hach ctia cac toan ti chiéu Q). Ta xét
cac toan tu

QUEm — %(1 + (a) ). (2.37)
Ta thay Q=™ 1 cac toan ti chiéu. That vay,
QUM = L1 & (o)UY % (") ") = (T +2(a%) 70 + (@) () D)

= i([ + 2(a") "0 + (M) (a)"U?) = }1(21 +2(at)™U) = QM.
Dic biét, néu n = 0 thi Q&9 = QF),

Dé thay rang ¢, € kerQF), khi va chi khi P,_1 € ker Q&™) hodc ¢_ €
ker Q). That vay

Yy € ker QW) & %(I + U, =0& %(1 +U)(a")2P, 1 =0

e ((aM)2+ (@2 V)P 1 =0 %(1 + (™) "U)P,_1 =0,

tic 1a P,_1 € ker Q7).
Hon nita, ¢ = —t (o) 2P, 1 = —t "(at) 2 (a")"2¢,. Do d6 1, € ker Q)
khi v& chi khi ¢_ € ker Q).

Vi vay, dé thu dude cac nghiem thuoc hach clia cac toan tit chiéu Q&), ta chi
can tim céc da thic bac n — 1 thuoc hach ctia céc toan tit chiéu QF).

Cho P" ! la khong gian tat cd cac da thitc bac khong qua n — 1. Dé thay
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n—1
rang Q5™ . pr=l — pr=l That vay, cho P,_1(t) = 3 ext®. Khi d6
k=0

n—1 n—1 n—1
QEM B, (1) = ~(I + (@) ath) = ! (Z t? £ (@) ck(a+)ktk(a_)k>
2 k=0 2 k=0 k=0
n—1
_ %(ch@k n (a+)n+1+ktk(a)k)>.
k=0
oY A — t__ﬁ
Chu y rang at(t) = F_1 a (t) = 7 ta thu dugce

?(t) — (a+)_"+1+ktk(a_)k _

la da thtc bac n — 1.
Bay gio, ta xét ma tran biéu dién Q*") ciia céc toan tit chiéu Q=n . pr—1
P! trong co sé
() =t""Ha )™, m=0,..,n—1 (2.38)

(£:n)

Co s6 dugce chon sao cho cac ma tran Q c6 dang don gidn nhat. Do

dé, ta tinh rank Q" = dim im Q®™ dé dang. Xét co s (2.38) ta co, véi
m=20,1,..n—1,
1

QUM = (£ @) D) @)™ = (o) £ @) Tatat @) )
— %(tn—l(a—)m + (a—l-)—n—l-l(a—i-)n—ltn—l(a—)n—l(a—)—m)
1, q(a)" £ (@) 17"

= §t 5 = é(Tm + Tn—l—m)'

Tt cong thitc trén ta dé dang tim dude cac ma tran Q&™) va cau tric cla

Q&) phu thuoe vao n 1a s6 1é hay chn.
V6i ma tran Q") ta c6

/ 1 - S 1 \ ! . . !

Q) = = 2 Q) —

N | —
—_
—_

(2.39)



43

tuong tng trong trudng hop n 1é hay chan.
Ma tran Q=7 ¢é dang

[ o !

-1 1/ -1
(2.40)
tuong tng trong truong hop n 1é hay chan.

(£n) (£m) —

la ma tran lily dang, déi xing, va rank Q
tr Q)| Tit cac bicu dién (2.39), (2.40), ta suy ra

Q) — H Il ) L N H

Ta thay, cac ma tran

2 2 2

trong d6 [%] la phan nguyen ctia 4. Céc toan tit chiéu Q™) va Q=™ bu nhau.
Do do

dimker Q" = dim im Q" = tr (=" = [g] ,
(2.41)

Hon nita, ta ¢c6 mot co sG clia khong gian con dim ker Q) va dim ker Q=) 1a

—\m __ —\n—1-m
dim ker Q(H1) = {t”l(o‘ il G m=0,1,2,... [g] - 1}

2
—\m —\n—1-m 1—(—1)"
dimker@“m:{tnl(o‘ ) ,m:0,1,2,...,[g] N

(2.42)

Tt cac cong thie (2.41),(2.42), va bo dé (2.2), ta thu duge cong thiic tinh
dim ker T'(A)

dimkerT(A) =0 néu k; <0,

k 1 1—(=1)k .
dimkerT'(A) = lé} —I—( el 1 (=D™) neuk; >0, ko <0,

Fidke
dim ker T(A) = 1; 2 néuks > 0.

Do do, ta c6 dinh 1i sau
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Dinh ly 2.3. Néu ham ma tran

tuong ung vdi toan ti ham

co6 phan tich

thi
_ _ e P at)k 0
<A+>1LA+uw>1eA+::(O _f), A+::<< ) (a+ym>
va ;
0 neuw ki <0,
dimker T'(A) = [1‘12—1} + w néu ki >0, ky <O,
kitho néu ki >0, ks > 0.

2.2 Phuong trinh tich phan ki di dac trung véi dich
chuyén phan tuyén tinh Carleman ngudc huéng

2.2.1 Phat biéu bai toan phan tich thanh nhan t&. Hé thic
B =eA(a)e va cac hé qua cua né.

Xét toan tit tich phan ki di tong quat véi dich chuyén Carleman nguge huéng
T = a(t)Py+b(t)W Py+c(t)P_+d(t)WP- . Ly(I') — Ly(I'), 1<p<oo (2.43)

trong d6 a, b, ¢, d € C(T), (W) (1) = plalt)), ala(®)) = +
Theo dinh 1i (1.4), toan tt T 1a toan t1t Noether néu va chi néu:

A(t) = a(t)e(a(t)) — d(t)b(a(t)) # 0, (2.44)
va chi s6 clia toan tit Noether 7" dugc tinh bdi cong thiic:
. 1
ind7 = ~5- {arg A(t)}r.

Xét phép bién ddi

11 I T 0 I W
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nbi két toan tit T va toan tit ban clia né 1a

T = a(t)Py — b(t)WPy +c(t)P- —d(t)WP_:  Ly(T') — Ly(T)

véi toan ti tuong ing M = AP, + BP_ + D, trong do

A= (b(iv((tt))) c(if(tg))) . B= <d(;f3e>> ag;g’g;») (2.46)
Cho ' =T¢ = {t:|t| =1} va (Up)(t) = a t " (We)(t) la todn ti dich chuyén
phan tuyén tinh Carleman véi
alt) = %;_f 8> 1,
§ day a(t) = at(t)t~'a~(t) 1a phan tich ctia ham dich chuyén a(t) véi at(t) =
(N7t = B), a=(t) = ixt(Bt — 1)~ A= /|82 — 1. Tt déng thitc SU = ~U S, ta
suy ra toan ti compact D triét tieu va do d6 M = AP, +BP_. Trong truong hgp
dich chuyén phan tuyén tinh Carleman bao toan huéng, ta phan tich toén ti 7.
Nhung trong trusng hop dich chuyén phan tuyén tinh Carleman ngude huéng,
ta sit dung ¥ tudng khac. Tru6ce tién, ta xay dung phan tich dac biét cia toan
tt M = AP, + BP_, sau d6 ap dung phép bién doi ngudc véi phép bién doi da
cho trong (2.45), ta thu dugc phan tich can thiét ciia toan ti 7. Phan quyét dinh
trong viéc thyc hién y tudng nay nidm trong viéc sit dung hé thic

B(t) = e A(a(t))e (2.47)

lien két cac he s6 ma tran A va B ciia toan ti M. Vi ham ma tran A kha nghich
va diéu kien (2.45), ta xét ham ma tran C = A~!B. Ta gi4 thiét raing ham ma
tran C = A~!'B c¢6 phan tich
c=ctac, (2.48)
A(t) = diag {t",t*2}, ky v kg v6i k1 > ko 12 cac chi s6 thanh phan ctia C.
k1 + ko
2

Ta chi § rang, néu dicu kién (2.45) dugc thoa man thi ind T = , tiic
1 cic chi s6 thanh phan k; va ks clia C ciing chin hoiic cling 18.

Tu dieu kien B(t) = e A(a(t))e, ta suy ra ma tran C thoa man dicu kien
C=eC (a)e. (2.49)

That vay, néu C = A~!'B thi C71(a) = B~ !(a)A(a), két hop v6i he thic (2.47),
ta suy ra dang thiic (2.49) tuong duong véi dong nhat thic (A)~led(a)e =
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(A)teA(a)e.
Cung véi phan tich (2.48), sit dung hé thtc (2.49), ta thu duge ding mot phan

tich nita cia ma tran C dudi dang

C=eclC ()] HAD)TIAND) T CH ()] e, AT = Alad), (2.50)

k1 a k1
A = (to £2> AR = (( R <ai2s>>’f2)‘

trong do

Ta dat
g =c*, g = elem ()7 (AH) 1 6% = (AT) et (@) e,

He = 691760, 1o = gPg
Theo dinh 1i (1.2) vé quan hé gitta hai phan tich (2.49) va (2.50) clia ma tran

C, ta suy ra
HA=ANH_,

H, = (>E)1 P)\(;)) H_ = ()E]l f;k2—];12P(t)> : (251)

A1 VA Ag & cac hing s6, P(t) 1a da thiic bac khong qua ky — kg. Ta thay rang

trong do

Hy(a)=A"H Y (AL (2.52)
That vay, ta co

He = 16917161 = Ate(a)ect, 1o =GP GW T = (A7) et (@) e (c)

(2.53)

Tu do, suy ra
Hi(a) =AT(a)C eCT(a), (2.54)
HL=CeCt(a)A™. (2.55)

Tit he thite a*(a(t)) = a¥(#), ta suy ra A~ — A*(a). Nhan déng thic (2.55) ti
bén trai véi ham A~ = A*(a) va tit bén phai v6i ham (A~)~!, két hop véi dang
thic (2.54), ta thu dugc

AHY AT =AT(@)CeCT(a) = H i (a).
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Bay gio, ta st dung hé thitc (2.52) dé tim chinh xac cau tric clia cAc ma tran
Hy va H_. Tu cac cong thic (2.51) va (2.52), ta suy ra

</\1 P(a(t)))_ 1 ((oz_)kl 0 ><)\2 —tk2k1P(t)) ((oz_)_kl 0 )

0 X J 7 xx\ 0 (a))\0 A 0 ()2
ALY A I kR (o) kiR Py

(0 Ayt )

Tut d6, suy ra rang A\; = A\[, A2 = A, . Do do, =17 =12va Pla(t) =
— Mot =Fr(a= (1))l k2 P(1).

Ta cé thé biét them thong tin vé ma tran H, bing cach st dung sy kien
ham dich chuyén a(t) c6 hai diém c6 dinh, ki hi¢u la 7, va . Bay gio, ta
di tim cac diém c6 dinh nay. Cho a(r) = 7. Khi d6, 72 —2r + 8 = 0. Do

1— B

do, T2 = = . Tinh toan o® (1) va o (m), ta thu duge o*(r) =

—71, o (1) = —7. Chang han,

ot (r) = 1—iv_|5|2—1—\5|2 ’3|2—1 \/
B/ 1812 =1 BVIBI -
WIBP-1-1 _
B
Mat khéc, ki + ko = k 1a s6 chdn nen suy ra [af(r;)]F the = 7F.
T cong thic (2.51), ta co

det Hy = A1 Aa. (256)

Bay gio, ta stt dung dang thiic (2.52) dé tinh det # (7;) va sau d6 so sanh két
qua v6i (2.56). Tt (2.52), két hop véi cong thite (2.55) va hé thic A~ (a) = AT, ta
thu dugc

H, = A (@)H ) A ()] =ATC (a)eCTA (@)[A™(a)] L = ATC (a)eCT.

Do do6
detH = —det AT det C~(a) detCT.

Tai céc diem 7 =75, i = 1,2, ta co
det #y (1) = —7F det C™(7;) det Ct(7;) = — det C(7;).

Lai c6, C(7;) = A~ Y(7)B(7:) = A7 (7)e A(7;)e, nén det C(1;) = 1. Do vay, det H (1;) =
—1 va so sanh vé6i cong thic (5.12), ta suy ra Ay = —1.
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Nhu vay, ta c6 A2 = A3 =1 va A A2 = —1, nén suy ra \; = —\g = ¢(= £1). Do

ds
Hy = (g P_@) , (2.57)

va ta c6 thé kiém tra dude rang
H=Hy. (2.58)

Hon nita, ta c6
P(a(t)) = th2=F (o= (1)) k2 p(2). (2.59)
Tt cac dang thic (2.53) va (2.58), ta c6 H' = ATC(a)eCt, suy ra H ' (CT) ! =
ATC (a)e. Do dé
CTH, = e[C ()] H(AT)™L. (2.60)

Két hgp vdéi cong thite (2.50), ta thu duge cong thiic

C=C " HAN)HCH ()] te. (2.61)

2.2.2 Phép phan tich toan tit tich phan ki di véi dich chuyén
T

Trong phan nay, ta sé phan tich toan ti tich phan ki di (2.43) véi dich
chuyén Carleman ngude huéng. Muc dich ctia ching ta la thu dugc mot phan
tich dac biet M = MyM;M, ctia toan ti tich phan ki di khong dich chuyén
M = AP, + BP_, sao cho cac thita s6 My, My, M 1a cac toan ti tich phan ki di
v6i cac hé s6 ma tran dugc lien he béi dang thiic dang B(t) = e A(a(t))e. Sau do,
tac dong lén toan tit M = MyM; M, phép bién doi nguge voi phép bién doi (2.45),
ta thu dugc cac ma tran toan tit chéo tuong ting véi moi toan tix My, My, My va
cic phan tl clia cAc ma tran toan ti nay 1a cac toan ti tich phan ki di vé6i dich
chuyén dang T va T.

St dung cong thic (2.61), ta tim duge phan tich My, M;, My dudi dang sau

M = APy + BP_ = A(Py +CP-)
= A(CT(C) P+ CTHL AN T CH ()] LePl)
= ACTX(X7IP + X YH AA ) LePO)(CH)TIPy +e[CH ()] teP),

trong d6 ma tran X dugc chon sao cho

e A(Q)CT(a)X (a)e = ACT X, det X # 0trénTy. (2.62)
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Khi d6, M = MyM;M,, v6i M; la cac toan tit tich phan ki di duge xac dinh nhu
sau

My=ACTXI=ACTXP, + ACTXP_,
My =X'P+ X "H AN ) teP,
My = (CTH)7LPL +e[CT(a)] teP_.

Trudce tien, ta xét toan tit My. Ta thay toan ti My kha nghich lien tuc va toan
tt nghich dao ctia no la M2_1 = CTP, +eCt(a)eP_. Mit khéc, cac hé s6 clia My
c6 cau tric can thiét. Chinh x4c hon, néu ta dit Ag = (CT)7!, By = e[Ct(a)] e
thi By = e Ap(a)e.

Dat

Khi do . .
elct(aNte = o) oy ()
c@re= () &
va phép bién ddi ngude véi phép bién ddi (2.45) tac dong lén toan tit My (so
sanh véi cong thic (2.45) v6i a = ¢}, d = cfy, b = c5(), ¢ = c3y(a)), duge ma

(7;)* 7%) , (2.63)

tran toan tu chéo

trong do

Ty = Py + ¢ (@)UPy + cyo(a) P- + cLUP-,
Ty = ¢ Py — cf ()UPL + cgo(a) P- — c,UP_,

va T, 1a toan ti ban ctia 7. Do d6, toan ti véi dich chuyén T ¢6 cAu tric can
thiét va n6 kha nghich lién tuc.

Tiép theo, ta xét cic toan tit My va M;. Ta xay dung toan tit ham kha nghich
lien tuc G va toan t tich phan ki di N véi dich chuyén va hé sé hgp i tuong
ing v6i cac toan tit My va M; sao cho cac hé s6 ma tran ciia cac toan tit G va N
c6 cau tric can thiét. Khi d6 ta sé thu duge phan tich clia toan tit 7 duéi dang
sau

T=GNT,. (2.64)

Do cac toan tit G va T kha nghich lién tuc nén tit dang thiic (2.64) ta suy ra

dim ker T' = dim ker N.
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Do d6, toan ti N chita tat ci cac thong tin can thiét vé s6 chiéu va cau tric
ctia khong gian con khuyét clia toan ti 7. Bay gio, ta xay dung toan tit G. Ro
rang, ta phai chon ma tran khong suy bién X sao cho hé thitc (2.62) duge thoa
man. Tu hé thic (2.62), ta suy ra

X =H, AA) X (a)e. (2.65)
That vay, do C = A7'B, B=-c A(a)e, C = CTAC™, va tit (2.62), ta suy ra
CTX =AteAla)eeCT(a)X(a)e=CTAC eCT ()X (a)e.
Két hop véi cong thiic (2.55), ta co
X = AHHA) I X (@)e.
Ap dung céc cong thitc HoA = AH_ va (2.58), ta thu duge déng thiic (2.65)

X =H AN X (@)e = HiAA) T X (a)e.

Gia st X = <x1 132) . St dung (2.64), ta co
Tr3 T4

<x1 :@) _ (g P(t)> (tkl 0) ((a)kl 0 > <:L‘1(a) xg(&)) (0 1)
T3 T4 0 —¢ 0 the 0 (™) he z3(a) wz4(a) 10

- <£(a)k’1tk1x2(oz) + P(t)(a7) Rtk () eth(a7)Faq (o) + P(t)tR2 (o) "F2a3(a)

—eth2(a™) F2ay4(a) —ethz(a™) *2a3(a)
Do do
z1 = e(a”)Fthiay(a) + P(t)(a7) R th2zy(a), (2.66)
xgzgtkl( Rz (a) + PO (a7) Fas(a), (2.67)
= —et® (a7) Ry (a), (2.68)
= —etf2(a7) P2 a5(0). (2.69)

Ta thay rdang cac heé thic (2.66) — (2.69) khong doc lap. That vay, tit hé thrc
(2.68), ta co

z3(a) = —e(a(t) (o (@) M2y = —e(a) TR (a7) " (aF) Fay = —et TR (a7) 2y,

suy ra, x4 = —etf2(a7)"*2x3(a), titc 1a ta ¢ (2.69).
Ta bién doi he thiic (2.66) va st dung (2.68,) ta dudc

z1 =e(a”)Fthiay () —eP(t)xs  vae(a )t Ma) = z9(a) — P() (e )Mt Fay
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Tu do, ta thu dugce hé thic
vy = el ()] [a(t)] M 21 () + P(e) [ ()] [a(t)] M a3().

Két hop véi he thiic (2.59), phan tich a = a*t~'a~ va dang thitc o~ (a) = o, ta
suy ra
z9 = et (7)) Mz (@) + Pt (a7) F2a3(a),
tic la ti cac hé thic (2.66) va (2.68) suy ra (2.67).
Do vay, ma tran X c6 cau tric dac biét chi phu thuoc vao z; va ws:
(xl el(an) )R a1 (a) + [(Oé)lt]kQP(t)ﬂfrs(a))
X = .
3 —e[(a7)H]*2a3()

Dé cho ma tran X khong suy bién, ta dit

_  ko—k1 ki1—ko k1—k

ko—k1 , 1 _ 2
n1(t) = (@7) 5355, trong 465 > 21(07) "5 P e » ws(t) = 1

Khi doé
()1 ™2 2%y e[(am) "1™y + [(a™) "Lk P(2)
X = , (2.71)
1 —e[(am) ]k

va dé thay rang

k1+ko

det X = —2¢[(a™) "] "2 v — [(a7) MR P(t) £ 0

e (o) k(1)
a” )RR P(t 1 NI
v > ~ kyithy Fkitkg :§H<O‘ ) 2 P@)HC(F)'
2e(a™) "2tz o)

Bay gio, ta xét toan ti My = F I, F = ACTX. Diéu kién (2.71) théa man hée
thite F = e F(a)e. Gid st F — (f“ fl?) - Khi d6, ta ¢6
1.
)

Ja1 fa2
fir fiz\ _ (0 1Y [ fule) fiz(a) (0 1Y\ _ [ foa(a) for(
for fao ) T \1 0) \far(a) foa(a) ) \1 0] = \ fia(a) fra(
J11(t) = faz(a(t)), fr2(t) = far(a(?)). (2.72)
Nhu vay, cac hé s clia toan t My = FP, + FP_ c6 cau tric can thiét. Phép

e 0

Do do

bién doi nguge véi phép bién doi (2.45) tac dong lén toan ti My cho ta ma tran

(g g) , (2.73)

toan t1 chéo
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trong do
G = f11(t) Py + fo1(a(t)UPy + foa(a(t))P- + fra(a(t))UP_, (2.74)
é = fll(t)P+ — fgl(a(t))UP+ + fgg(a(t))P, — flg(oz(t))UP,. (275)

Két hop vdi cac dieu kien (2.72), ta thu duge cac toan tit kha nghich lién tuc
G = ful + fi2U, G = funl — fral,

v6i G 1 toan ti ban cua toan tu G.

Bay gio, ta xét toan tu
My =X"'P + X YH AA) eP. (2.76)

Ta c6 the kiém tra dugc rang néu A; = X1 B = X "H, AA7) e thi B =
e Ai(a)e, tic la
XM AN ) le=eXHa)e (2.77)

That vay, tit (2.65) ta thu dugc
X t=eX Ya)ee ATATTHIL
Do do
X HeA A T =e X Ha)e.

Tu do, ta suy ra hé thic (2.77).
Ap dung phép bién déi ngugc véi phép bién ddi (2.45), ta thu dudc ma tran

(v %)

va phan con lai chi 14 viéc tinh toan cac hé sd ctia né. Trude tién, ta tinh ma
tran X1

toan ti chéo

T B (G L (G e B (G 40
B detX 1 [(Oz_)_lt]kl;kz’y
Hon nia
det X(a) = —2[(a™) 1777 2y = [(a7) " 2 Palt))
= —2[(a) My — [(a) R ) R (278)

= [(@7) 7] kFR) et X,
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X*l _ El ?\2
T \T3 x4 )
Khi doé

N = /iL\‘1P+ + /$\3(OJ)UP+ + /$\4(OJ)P, + /x\QUP,
ko—kq

Ceflen) MR L, ()77 v,
det X(¢) "7 detX(a(t)) T detX(a(t))

(D e (A 40

N det X (2) v

== m lff[(oz)lzt]’wp+ + () Rty Py — [(a7) 7Y

k1+3ko
2

vyP_

+ <€[(a)1t] L [(a)lt]’wp(t)> UP]

o~ —11k2
- - O P+ [ P — )

k1+ko
2

vyP_

k1—ko o —14]ke
+ (6[(04_)_115] Ty + P(t)) UP_] =— %(& + () kP

ka—Fkq

X lePJr +UPy —[(a”)7 Y] 2 4P+ (5[((1_)_125]

k1—ko

P+ P(t)) UP_] .
(2.79)

Dang thitc sau cling c¢6 thé kiém tra duge néu ta Iwu ¥ ring SU = —US nén ta
€60 PrUPy =0vaA PLUPy = Y1 £ S)U(I F9) = (U F2US +US?) = UPx.
Do vay, ta thu dugc phan tich cta toan tit 7' dudi dang

T=GNT,,

trong d6 G la toan tit ham kha nghich lién tuc, va T, la toan tit tich phan ki di
véi dich chuyén kha nghich lien tuc. Tit d6, suy ra

dim ker T' = dim ker N.

Do d6, ta di xay dung i thuyét giai dude clia toan t N vé6i cac hé s6 hop 1i. Ta
thay ham s6 B

CB-1

)

(a-) 1
¢6 khong diém duy nhat Ia £ = %. Do d6 (nhéc lai ring 5] > 1)

Indp[(a~) 1] = 1.
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Ni = P+ [(@) M P,

ko —

Fap- s (e 0 p U

Ny =eP, +UPy — [(a) "]
T (2.79), suy ra N = N; x Na. Do d6
ker N = ker N7 N ker Ns.

Vi vay, néu toan tit tich phan ki di N; c¢6 hach khong tam thuong, ciu tric clia
toan tit N phu thudc vao toan tir No.

Néu k; < 0 thi hach ctia toan tit Ny va do d6 hach clia toan ti N 1a tam
thuong, tic la dimker 7' = dim ker N = 0.

Néu k; > 0 thi ker N7 khong tam thuong. Ta c6

ker Ny = {gp o =T — [(a_)_lt]_klrj}, (2.80)

trong do, r; 1a da thic bac j(j =0, 1, 2,...,k; — 1). Dieu nay dugc suy ra ngay
tit cong thitc nghiém téng quat ctia bai toan bo Riemann

ot () = [(a7) )P (1), (2.81)

Nhu da dé cap 6 trén, cau tric ciia ker Ny khong tuy ¥ béi vi r; phai thuoc
hach ctia toan t v6i dich chuyén N,. Chinh xac hon, ¢ € ker N khi v& chi khi

k1—Fko

2 7—{—P(t))UlIf_ =7,

ew++—<d«rv—%J

k1—ko

Uy —[(a7) ]2 AU = —[(a7) MUy,

(2.82)

trong d6 ¥y = Pya).
Bay gio, ta phan tich hé (2.82). Trudc tién, ta tinh dinh thic A(¢) cia nod

k1—ko

Ty — P(t) = [(a7) ") 7* det X(t) #0 (2.83)

A(t) = ~2¢[(a”) 7]

vi det X(¢) # 0. Nhan phuong trinh thi hai clia hé (2.82) v6i —¢ 10i cong véi
phuong trinh thi nhat, ta thu duge

k1—ko

Ty + P(t)) UV_ =rj+el(a) P Ur, (2.84)

(25[(04)175]

hay
~ANUY_ =7j +el(a) U, (2.85)
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Néu ta tac dong toan tit dich chuyén U vao hai vé clia dang thiic (2.84) tit bén
trai, ta dugc

ko—Fk1

Ty 4 Pla(t) | Vo = Urj +¢[(a”) 1] Ry, (2.86)

2¢[(a™) 7]

T cac cong thite (2.83) , (2.78), va luu ¥ rdng a_(a) = a™, ta suy ra
Ala(t)) = [(a7) H]F2 R A ). (2.87)
That vay

Ala(t)) = [(a7) 11" det X (a(t) = [(a7) 712 [(a7) 1]~ "HH)det X (1)
(@) M) 1det X (¢) = [(a7) "R A ().

Tac dong toan t1t U vao hai vé clia (2.85), ta dugc
—A(at)W_ = Urj +el(a™) ] ™Mr; (2.88)
Thay (2.87) vao (2.88), ta thu dugc hé thic
—[(a) MA@ = Urj +el(a™) My (2.89)

Nhan (2.89) véi —[(a™)~ 1" va cong dang thiic thu duge véi dang thiic (2.85,)
ta dugc
UU_ = e[(a) k2w (2.90)
Ta ¢6 k1 > ko va k1 > 0. Do d6, hodc ky < 0 hoac ke > 0. Trudc tién, ta xét
truong hop ke < 0. V6i gid thiét nay, vé trai va vé phai clia dang thic (2.90)
tuong tng thuoc L} (To) = Py Ly(To) va L, (o) = P-Ly(To), suy ra UW¥_ = 0. Do
do, két hop vdi (2.85) ta co

[I+el(a™) " U]r; = 0. (2.91)

RG rang, phuong trinh (2.91) va hé (2.82) c6 s6 nghiém bang nhau.Tiép theo, ta
tinh s6 nghiém doc lap tuyén tinh ctia phuong trinh (2.91) va tim ching. Ta xét
toan ti .

P=3 (I+¢[(a)"MU)
la toan tit chiéu trong khong gian céc da thitc bién t = (o)~!t v6i bac khong

qua ki — 1. That vay

pP? = i([ +e[(a) R U) (I +el(a)1MD)

= i(f +2e[(a7) MU+ 2U%) = %(1 +el(@) M) = P,
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Khi d6, Q = I — P 1 toan tit chiéu bu v6i P va ker P = im Q. Do d6, bai
toan dac trung ker P duge dua vé viéc nghien cttu khong gian con im Q. Dé tinh

dimim Q, ta viét ma tran biéu dién Q clia toan tit Q trong co sé
xe={(a) " k=01, k — L. (2.92)

Trong co s6 nay, ta ¢

U((or)—lze)"c =a (Ot (a (o) Fla®)]F) = [(a7) ] (2.93)
va
Qxr = %(I —e[(an) 1M 0) ([(a) 1)) = %([(of)‘lt]’“ —ef(a) ).
(2.94)

Tu cac cong thiic (2.93) va (2.94), suy ra cau tric clia ma tran  cap k; phu
thuoc vao k; 1a chan hay 1é va ta ki hiéu tuong tng la Q. va Q.
Néu kp 1a s6 1é thi

Qg = 1—¢ ee{l,-1}. (2.95)

o S

Néu kq 1a s6 chén thi

1 —
,ee{l,—1}. (2.96)

—€ 1
Céc ma tran (2.95) va (2.96) 1a lity dang va déi xtng. Do dé
kl — &

Ll (2.97)
dimker P = dim im @ = rankQ, = trQ, = ?1

dimker P = dim im @ = rank Qg = tr Qp =

Ta dé dang xac dinh mot co s6 ctia dim ker P. That vay, dé thay nghiém cia

heé (2.82) c6 dang
\Ilg) = ery, V) = 0,r; = (™) 4 —e[(a™) 71 j=0,1,...,dimker P — 1.
(2.98)
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Bay gio, ta xét truong hop ke > 0. R0 rang, trong truong hgp nay cac ham
(2.98) ciing la nghiém cua hé (2.82) Phuong trinh (2.90) 1a bai toan bd Riemann
thuan nhat véi he s6 c6 chi s6 duong. Do d6, bai toan (2.90) ¢6 nghiém khong
tam thuong. Ta c6 3(ko + <) nghiem doc 1ap néu ko 1& va %2 nghiem doc lap néu
ks chan. Cac nghiém nay c¢6 dang

v = [(a7) 7+ el(@n) MR

trong d6 j =0, 1,..., 255 — 1 néu ky 16 va j =0, 1,..., 22 — 1 néu &, chin.

Két qua nay c6 thé thu duge bing cach giébng nhu truong hop ks < 0. That
vay, phuong trinh (2.90) c6 thé viét lai dudi dang

L1~ <l vy w =0,
Toan ti )
P = 5([ — e[(a_)_lt]kQU)

I3 toan tit chiéu trong khong gian céc da thitc bién t = (o)t v6i bac khong
qué ks — 1. Toan tit chiéu bu véi P; 1a
1
Tuong tu nhu trusng hgp ko < 0, ta chi can Iuu ¥ ring trong ma tran bicu
dién tuong tng Q', s6 —e dugc thay bdi . Do vay, néu k; > 0, ko > 0 thi so
nghiém doc 1ap tuyén tinh ctia phuong trinh tich phan ki di Ty = 0 véi dich
- Cki—e  kode k1 +ke
chuyén a = a_(1t) la + 5 = 5
k k ki+ ko P .
?1 + 52 = 1; 2 néu ky va ko l1a cac s6 chin. Ta thay khong con truong hgp
nao khac béi vi s6 k1 + ko = 2ind 7" 1a s6 chan. Vay, ta da ching minh duge dinh

néu ki va ko 1a cac so6 18, va bang

li sau

Dinh 1y 2.4. Cho toan tu
T =a(t)Py +b(t)UPy + c(t)P- +d(t)UP- :  L,(I'y) — Ly(Ty), 1<p<oo
la todn tw Noether va toan ti tuong ing
M=P, +CP_,C=A"'B

c6 phan tich vdi cic chi so6 thanh phan ki va ko la

€ Pkl—kz(t)
M, = ATC (a)eCT = ( e, -1},
0 —€
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Khi do
1) Néu ky <0, kg <0 th ker T = {0};
2) Néu k1 >0, ke <0 thi

k1 £ N P &

) o neu kyla so chan

dimker T = 2 e PR
= neuw kila so lé;

/ . "
3) Néu ki >0, ks > 0 thi dimker T = ind T = 1; 2.
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Két luan

Luan van trinh bay céc van dé sau:
1) Cong thiic Sokhotski - Plemeli va bai toan b Riemann trong mién don lién.
2) Toan tit Noether, ham dich chuyén, toan tit dich chuyén, toan tit tich phan
ki di v6i dich chuyén Carleman.
3) Ly thuyét giai duge ctia phuong trinh tich phan ki di v6i dich chuyén phan

tuyén tinh Carleman trén duong tron don vi.

Mot s6 huéng nghién ctiu c6 thé phat trién tir dé tai nay la:
1) Ly thuyét gidi dudc ctia phuong trinh tich phan ki di v6i dich chuyén Carle-
man va gia tri bién lién hop phiic trong truong hop on dinh va suy bién.
2) Ly thuyét giai dugce ctia phuong trinh tich phan ki di véi dich chuyén khong

Carleman ...
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