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LOI CAM ON

Trudce hét, chung em xin giri 161 cam on chan thanh dén Truong Pai hoc
Hoa Lu, Ban Giam hiéu nha trudng, cac thay ¢ gido trong Khoa Su pham Trung
hoc cung toan thé quy thay c6 da tao moi diéu kién thuan loi, giup d& chung em
trong sudt qua trinh hoc tap, nghién ctru va hoan thién dé tai nghién ciru khoa hoc
nay. Bac biét, ching em xin bay to long biét on sdu séc ti giang vién Thac si Ninh
Tién Nam - nguoi da tan tinh hudng dan, chi bao, gitp d& ching em trong suot
qua trinh thyc hién dé tai “Mét sé bai todn lién quan dén hé phwong trinh tuyén
tinh trong ky thi Olympic Toan hoc sinh vién va hoc sinh”. Trong qua trinh nghién
ctru, ching em da co co hoi cung ¢, md rong kién thirc chuyén mon vé Dai s6
tuyén tinh, rén luyén tu duy logic va kha ning van dung kién thirc vao cac bai toan
thuc té, dic biét 1a cac dang bai thi Olympic.

Tuy nhién, do tho1 gian ¢6 han va nang luc ban than con nhiéu han ché, dé
tai khé tranh khoi nhitng thiéu sot nhat dinh. Ching em rat ‘mong nhan duoc sy
dong gop y kién quy bau tir quy thdy co va cac ban dé c6 thé hoan thién hon nita
dé tai, dong thoi giup chung em trau doi thém kién thirc va phuong phap nghién
cliru, giang day Toan hoc sau nay.

Ching em xin chan thanh cdm on!
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MO DAU
1. Tong quan tinh hinh nghién ctru

Viéc nghién ctru va giang day cac phuong phéap giai hé phuong trinh tuyén
tinh da c6 tir lau, gan lién v6i su phat trién ciia toan hoc trong gido duc phd théng
va dai hoc. Mot sd tai liéu dang chu y:

Trong cudn “Pai s tuyén tinh” cua tac gia Nguyén Hitu Viét Hung (Nha
xuat ban Pai hoc Qudc gia Ha Noi), xem tai liéu ta thay sach cung cp nhiing kién
thirc co ban va nang cao vé dai sd tuyén tinh, bao gdm cac phuong phap giai hé
phuong trinh tuyén tinh. Sach giai thich chi tiét cdc phwong phap nhu phuong
phap thé, khir Gauss, dinh 1y Cramer va ung dung ciia chiing trong viéc giai cac
hé phuong trinh véi nhiéu bién. Cudn sach nay gitp sinh vién nam viing 1y thuyét
co ban.

“Bai s tuyén tinh qua cac vi du va bai tdp” cia tac gia Lé Tuan Hoa (Nha
xuat ban Pai hoc Qudc gia Ha Noi, 2006), sach cung cap kién thirc co ban va nang
cao vé dai s tuyén tinh, bao gébm cac chu dé nhu ma tran, dinh thirc, khong gian
véc to, va cdc phép bién d6i h¢ phuong trinh tuyén tinh. Nhitng kién thirc nay déng
vai tro quan trong trong vi¢c giai cac bai toan h¢ phuong trinh trong cac ky thi
Toan. Cudn sach di su vao cac phuong phap giai hé phuong trinh tuyén tinh, bao
gém phuong phap khir Gauss, phuong phap Cramer va phuong phap str dung ma
tran nghich dao. Thong qua cac vi du cu thé, sach giip sinh vién nim vimg cac
budc gidi chi tiet va rén luyén ky nang 1am bai.

“Pai s6 tuyén tinh” cua tac gia Nguyén Duy Thuén (chu bién), dugc xut
ban bai Nha xuat ban Pai hoc Su pham (2014), sach trinh bay cac ndi dung co ban
vé dai s6 tuyén tinh nhu ma tran, dinh thtrc, khong gian véc to, gia tri riéng va véc
to riéng, cing cac phuong phap giai hé phuong trinh tuyén tinh bao gdm phuong
phap khir Gauss, phuong phéap dinh ly Cramer va cac ing dung ctia ma tran nghich
dao trong viéc giai hé phuong trinh nhiéu bién. Sach cung cip nhiéu bai tap tir co
ban dén nang cao, giup sinh vién rén luyén k¥ ning va hiéu sau hon vé cac phuong
phap giai bai toan dai sb tuyén tinh.

“Co s6 Pai s6 tuyén tinh” do tac gia Nguyén Tién Quang (chu bién), dugc
xuit ban béi Nha xuit ban Gido duc Viét Nam, sach cung cép cac khai niém co
ban trong dai ) tuyén tinh nhu ma tran, dinh thuc, hé phuong trinh tuyén tinh,
khong gian véc to, anh xa tuyén tinh, gia tri riéng va véc to riéng. Sach trinh bay
chi tiét cac phuong phap gidi nhu khur Gauss, str dung ma tran nghich dao va dinh
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ly Cramer bao gém cac vi du minh hoa kém 10i giai chi tiét, ciing hé thong bai tap
dugc phan loai tir co ban dén nang cao. Sach khong chi trinh bay 1y thuyét ma con
di sdu vao cac tng dung cia dai s6 tuyén tinh trong cac linh vyuc thyc tién, nhu
giai bai toan tuyén tinh trong kinh té, co hoc, va khoa hoc dit liéu.

Cung voi cac gido trinh va tai liéu hoc thuat kha phong pha vé hé phuong
trinh, thi cudc thi vé& hoc sinh gioi, Olympic Toan hoc sinh vién va hoc sinh Viét
Nam.... d4 tao ra mot kho dé kha da dang va phong phii vé hé phuong trinh tuyén
tinh gitip thiic ddy nghién ctru cac phuwong phap giai bai toan hé phwong trinh tuyén
tinh.

Tuy nhién chua c6 nhiéu cong trinh nghién ctru, hé thong hoa va di sau
nghién ctru cac bai toan vé hé phuong trinh tuyén tinh thuong gip trong cac ky thi
Olympic Toan hoc sinh vién va hoc sinh - mdt trong cac cudc thi phong trao thu
hut duoc déng dao sinh vién toan qubc yéu thich Toan hoc.

2. Tinh cap thiét cia dé tai

Hé phuong trinh tuyén tinh 1a mot ndi dung c6 dién va quan trong trong
Toan hoc, dong vai trd then chét trong viéc phat trién cac linh vuc khac nhau cua
khoa hoc. Ngay tur khi dugc gioi thi¢u, hé phuong trinh tuyén tinh da tré thanh
mot cong cu manh mé dé giai quyét cac bai toan tir don gian dén phirc tap trong
Toan hoc va timg dung. Su ra doi va phat trién ctia né da dé lai ddu 4n sau sic trong
lich str Toan hoc, tao cam htng cho nhiéu nha toan hoc 16n va nhitng ngudi yéu
thich bd mon nay. Hé phuong trinh tuyén tinh khong chi ding lai & viéc 1a mot
bai toan 1y thuyét ma con 1a mot phuong tién dé biéu dién va giai quyét cac van
dé thuc té trong nhiéu linh vuc nhu vat 1y, kinh té, ky thuat va khoa hoc may tinh.

Véi strc hit manh mé ctia minh, hé phuong trinh tuyén tinh ludn théi thic
cac nha toan hoc va hoc sinh, sinh vién tim to1 va sang tao. Pay khong chi 1a mdt
cht dé tha vi ma con 1a mot thach thirc doi hoi sy nhay bén va kha ning tu duy
logic. Trong gido duc, hé phuong trinh thudng xuyén xuét hién trong cac ky thi
hoc sinh gioi, Olympic Toan qudc té, cling nhu trong cac ky thi tuyén sinh Pai
hoc va Cao dang. Bai toan vé hé phuong trinh tuyén tinh khong chi 1a mot cong
cu kiém tra kién thirc ma con 1a thudc do kha ning suy luan, xir 1y tinh hudng va
tu duy sang tao ctia hoc sinh. Nhitng bai toan hé phuong trinh tuyén tinh phuc tap
thuong dugc danh gié 1a “bai toan phan loai” danh cho hoc sinh kha gioi, vi chiing
doi hoi nguoi giai phai nam ving k¥ thuat, phuong phap ciing nhu kha nang xir Iy
nhanh va chinh x4c.



La sinh vién nganh Su pham Toan, chung t6i nhan thdy viéc nghién ctu
chuyén sau vé hé phuong trinh tuyén tinh néi chung va cac bai toan hé phuong
trinh tuyén tinh néi riéng thuong gip trong cac ky thi Olympic Toan sinh vién
khong chi gitip nang cao hiéu biét chuyén mon ma con 1a co hdi dé rén luyén ki
nang giai toan va tu duy toan hoc, déng thoi chuan bi t6t hon cho su nghiép giang
day sau ndy. La tién dé dé ching t6i truyén tai kién thirc mét cach hiéu qua, khoi
goi niém yéu thich Toan hoc cho hoc sinh. Hon nita, viéc nghién ciru va téng hop
mot s6 bai toan vé hé phuong trinh tuyén tinh ciing 1a cach dé chiing toi gop phan
lam phong phu thém kho tang tai li¢u giang day, hoc tap va nghién ctru Toan hoc.

Xuat phét tir nhiing 1y do trén, chung toi quyét dinh lua chon dé tai “Mot
s0 bai toan vé hé phwong trinh tuyén tinh thwong giip trong ky thi Olympic
Toan hoc sinh vién va hoc sinh” lam dé tai Nghién ctru khoa hoc ctia minh.
Chung t6i hy vong thong qua qua trinh nghién ctru nay, khong chi hiéu rd hon vé
céc bai toan lién quan dén hé phuong trinh tuyén tinh thuong c6 mat trong ky thi
Olympic Toan hoc sinh vién va hoc sinh ma con gitp ich cho viéc 6n tap cta sinh
vién chuan bi cho ky thi Olympic Toan hoc sinh vién va hoc sinh dién ra hang
nam.

3. Muc tiéu nghién ctru

Phéan dang va giai mot sb bai toan vé hé phuong trinh tuyén tinh thuong

gap trong ky thi Olympic Toan hoc sinh vién va hoc sinh.
4. P6i twong va pham vi nghién ciru ciia dé tai
4.1. Poi twong nghién ciru

Céc hé phuong trinh tuyén tinh va mot sd bai toan lién quan.
4.2. Pham vi nghién ctru

Céc bai toan vé hé phuong trinh tuyén tinh thuong gip trong ky thi
Olympic Toan sinh vién.

5. Cach tiép can va phwong phap nghién ctru
5.1. Cach tiép can

Nghién ciru cac bai toan vé hé phuong trinh tuyén tinh trong ky thi Olympic
Toan hoc sinh vién va hoc sinh va cac tai liéu lién quan tir d6 tong hop, phan tich
va phan dang ching.

5.2. Phwong phap nghién ciru



Chung t6i str dung phuong phap nghién ctru trao doi ¥ kién — Iy luén — hoi
¥ kién chuyén gia.



NOI DUNG NGHIEN CUU
CHUONG 1: CO SO LY LUAN
1.1. HE PHUONG TRINH TUYEN TINH
1.1.1. Khai niém co ban ciia h¢ phwong trinh tuyén tinh
Hé phuong trinh tuyén tinh gdm m phuong trinh, 7 an trén truong K 13
hé c6 dang:
a,x, +a,x, +...+a,x =b

a,Xx, +a,x,+...+a,x =b,

2n""n

< (1.1

a,x +a ,x,+...+a, x =b

mn - n m

trong d6 x,,x,,...,x, 1a céc an, a,,b, €K (1<i<m,1< j<n)la nhimg hing s6 da

i> Vi
cho.
Ma tran
a, 4ap a,,
A= a, ay a,,
aml amZ amn

dugc goi 1a ma tran cac h¢ sb cua hé phuong trinh (1.1) va ma tran

a, a, ... a,| b
g — Ay Ay ... G| b,
a, a, .. a, | b

duoc goi 1a ma tran bd sung cua (1.1).

Néu ky hiéu
xl bl
X b
X=|"2|vab=|
x}’l bm

thi hé phuong trinh (1.1) ¢6 thé viét dudi dang ma tran sau:
A-X =b. (1.2)



Néu trong khong gian K" ta xét cic véc to

a,=(a.a,;,....a, ) (1< j<n) va B=(b.b,.....h,).

thi hé phuong trinh (1.1) ¢6 thé viét dudi dang véc to sau:
X0, +X,0, +...+x0d = p. (1.3)

Ta goi 1a mdt nghi¢m ctia hé (1.1) (hay (1.2) hodc (1.3)) 1a mot bo
(cl,cz,...,cn) eK"”
sao cho khi thay ching vao cac an X;»X,,...,X, twong Ung thi hai vé cua céc
phuong trinh cia hé (1.1) trd thanh dong nhat (hay A-C=b hoic

aa, +c,0,+...+c,a, :,B).

Hé phuong trinh (1.1) duoc goi la ¢ nghiém (hay tuwong thich) néu tap hop
cac nghiém ctia né khac rdng. Nguoc lai néu tip hop cac nghiém 1a tap rdng thi
hé (1.1) got la vo nghiém.

Hai hé phuong trinh tuyén tinh goi 1 twong duong néu ching c6 cing s6
an va cung tap hop nghiém.

1.1.2. Cau tric nghiém ciia hé phwong trinh tuyén tinh , ‘
Dinh ly 1.1: Tdp hop L tdt ca cdac nghiém cua hé phwong trinh tuyén tinh thuan
nhdt AX =0 la mét khéng gian vée to con cua K", ¢6 sé chiéu théa man hé thirc
dimL =n—rankA.

Chitng minh: Ta xét anh xa tuyén tinh:
4: K" —>K",
X = Ax.

RO rang L = KerA 1a mot khong gian véc to con cia K”. Hon ntra vi 4nh
xa tuyén tinh A comatran 1a A trong co s chinh tic cua cac khong gian véc to
K" va K", cho nén

dim L = dim Kerd = dimK”" — dim ImA
=n—rankA.
Dinh Iy 1.2: Gid sit L la khéng gian véc to con gom cdc nghiém cia hé phirong
trinh tuyén tinh thuan nhat AX =0, va x° la mét nghiém cua h¢ AX = . Khi do
tdp hop cdc nghiém cua hé¢ AX = f la:

x0+L:{xO+a|aeL}.
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Chitng minh: y° 13 mot nghiém ctua hé Ax =S néu va chi néu y° —x° 1a mot
nghiém cuahé AX =0, tic la néu va chi néu y°—x°e L .Bao ham thurc cudi cung
twong duong voi y° ex’+ L.

Pinh nghia 1.3: Véi cac gia thiét cua dinh 1y trén, x° dugc goi 1a mot nghiém
riéng ctia hé phuong trinh tuyén tinh khong thuan nhat AX = 8. Con x° +«a , v6i
a € L duoc goi 12 nghiém téng quat cia hé phuong trinh do.

1.1.3. Dinh ly

Pinh Iy 1.4 (Pinh Iy Kronecker — Capelli): Piéu kién can va di dé hé (1.1) ¢
nghiém la hang ciia ma trdn A cdc hé sé cia (1.1) bang hang ciia ma tran A cia
(1.1).

Hé phirong trinh tuyén tinh tong qudt c¢6 nghiém khi va chi khi:

1
rankA = rank([A | b])z .

Néu rank(A) = mnk([A | b]) =n thi hé phiong trinh tuyén tinh cé6 mot
nghiém duy nhat.

Néu rank(A):rank([A|b])<n thi hé phwrong trinh tuyén tinh cé vé sé
nghiém.

Néu rank(A) # mnk([A | b]) thi hé phwong trinh tuyén tinh vé nghiém.
Chitng minh: Ta biét rang hé phuong trinh tuyén tinh (1.1) c6 nghiém (hay (1.3)
c6 nghiém ) khi va chi khi véc to B=(b,,b,....,b, ) biéu thi tuyén tinh dugc qua
cac véc to {d,,d,,...,d,} voi @, :(alj,azj,...,amj) (1<j<n).

Diéu ndy xdy ra khi va chi khi hai véc to: {@,.d,.....a,} (1.4) va
{G,,a,,....d,, B} (1.5) la twong duong, tirc la mdi véc to cita h¢ nay déu biéu thi
tuyén tinh qua hé véc to con lai. By gio ta ching to rang hai hé (1.4) va (1.5)
tuong duong khi va chi khi hang cua chiing bang nhau.

That vay, néu (1.4) va (1.5) tuong duong thi hang ctia ching bang nhau.

Nguoc lai, néu hang cua hé (1.4) béng hang cua h¢ (1.5) thi bo phan doc lap
tuyén tinh t6i dai ctia (1.4) ciing 14 bo phan doc 1ap tuyén tinh tdi dai cta (1.5). Vi



(1.4) va (1.5) cung twong duong voi bd phan doc 1ap tuyén tinh ti dai d6 nén (1.4)
va (1.5) tuong duong.

Cudi cung chi ¥ rang hang cta hé (1.4) chinh 13 hang ctia ma trin 4 con
hang ctia hé (5) 1a hang ctia ma trén bd sung 4" cua (1.1).
Dinh Iy 1.5 (Pinh Iy vé nghiém cua hé phuong trinh thuan nhét): Hé phwong trinh
tuyén tinh thudn nhdt AX =0 [uén co it nhat mot nghiém, do la nghiém tam
thwong X =0. Tap nghiém cua hé nay la mot khong gian véc to con cua R”.
Chitng minh:

Gia st det(A) # (. Khi do, ma tran 4 kha nghich.

Nhén ca hai vé ciia phuong trinh AX =0 véi A7, ta dugc:
A'AX =470
X =0.

Vay nghiém duy nhat ctia hé phuong trinh d6ng nhat1a X =0.

Gia s det(A) =0. Khi do, ma tran 4 khong kha nghich.

Hé phuong trinh dong nhat AX =0 c¢6 v6 sd nghiém, bao gom ca nghiém
khong tam thuong.
Dinh Iy 1.6 (Dinh Iy vé nghiém tong quat cta hé phuong trinh khong dong nhat):
Néu x, la mot nghiém cua hé phuong trinh khong dong nhat AX =b, thi moi
nghiém khac cua hé co dang:

X=x +x,

trong do x, la mot nghiém riéng cua hé phwong trinh khong dong nhat, x, la
nghiém ciia hé phwong trinh thuan nhat twong g AX =0
Churng minh:

Gia su:

x, 1a mot nghiém cua hé phuong trinh khong ddng nhat, tic 1a: Ax, =b.

x, 1a nghiém ctia hé phuong trinh dong nhét twong tmg, tirc 1a: Ax, =0.
Chting minh rang x, + x, la nghiém cua h¢ phuong trinh khong ddng nhat.
Ta co:
A(x, +x,)=Ax, + Ax,=b+0=b.
Vay x, +x, la nghiém cua h¢ phuong trinh khong ddng nht.
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Chtrng minh rang moi nghiém ctia hé phuong trinh khong déng nhét co thé
viét dudi dang x, + x, .

Gia su x, va x, déu 1a nghiém cta hé phuong trinh khong ddng nhat, tic

la:
Ax,=b va Ax, =b.
Xét hidu x, —x,:
A(x,—x,)=Ax,— Ax, =b-b=0 .
Vay x, —x, la nghiém cua hé phuong trinh ddng nhat AX =0 tic 1a
X, —X,=X,.

Do do6 x, =x, +x,.

Viy moi nghiém cua hé phuong trinh khong dong nhat c6 thé viét dudi dang
x, +x, trong do x, la mot nghiém riéng va x, la nghiém cua hé phuong trinh
dong nhat tuong Ung.
Dinh Iy 1.7 (Pinh 1y vé phép bién ddi so cdp va tinh trong duong ctia hé phuong
trinh): Cac phép bién doi so cdp trén dong cua ma tran hé so A (nhw hodn doi hai
dong, nhan mét dong voi mot so khac 0, cong mot boi so cua dong nay vao dong
khac) khong lam thay doi tap nghiém cua hé phuwong trinh twong vwng. Do do, hai
hé phwong trinh co cung tap nghiém néu va chi néu chung co cung ma tragn hé so
sau khi thuc hién cdc phép bién doi so cap.
Churng minh:
G1d su:

AX =b 1a hé phuong trinh tuyén tinh ban dau.

A'X =b'1a hé phuong trinh tuyén tinh sau khi thyc hién mot phép bién doi
SO cap.

Chtng minh rang néu AX =b c¢6 nghiém, thi A'X =5’ ciing c6 nghiém.

G1d st x( 1a nghiém cua hé phuong trinh AX =5, tic la:

Ax, =b.

Thuc hién phép bién d6i so cap trén hé phuong trinh AX =b dé thu duoc
h¢ phuong trinh A'X =b'.

Do phép bién d6i so cap khong thay ddi tdp nghiém cua hé phuong trinh,
nén x, cling 1a nghi¢ém cua hé phuong trinh A'X =5'".



Chting minh rang néu A'X = b’ ¢ nghiém, thi AX =5 ciing c6 nghiém:
Gia st x, 1a nghiém cta h¢ phuong trinh 4'X =4', thc la:
Ax =b".
Thue hién phép bién ddi nguge cta phép bién dbi so cip da ap dung trude
d6 dé chuyén hé phuong trinh A'X =5’ vé hé phuong trinh AX = b.
Do phép bién d6i so cap khong thay dbi tap nghiém cta hé phuong trinh,
nén x, cling la nghiém cua hé phuong trinh 4AX =5.

Tir hai chiéu ching minh trén, hai hé phuong trinh AX =b va A'X =b' 1a
tuong duong néu va chi néu chiing ¢é cting mot tip nghiém.
1.2. MOT SO PHUONG PHAP GIAI HE PHUONG TRINH TUYEN TiNH
1.2.1. Phwong phap thé

Trong dai sb, dac biét 1a trong linh vuc giai h¢ phuong trinh tuyén tinh hai
an hodc nhiéu an, phuong phap thé dugce xem 13 mot trong nhitng phuong phap co
ban va thuong dugc st dung rong rai nho vao tinh truc quan va hiéu qua cta no
trong nhiéu truong hop. Nguyén tic cbt 18i cia phuong phap nay 1a sir dung moi
quan hé giita cac bién trong mot phuong trinh cia hé dé biéu dién mot bién theo
bién con lai (hodc theo mot bicu thirc chira céc bién khac), sau d6 thay bicu thirc
nay vao phuong trinh thir hai (hoac cac phuong trinh con lai trong h¢), tir d6 lam
giam so luong an can giai trong timg budc.

Cu thé, khi ap dung phuong phép thé, ngudi giai s& chon mot phuong trinh
trong hé - thudng 1a phuong trinh don gian hodc c6 hé sd thuan loi dé rat mot bién
theo bién khac. Biéu thic thu duge sau d6 s& duoc thé vao phuong trinh con lai
nham tao ra mot phuwong trinh chi con mot an duy nhat. Viéc giai phuong trinh
mot 4n nay thudng dé dang hon nhiéu so vé6i giai truc tiép hé phuong trinh ban
dau. Sau khi tim duoc gia tri cua an do, ta co thé quay lai biéu thtrc d3 rat dé tim
gia tri clia an con lai.

Mot trong nhimng wu diém ndi bat ciia phuong phap thé 13 né cung cip cach
tiép can ro rang, dac biét hitu dung khi h¢ phuong trinh c6 cac hé s6 d& tinh toan,
hoic khi mot trong hai phuong trinh da gan & dang chuan dé rat bién. Tuy nhién,
cling can luu ¥ rang trong nhitng hé ¢6 cau tric phtc tap hodc chira nhiéu an va
hé sb khong thuan 1o, viéc ap dung phuong phap thé c6 thé dan dén cac biéu thirc
dai dong va kho xur 1y, tir d6 anh hudng dén do chinh xac ciing nhu toc d6 giai.
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Mic du vay, phuong phap thé van giit vai trd quan trong trong chuong trinh
hoc co ban vé dai s6, khong chi vi tinh hi¢u qua ma con vi n6 gitip nguodi hoc hiéu
0 hon vé€ ban chat cia mdi quan hé gitra cic an trong h¢ phuong trinh. Viéc nam
virng phuong phap nay la nén tang cho vi¢c ti€p can cac phuong phap giai nang
cao hon nhu phuong phap cong dai so, phuong phdp ma tran, hay phuong phép
Gauss trong cac h¢ phuong trinh tuyén tinh c6 nhiéu bién.

Vi DU MINH HQA
Vi du 1. Giai hé phuong trinh tuyén tinh ba an sau:
x+ y+z=6 (D
2x— y+z=3 (2)
3x+2y—-z=4. (3)
Loi giai
Tt phuong trinh (1), ta rt x theo y, z:
x=6—y—z. (4)
Thay x = 6 — y —z vao phuong trinh (2).
206-y—z)—y+z=3
12-2y-2z—y+z=3
-3y —z=-9.
Thay x = 6 — y —z vao phuong trinh (3).
36-y—2z)+2y—-z=4
18-3y—-3z4+2y—-z=4
—y—4z=-14.
Giai hé phuong trinh hai an y, z

{—3)}—2:—9 (5)

—-y—4z=-14. (6)
Tur phuong trinh (5) tarat z theo y: z=9-3y.
Thay z=9-3y vao phuong trinh (6) ta duoc:
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-y—409-3y)=-14
-y-36+12y=-14
11y =22
y=2.

Thay y =2 vao phuong trinh (5) ta dugc:

-32-z=-9
z=3.

Thay y =2,z =3 vao biéu thtc (4) ta dugc:

x=6-2-3=1.

Két ludn: Vay hé phuong trinh c¢6 nghiém: x=1,y=2,z=3.

Vi du 2. Giai va bién luan hé phuong trinh véi tham sb.

x+y+ z=3 )
2x-y+ z=a (2)
3x+y+az=4. 3)
Loi giai
Ruat x tir phuong trinh (1)
x=3-y—-z. (4

Thé x =3 - y—z vao phuong trinh (2), (3).

Thay x =3 -y —z vao phuong trinh (2)
23-y—z)—-y+z=a
6-2y-2z—y+z=a

6-3y—z=a.

Thay x =3 -y —z vao phuong trinh (3)

33-y—z)+y+az=4
9-3y-3z+y+az=4
9-2y+(a—-3)z=4.

Giai hé phuong trinh hai an y,z

{ 6-3y—z=a  (5)

9-2y+(a—-3)z=4. (6)
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T phuong trinh (5) ta rat z theo y,a: z=6-3y—a.
Thay z=6 -3y —a vao phuong trinh (6) ta dugc:
9-2y+(a-3)(6-3y—a)=4
9-2y+6a—3ay—a’—18+9y+3a=4

(7-3a)y+9a—-a’ =13 .

Bién luan theo a.

THI: 7—3a¢0:>a¢%

13-9a +a*

Giai (8) theoy: y=
(8) theo y: y =——

2
Thay y = 1379—612;61 vao (7) ta dugec:

2
7—-3a

_42—18(1—39—!-27(1—3612—7a+3a2

z

7-3a
2a+3
z= )
7-3a
13—9a+a22_2a+3
7-3a
3_13—9a+a2_2a+3
7—-3a 7—-3a
_21—9a—13+9a—a2—2a—3

vao (4) ta duoc:

X =

X
7—-3a

_5—2a—a2

7—-3a

: 7 . :
Vay voi a # 3’ hé co6 nghiém duy nhat.

TH2: 7—3a:O:>a:%
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Thay a = % vao phuong trinh (8) ta dugc:

7 7 (7Y
7-3.0p+9. -1 L] =13
( 3)y 3 (J
Oy+2l—%:13
21—?:13
@7&13.

Vay véi a = %, hé phuong trinh vo nghiém.

1.2.2. Phwong phap cong dai s6

Trong qua trinh giai hé phuong trinh tuyén tinh, bén canh phuong phép thé,
phuong phap cong dai s6 1a mot ki thuat duge st dung rong rii nhd vao tinh tryc
tiép va kha nang xur 1y tbt cac hé phuong trinh cé cau trac don gian. Nguyén ly co
ban cua phuong phéap nay la thuc hién cac phép bién ddi dai s6 bao gém cong, tru,
nhan hodc chia trén hai (hoac nhiéu) phuong trinh trong h¢ nham kht di mot 4n
s, tir d6 1am giam s6 lugng an va don gian hoa hé phuong trinh ban dau.

Cu thé, ngudi giai s& tim cach nhan mot hodc ca hai phuong trinh véi cac
hé s thich hop sao cho khi cong hodc trir cac phuong trinh lai véi nhau, mot trong
céc an bi triét tiéu. Két qua thu duoc 1a mot phuong trinh maéi chi con chira mot
an, tir 46 d& dang giai duoc gia tri ctia an d6. Sau d6, quay trd lai thay vao mét
trong cic phuong trinh ban dau dé tim gia tri ctia an con lai.

Phuong phép cong dai sd dic biét hiéu qua trong cac truong hop ma hé
phuong trinh ¢6 hé sé cia mot an nao d6 d6i xing (hodc c6 thé dé dang dua vé
d6i xtng thong qua phép nhan). Hon nira, so véi phuong phép thé, phuwong phap
cong thudng tranh duoc viée phai xir Iy nhitng biéu thirc phan thirc phirc tap trong
qua trinh rat an, do d6 dé thao tac hon trong mét sd tinh hudng.

Tuy nhién, can luu y rang dé ap dung phuong phéap nay hiéu qua, nguoi hoc
can co k¥ nang quan sat va lya chon hé s6 mot cach hop ly nham triét tiéu an mot
cach t6i wu. Trong nhitng hé ¢ hé s6 phirc tap hodc khong thé dua vé dang thuan
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loi, viéc ap dung phuong phap cong co thé doi hoi nhiéu budc bién doi va tinh
toan can than.
Vi DU MINH HQA
Vi du 1. Giai hé phuong trinh tuyén tinh ba an sau:
x+2y—z=1 (1)
2x—y+3z=9 (2)
3x+y+2z=13. (3)
Loi giai
Khir mot 4n gitra hai phuong trinh.
Nhaén ca hai vé ctia phuong trinh (1) v&i 2 rdi trix di phuong trinh (2) ta duoc:
2x+2y-z)—-(2x—y+32z)=2.1-9
2x+4y—-2z-2x+y-3z=-7
S5y-5z=-7. (4)

Nhaén ca hai vé ciia phuong trinh (1) v&i 3 rdi trir di phuong trinh (3) ta duoc:
3(x+2y—-2z)—-Bx+y+22)=3.1-13
3x+6y—-3z-3x—y—-2z=-10

5y-5z=-10. (5)
Giai hé phuong trinh hai an y,z.
S5y-5z=-7 (4)
{Sy -5z=-10. (5)
Lay phuong trinh (4) trir di phuong trinh (5) ta duge: 0=3 (vo 1i).
Két ludn: Hé phuong trinh vo nghiém.
Vi du 2. Giai va bién luan hé phuong trinh véi tham s6 a.
x+y+z=3 (1)
2x—-y+z=4 (2)
ax+y—z=1. (3)
Loi giai
Khir mot an gitta hai phuong trinh.
Lay phuong trinh (2) trir di phwong trinh (1) ta duoc:
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Rx—y+z)-(x+y+z)=4-3
2x-y+z-x—-y—-z=1
x—=2y=1. (4)
Lay phuong trinh (1) cong véi phuong trinh (3) ta dugc:
(x+y+z)+(ax+y—z)=3+1
X+y+z+ax+y—z=4
(a+Dx+2y=4. (5)
Giai hé phwong trinh hai 4n y,z:
{ x—2y=1 (4)
(a+Dx+2y=4. (5)
Lay phuong trinh (4) cong voi phuong trinh (5) ta dugc:
(x—2y)+[(a+1)x+2y]=1+4
x—2y+(a+1)x+2y:5
(a+2)x=5. (6)
Bién luan nghi€ém theo a:
THIL: a+2#0=a#-2

5
a+2

Giai (8) theo x: x =

Thay x = vao phuong trinh (4) ta dugc:
a+2
5
—2y=1
a+2 4
5
2y = -1
4 a+2
5—a-2
2y =
4 a+?2
_3-a
Y a4
5 3—a .
Thay x = , Y= vao phuong trinh (1) ta duoc:
a+?2 2a+4

16



5 3—a
+ +
a+?2 2a+4

5 3—-a
a+2 2a+4
_6a+12-10-3+a
Y
Ta—-1
ST 2a+4
Vay v6i a = -2, hé phuong trinh c6 nghiém duy nhat.
TH2: a+2=0=>a=-2
Thay a =-2 vao phuong trinh (6) ta dugc:
(—2 + 2)x =5
Ox=35
0#5.
Vay vo1 a =-2, hé¢ phuong trinh v6 nghi¢m.

Két lugn:

z=3-—

Véi a # -2, hé phuong trinh c6 nghiém duy nhét.
5 3—a Ta—-1
X = , V= ,Z = .
a+?2 2a+4 2a+4

V61 a=-2, hé phuong trinh v6 nghi¢m.

1.2.3. Phwong phap Cramer

Phuong phap Cramer 1a mot trong nhimg phuong phap ¢ dién quan trong
trong dai sb tuyén tinh, dugc sir dung dé giai hé phuong trinh tuyén tinh vudng (sb
phuong trinh bang sb 4n). Phuong phap nay duoc phat trién boi nha toan hoc
Gabriel Cramer vao thé ky XVIII va dua trén viée st dung dinh thirc ma tran.

Phuong phap Cramer hoat dong dua trén vi¢c sir dung dinh thirc cua ma
tran hé sd va cac ma tran con duoc tao ra béng cach thay thé tung cot trong ma
tran hé sd bang véc to hang s6. Mdi 4n sb trong hé phuong trinh s& dugc tinh truc
tiép bang ti s giita dinh thirc ciia ma tran di thay ct va dinh thirc cia ma tran
gbc. Phuong phép nay chi ap dung dugc trong truong hop hé phuong trinh ¢6 s6
phuong trinh bang s6 an va dinh thirc ciia ma tran hé s6 khac khong.

Muc tiéu ctia phwong phap Cramer 1a cung cap mot cach biéu dién nghiém
rd rang va truc tiép thong qua cac dinh thtrc, dong thoi giup xac dinh diéu kién
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ton tai nghiém duy nhét cta hé phuong trinh. Uu diém ctia phuong phap 1 tinh
don gian, rd rang vé mit 1y thuyét va thuan tién dé kiém tra tinh kha nghich cua
ma tran hé s6. Phuong phap nay rat hiéu qua khi giai cac hé nhé hodc trong cac
bai toan 1y thuyét.

Uu diém cua phuong phap 1a tinh don gian, & rang vé mit 1y thuyét va
thuan tién dé kiém tra tinh kha nghich cua ma tran hé s6. Phuong phap nay rat
hiéu qua khi giai cac hé nho hodc trong cac bai toan 1y thuyét. Tuy nhién, phuong
phap Cramer khong thich hgp cho céc hé 16n vi viéc tinh dinh thirc ma trin 16n
rat phtc tap va ton nhiéu thoi gian tinh toan.

Phuong phap Cramer giif vai trd quan trong trong viéc nghién ctru dai s6
tuyén tinh, gitip hiéu su hon vé méi lién hé giira dinh thic va nghiém cla hé
phuong trinh tuyén tinh.

Bo dé: Néu mot hé phwong trinh tuyén tinh c6 nghiém thi né twong dwong véi hé
phuong trinh sau:

ayx, +-ta,x, + Z a; j:bl,

J{iy iy }
(1.6)

e Z agx, =b,

Je{iy iy }

trong do dinh thurc cua ma trdgn (a , ) khac 0.

i‘i
DE nhén dugc hé phuong trinh (1.6), ta chi viéc chon dinh thitc con cép cao
nhat khac 0 ctia ma tran lién két A4 cua (1 : 1) roi bo di tat ca cac dong cuia hé khong
chira cdc dong ctia dinh thirc d6. Céc chi s6 i, <...<i, & trén chinh 1 s6 tha ty
cua céc cot cua dinh thirc con. Xem x, j ¢ {il,. . .,ik} 1a cac bién tu do, roi chuyén
sang vé phai va doi tén bién ta chi con phai giai hé phuong trinh dang:
a,x,+--+a,x =b,

(1.7)

ax, +-+a x =b,

n

trong do |A| =0.
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Pinh nghia: Ta néi hé phuong trinh tuyén tinh n an va n phuong trinh (1.7) 1a
khong suy bién néu |A| =0, va 1a suy bién néu |A| =0.

Pinh 1y (Quy tic Cramer): Cho h¢é phwong trinh tuyén tinh khong suy bién (1.7).
K1 hieu D = |A| va D, la dinh thirc nhan dvoc tw D bcing cdch thay cot thir i boi

cot hé sé tw do ciia A. Khi d6 hé nay co nghiém duy nhat va dwoc tinh béi cong
thirc sau:

*H¢ Cramer dang AX =B.

Vi DU MINH HQA
Vi du 1. Giai hé phuong trinh sau:
{2x—3y:1
a)
x+y=2.
Loi giai
Ta co:
2 3 , .
D= . =5+#0 = Hg¢ c6 nghiém duy nhat.
2 3
D= =5#0
1 1
1 -3 1
D, = =7,D, = =3.
2 1 2
D 7 D, 3
Vay nghiém ciahé la: x=—"L=—, y=—2==.
dy ngnic . D3 y D s
—2x+y—-3z=1
b) {3x—4y+2z=3
Sx+2y+z=-2.
Loi giai

H¢ phuong trinh c6 ma tran hé s6 A va cot sd hang tuy do B nhu sau:

19



-2 1 3 1
A= 3 -4 2 |,B=|3
5 2 1 -2
Ta co:
-2 1 -3
D:|A|: 3 4 2|=-55%#0
5 2 1

— Hé c6 nghiém duy nhat.

Thay ¢t thir nhét cia D béng cOt B ta duoc:

1 1 -3
D=3 4 2|=-9.
-2 2 1
Thay cdt thur hai cua D béng cOt B ta duoc:
-2 1 3
D,=|3 3 2|=56.
5 2 1
Thay cot thu ba cua D bﬁng cOt B ta duoc:
-2 1 1
D,=|3 -4 3|=43.
5 2 2
Theo quy tic Cramer ta tim dugc nghiém duy nhat cta hé phuong trinh da cho:
D 9 D, 56 43
"D 55V D 5T s
Vi du 2. Giai hé phuong trinh tuyén tinh 3 an sd x, y, z cho biét ma trin mé rong.
2 3 4|2
A=(3 2 5|0
5 6 9|-1
Loi giai
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Chu y rang ba c0t dau cua ma tran mé rong A 1a cac cdt ciia ma trdn hé s6 4,
con cdt cuoi la c¢ot s6 hang tu do B do do:

2 3 4
D =|3 2 5| =2#0 = Hé c6 nghiém duy nhat.
5 6 9
2 3 4 2 2 4 2 3 2
D=0 2 5=-3,D,=3 0 5/=-6,D,=3 2 0|=2LI.
-1 6 9 5 -1 9 5 6 -1
Theo quy tic Cramer ta tim dugc nghiém duy nhét cta hé phuong trinh da cho:
D, 31 D, D, 21
"D 27D o2

Vi du 3. Tim m dé hé phuong trinh ¢6 1 nghiém.
X +2x,—x;=m
2x, +5x, —=3x,=2m
-X, — X, Jr(m2 —m)x3 =0.
Loi giai
Ta co:
1 2 -1
D=2 5 -3 |=m’—m.
-1 -1 m*—-m
H¢ phuong trinh c6 1 nghiém:
<:>D¢O<:>m2—m¢0<:>{m¢0
m=#1.
Vi du 4. V6i gia tri ndo ciia m hé sau c6 duy nhét 1 nghiém. Tim nghiém doé.
(m=1)x+y+z=1
3x—-y-2z=1
2mx+y+3z=2.
Loi giai
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H¢ phuong trinh c6 ma tran hé s6 A va cot sb hang tuy do B nhu sau:

m—-1 1 1 1
A= 3 -1 2, B=|1]|.
2m 1 3 2
Ta co:
m—-1 1 1
D= 3 -1 2=—3(m—1)+4m+3+2m—9—2(m—1):m—1.
2m 1 3

Pé hé c6 nghiém duy nhat < detA=0<m=1.
Thay ¢t thur nhét cua D béng cot B ta duoc:

I 1 1
D=1 -1 2/=-1.
2m 1 3
Thay cdt thur hai cua D béng cOt B ta duoc:
m-1 1 1
D,=| 3 1 2(=m-2.
2m 2 3

Thay c6t thur ba cua D béng cOt B ta duoc:

m—1 1 1
D= 3 -1 ll=m.
2m 1 2
Véynghiémduynhétcﬁahé: x:&:_—l,y:&:m_z,z:&:L.
D m-1 D -1 D m-1

7
A

m
Vi du 5. Giai va bi¢n luan hé phuong trinh sau theo tham s6 m.
x, +2x,+2x,=0
—2x, + (m - 2)x2 + (m - 5))(3 =2
mx, +x, +(m+1)x, =-2.
Loi giai

Ta co:
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1 2 2

D=-2 m-2 m-5 =(m—1)(m—3).

m 1 m+1

Thay ¢t thur nhét cia D béng cOt B ta duoc:

0 2 2
D=2 m-2 m-5=-4m+12.
-2 1 m+1

Thay cot thur hai cua D béng cot B ta duoc:
1 0 2
D,=|-2 2 m-5/=0.
m -2 m+l
Thay c6t thur ba cua D bﬁng cOt B ta duoc:
1 2 0
D,=|-2 m-2 2|=2m-6.
m 1 -2
m#1

e NbuD#0< { hé c6 nghiém duy nhat voi
m#3

D, 4 ;XZZ&ZO;)C}:
D

, m=1
e Néu D:O<:>{
m=3

V61 m=1= D, =8#0 h¢ v0 nghiém.

D, _
D

2
m—1

V61 m=3= D, =D, =D, =0 thay vao hé¢ phuong trinh, ma tran hoa hé¢

phuong trinh ta co:

1 2 210
A=|—2 1 =212
3 1 4|2

23



1 2 210
hy—h 2+h, \ O 5 2 2

hy—hy (=3 )+
0 -5 —2|-2
1 2 2]0
—h2bth 510 5 22
00 0]0

5x,+2x,=2
=
X +2x,+2x,=0

X =-2x,—2x;, = 4o
2-2t
=X, =—
5
x,=tekR.

— Heé phuong trinh v6 s6 nghiém.
Vay voi m #1,m# 3 thi hé phuong trinh c6 nghiém duy nhat.
v61 m =1 thi hé phuong trinh vo nghiém.
v6i m=3 thi hé phuong trinh c¢6 v6 s6 nghiém.
Vi du 6. Mot cong ty san xuét 3 loai san phﬁm A, B, C.

« MB0i san pham A can 2 don vi nguyén liéu X va 1 don vi nguyén liéu Y.

« MBJi san pham B can 1 don vi nguyén lidu X va 3 don vi nguyén liéu Y.

« MBJi san pham C can 3 don vi nguyén lidu X va 2 don vi nguyén liéu Y.
Cong ty co tong cong 100 don vi nguyén liéu X va 120 don vi nguyén liéu Y. Gia
st cong ty mudn san xudt du sd luong san pham A, B, C sao cho st dung hét
nguyén liéu. Ngoai ra, cong ty mudn san xuat sb luong san pham B gap doi sb
luong san pham A. Tim s lugng san pham A, B, C.

Loi giai
Goi sd luong san phém A, B, C lan luot 13 x, v, Z.

Ta c6 h¢ phuong trinh:
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2x+y+3z=100 (1)
X+3y+2z=120 (2)
y=2x (3)
trong d6: (1), (2), (3) lan lugt 1a: nguyén liéu X, nguyén liéu Y va nguyén liéu
san xuAt.

H¢ phuong trinh trén c6 ma tran hé s6 A va cot sb hang tur do B nhu sau:

2 1 3 100
-2 10 0
Ta co:
2 1 3
3.2 |1 2 3
D=|4=1 3 2/=2 1. +3 =13#0.
1o |2 0 |21
-2 10

= Hg¢ c6 nghiém duy nhét.

Thay ¢t thur nhét cia D béng cot B ta duoc:

100 1 3
D, =120 3 2|=160.
0O 1 0
Thay cdt thur hai cua D b'fmg cot B ta duoc:
2 100 3
D,=|1 120 2|=32.
-2 0 0
Thay c6t thu ba ctia D bﬁng cOt B ta duoc:
2 1 100
D,=|1 3 120{=220.
-2 1 0

Theo quy tic Cramer ta tim dugc nghiém duy nhit ctua hé phwong trinh da cho:
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D,_160 D, 320 _D,_220
p 137 D 1B D 13
Vay s6 luong san pham A, B, C ma cong ty san xudt 13 160, 31230, 21230

Vi du 7. Mot hoc sinh dén hiéu sach mua 3 loai sach: Sach Toan gia 25 000
ddng/quyén, sach Vian gia 20 000 dong/quyén, sach Tiéng Anh gia 15 000
ddng/quyén. Hoc sinh mua tong cong 20 quyén, hét 400 000 dong. Biét rang sb
sach Vin gip d6i sb sach Tiéng Anh. Hoi hoc sinh dd mua bao nhiéu quyén mdi
loai?
Loi giai

Goi s sach Toan, Van, Tiéng Anh 1an luot 13 x, V,Z.
Ta c6 hé phuong trinh:

x+y+z=20

25x+20y +15z =400

y—2z=0.
H¢ phuong trinh trén c6 ma tran hé s6 A va cot sd hang twr do B nhu sau:
1 1 1 20
A=|25 20 15|, B=|400|.
0o 1 =2 0
Ta co:
1 1 1
20 15 25 15 25 20
D=[4=[25 20 15|=1. 1. +1. =20 0.
0 1 5 1 -2 0 -2 0 1

= He¢ c6 nghiém duy nhéat.

Thay cot tha nhét cia D béng cot B ta duoc:

20 1 1
D, =400 20 15|=100.
0o 1 -2

Thay cdt thur hai cua D b?mg cot B ta duoc:
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1 20 1
D, =25 400 15{=200.

0 0 =2
Thay c6t thur ba cua D bﬁng cOt B ta duoc:
1 1 20
D, =25 20 400|=100.
0 1 0

Theo quy tic Cramer ta tim dugc nghiém duy nhit cta hé phuong trinh da cho:
D _100_ D, _200_,, D _100_,

D 20 D 20 D 20

Vay so sach Toan, Van, Tiéng Anh ma hoc sinh d3 mua lan luot 5 quyén sach

b

Toan, 10 quyén sach Vin va 5 quyén sach Tiéng Anh.
1.2.4. Phwong phap khwr Gauss
Gom cac bude nhu sau:
Budc 1:
1. Chon chi s6 i nhé nhat sao cho véc to ¢t hé s6 cua x, khac 0. DG6i chd cac
phuong trinh cho nhau ta c6 thé dua vé truong hop «, , #0.Chia2 vé ctia phuong

trinh thtr nhat cho g, i

2. Tur phuong trinh thir j > 2 lan luot trir di phuong trinh thir nht nhan véi a,, .
Cudi bude 1 ta s& nhan dugc hé phuong trinh dang sau day:

X+ X Tt a,X, = b,

Ay X T oo T8y, X, = b,,

(1.8)

a +...+a,x =b .

mGi )i 41
Buwéce (k+1)>2:
A) Néu ton tai i, bé nhat dé véc to cot hé sb ctia hé gém (m —k) phuong trinh

cudi cung khac 0 thi 1ap lai budc 1 doi voi hé nay, roi chuyén sang budc thir & + 2

B) Néu khong thi c6 nghia 14 ta nhan duoc hé phuong trinh nhu sau:
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Xy tayx, +..+a,x, +..+a,x,=b,

X, Fotayx, +...+a,x,=b),

X, t...ta,x,=b, 1.9)
O :bk+1 s
0=b .
B1) Néu co b #0 v61 i >k +1 thi hé phuong trinh vo nghiém.
B2)Néu b, =...=b, =0 thitacho x,,; & {i,....i,} 1a cAc bién (tham s0 ) tu

do, r0i tir phuong trinh thr £ cua h¢ (1.12) ta tim dugc:

x, =b, — Aoy Xy~ o™ WX,y
Thay vao phuong trinh thir £ —1 cua h¢ (1.12) ta tim dugc x, ,... Cho dén
phuong trinh dau tién ta s& tim duoc X, -

* Néu hé ban dau la hé phuong trinh tuyén tinh thudn nhat thi cho
(xj , ] & {il,. . .,ik}) 14n luot nhan cc gia tri clia cac veéc to trong mot co sd cua K nk
( chang han(1,0....,0),...,(0,...,0,1)) ta s& dwgc mot h¢ nghiém co s6.
Vi DU MINH HQA
Vi du 1. Giai hé phuong trinh.
xX+2y—4z+3t-u=0
a) < x+2y-2z+2t+u=0
2x+4y—-2z4+3t+4u=0.
Loi giai
Thuc hién thuat toan Gauss, ta dugc cac hé phuong trinh:
X+2y—4z+43t-u=0 (x+2y—4z+3t-u=0
2z—t+2u=0—
6z—-3t+6u=0

Z—lt+u:O.
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. : 1
Nhu vay nghi¢m tong quat z = Et —u , x=-2y—t-3u, trongdod y, t, u la cac

bién tu do. Lan luot cho (y, t, u) nhan cac gia tri (1,0,0) ,(0,1,0) ,(0,0,1) ta duoc
hé nghiém co sé sau:

v, =(-2,1,0,0,0),v, = (—1,0,%,1,0),\)3 =(-3,0,-1,0,1).

X —2x,+x,=4
b) 12x,+x,—x,=0
—X, +x, +x; =—1.
Loi giai
Thuc hién thuat toan Gauss, ta dugc cac hé phuong trinh:

X —2x,+x,=4 X —2x,+x,=4 x, =1
5x,=3x,=-8— 5%, =3x,=-8—>7x,=-1
—X, +2x,=3 T x, =1.

5775

Vay hé c6 nghiém duy nhatla x, =1, x, =—1,x,=1.
2x,—x, +4x,+2x, =2
¢) 43x,—2x, +7x; +2x, =1
5x, —3x, +7x, +6x, =5.
Loi giai

Thuc hién thuat toan Gauss, ta dugc cac hé phuong trinh:

2x, —x, +4x;+2x, =2 2x, —x, +4x;+2x, =2
—X, +2x,—-2x,=-4—> —X, +2x,—2x,=—-4
—x, —6x,+2x,=0 —8x, +4x,=4
x1:1+lx2—2x3—x4 X =1=5x,
2
X, =2-2x,
—><x, =4+2x, —2x —>
2 ’ * x, =1+2x,
x,=1+2x, L
x; tuy 'y
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Vay x, =1-5x; ,x, =2-2x;,x, =x;,x, =1+ 2x,.

Két luan chwong 1

Trong chuong 1 d3 trinh bay nhitng co s& 1y luan quan trong vé hé phuong
trinh tuyén tinh, bao gdm khéi niém, cu trac nghiém va cac dinh 1y nén tang nhu
Kronecker—Capelli, Cramer, ciung cac phép bién doi so cap. Bén canh d6, chuong
cling gi6i thiéu va minh hoa cac phuong phap giai co ban nhu phuong phép thé,
cong dai sd, Cramer va khir Gauss. Nhiing noi dung nay tao nén tang ly thuyét
vitng chéc cho viéc nghién ctru, van dung va phat trién cac bai toan hé phuong
trinh tuyén tinh trong ky thi olympic toan hoc sinh vién va hoc sinh.
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CHUONG 2: MOT SO BAI TOAN VE HE PHUONG TRINH TUYEN
TINH THUONG GAP TRONG KY THI OLYMPIC TOAN HQC SINH
VIEN VA HQC SINH

2.1. BAI TOAN GIAI VA BIEN LUAN HE PHUONG TRINH TUYEN TiNH.
Dang 1: Bai toan giai hé phwong trinh tuyén tinh.

O dang bai nay, muc dich chinh 1a van dung cac phuong phap da trinh bay dé tim
nghiém ctia hé phuong trinh tuyén tinh bang nhiéu cach tiép can khac nhau. Dé
minh hoa 3 hon, phan duéi ddy gidi thiéu mot s6 bai toan tiéu biéu, qua d6 giup
ngudi hoc cung cd kién thirc, rén luyén k¥ ning giai hé va hiéu sau hon vé ban
chét cua timg phuong phap.

Bai 1. (Ky yéu Olympic 2005). Giai hé phuong trinh:

X1+X2 +...+xn_1+xn :m
a+xl
Xy F o kX H X, = o
a+x +...+x,_
X =
! 2005" -1
Loi giai

Cong thém biéu thirc x, +x, +...+x,, vdo ca hai vé phuong trinh thir i (i>2)
cua hé da cho. V61 i=2,3,...,n, ta co:

a+x +x,+...+x,_

X+ Xy Fet X XX, = l.
2005 -1

+X X, X

a a 1
= = . +(X1+x2+"'+x"‘1)[1+—'j
2004 2005 -1 2005 -1

a (2005"—2005)
=X +X, . tX = :

2005 2004
Vay, vo1 i =2,3,...,n
x=(x x4 4x) (X, et x )

a (2005”‘—2005) a [20051'—2005J a

2005 2004 2005 2004 T 2005
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Lay phuong trinh thir nhét trir di phuong trinh thi hai ta dugc X, = ﬁ.

Viy x,=—— (i=1,2,....n=1); X, =——————
2005 2004.2005"

Bai 2. (Ky yéu Olympic 2014). Giai hé phuong trinh:
(x, + 2x,+...+2014x,,, =1
x, + 2x,+...+2014x, =2

Xyorq + 2%, +...+2014x,,, =2014.
Loi giai
Goi S=x,+X, +...+x,,,. Cong vé trai cua tat ca 2014 phuong trinh ta dugc:

2014.2015)&

(1+2+...+2014)(x1+x2+...+x2014)=( :

Vé phai 13 tong 142442014 = 20142015

Vay

2014.2015 2014.2015
—  S=————————=S=x+x+...+ X, =1,

Trir phuong trinh thir & cho phuong trinh th k£ +1 (k <2014), ta dugc:
(X + Xy + Xy oot X013 ) — 2014, =k —(k+1)=—1(1)
Ma ta thay X, + X, + X, oot Xppgis = X+, + X F oot Xy

Vay (1)<:>(x1 +x, +x, +...+x2014)—2014xk =-1

= (§-2014x,)=—1=1-2014x, =—1=>x, =ﬁ (k<2014).

Z x, =2013x 2 _40%6

e 2014 2014

Vi x-S 3 x :1_4026:_2012.
S 2014 2014

Bai 3. (Ky yéu Olympic 1999). Giai hé phuong trinh:
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X +2x,+3x,+...+nx, =1

X, +2x,+3x,+...+nx, =2

X, +2x +3x,+...+nx,_, =n.

Loi giai
Got S=x+x,+...+x, . COng vé trai cla tt cd n phuong trinh ta dwogc:
n(n+1
(I+2+...+n)(x +x,+...4+x,) = (2 )S.
n(n+1)

Véphailatong 1+2+...+n= T

Vay Ln(n+1)js_n(n+l)z>s_x +x,+...+x =1
: 5 5 X+ +x, =1,

Trir phuong trinh thtt & cho phuong trinh thtr k +1 (k <n), ta dugc:
(xk +X,, X, +...+xk+n71)—nxk =k—(k+1)=-1.(1)

Ma ta thay

Viy () o x, +x, +x,+...+x, —nx, =—1

=1-nx,=—1=x,== (k<n)

S [N

Zxk:(n—l)xzzz(n—_l) va xn:S_zxk:1_2(n—1):_n—2.
n

k<n n k<n n n

Nhdn xét: Bai 1 dén bai 3 12 bai toan hé phuong trinh tuyén tinh dic biét, ¢ cau
triic gin dbi xtng gitta cac phuong trinh.

Phuong phap giai 1a cong tong S = le. vao hai vé cta cac phuong trinh
tir i =2 tré di dé dua vé trai vé cung dai luong S .Viéc nay gitp xac dinh duogc
cong thirc tong quat cua S theo chi sé phuong trinh i .

Cudi cung, bang cach trir cac phuong trinh lién tiép, ta d& dang khir S va
tim ra mbi quan hé don gian giira cic an i, tir 46 suy ra nghiém mot cach ngan
gon va hi¢u qua.
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Bai 4. (K yéu Olympic 2014). Cho céc s6 thyc a, +a, =0, v6i
i,j=1,2,...,2014. Hay giai hé phuong trinh tuyén tinh:

(a11 + 2014)x1 +a,,Xx, F oot A 014X 001 =0
a, X, +(a22 +2014)x2 F oot @y 5014%014 =0

Hé da cho tré thanh (A+2014E)X =0 . Lay chuyén vi hai vé ta dugc

X'(A4+2014X) =0.Din dén X'(—A4+2014E)=0, hay —X'4+2014X'E =0.

Tu day suyra —X'4X +2014X'EX =0.

Tacd AX +2014X =0 < AX =-2014X . Két hop lai, ta duogc:
X'(-2014X)+2014X' X =0 X' X+ X' X =0 X' X =0.

Nhu vay:
X
X
2 2 2
(x1 X, xzom) =0 x +...+x5,=0x =...=x,, =0.
X014

Nhin xét: Bai 4 12 bai toan hé phuong trinh tuyén tinh thuan nhéat véi ma tran hé
50 (A4+20141), trong d6 A 1a ma trdn véi a, =—a,.

Bai 5. (Ky yéu Olympic 2019). Giai hé phuong trinh tuyén tinh sau:
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2x,—3x, +x; =1
2x, =3x,+x, =1

Loi giai
Nhén xét rang hé da cho c6 2018 phuong trinh va 2020 an va hang ctia ma trin
cac hé sb bang 2018. Do d6 s6 chiu ciia khong gian nghiém cua hé thuan nhét
bang 2. Hé phuong trinh twong dwong véi:
2x,—x, =2x, — X,

2x, —x; =2x,—x,

\2x2018 — Xy010 = 2X5019 = Xyp0-
bat 2x, —x, =u. Khi do ta co:
x2=2xl—u:2(xl—u)+u
2
X, =2x,—u=2 (x1 —u)+u

Do dé h¢ nghiém co ban cita hé da cho la {(I; 1; ..1), (I; 2: 2% ..;2"")}.
Nghiém riéng ctuia h¢ da cho la (—2; -3; —4; ...; —2020; — 2021).

Do doé nghiém cua hé phuong trinh da cho la

a(l; 1.5 1) +b(1; 2 2% s 27) 4+ (=2 =3; —4 ...; —2020; —2021), Va, beR.
Nhdn xét: Bai 5 1a bai toan hé phuong trinh khong thuan nhét vai s6 4n 16n hon

s6 phuong trinh.

Phuong phap giai 1a bién doi hé vé dang thuan nhat twong duong dé thay ro
mbi lién hé 1ap lai, sau do dat an phu 2x, —x,,, =u dé don gian hoa mbi quan hé
thanh mot cong thire truy hdi tuyén tinh. Cubi cung, dya trén 1y thuyét Pai sd
Tuyén tinh, nghiém cua hé khong thuan nhat duoc tim bang cach két hop nghiém
co so (cta hé thuin nhit) va mot nghiém riéng (ctia hé khong thuan nhat), tir d6
viét ra cong thirc nghiém tong quat.

Bai 6. (Ky yéu Olympic 2014). Giai hé phuong trinh sau:
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x +x, +x; =2013
x, +x, +x, =2013
x, +x, +x; =2013
x, +x; +x, =2013

Xoygry F Xag12 + Xp03 = 2013
Xyg1y F X3 F Xag14 = 2013

Xyo3 T X0 +X, =2013

(X4 TX X, =2013.
Loi giai
Béng cach dit y, = x, — 671(i=1,2,...,2014), hé da cho thanh:

vy ty, +y; =0
Y, *y +y, =0
ys +y, +ys =0
Vi *Tys +y, =0

Yaoi1 + Yoo T Vaor3 =0
Yaoi2 T Vaors + Yaors =0
Yooz ¥ Voo ¥ =0
Youtn +y, =0.
Tir phuong trinh thir nhat va tha hai suy ra V=Y,

Tt phuong trinh thir tw va tho ndm suy ra: y, = y..
Tiép tuc qua trinh ndy cudi ciing ta duge: y, =y, =y, =...= ¥ ...

Bang lap luan tuong ty, ta dugc: N ZVs=Vg = e = Vo120 V3 = V6 = Vo =+ = Vo3
Tir hai phuong trinh cudi cing ta thu dwgc y, = y,,,5.-

Tir phuong trinh dau tién va phuong trinh cudi cing ta thu duoc V3= Voor4 -

Két hop cac khang dinh trén suy ra y, =y, = y, =...= y,..,.
Thay vao h¢ ta duoc y, =y, =y, =...=,,,, =0.
Vay nghiém cuahé dachola x, =x, =x, =...=x,,,, =671.
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Chii y: Ta c6 thé thay s6 2014 boi s ty nhién n bat ky.

Bai 7. (Ky yéu Olympic 2016). Giai hé phuong trinh tuyén tinh:
x, +2x, +3x,=4

x, +2x, +3x,=4

X, ,+2x _,+3x, =4

x ,+2x, +3x, =4

x, +2x, +3x,=4.
Loi giai
Lay phuong trinh thir & +1 trir cho phwong trinh tht &, k=1,2,...,n—1 va lay
phuong trinh dau trir phuong trinh cu6i, ta dugc hé phuong trinh hé qua:
(x1 —xn) +2(x2 —xl) +3()c3 —x2)=0
(x2 —xl) +2(x3 —xz) +3(x4 —x3)=0
(xn_1 - xn_z) + 2(xn -X, ) + 3(x1 - X, ) =0
(xn —xH) +2(x1 —xn) +3(x2 -x,)=0.

bat y,=x,—x,y, =%, =X, Y, =X, — X,,...,V, =X, —X,_,, ta dugc heé:

Y 42y, +3y,=0 » tay,+(2-a)(y,+ay,)=0
y, +2y,+3y,=0 y, tay,+(2-a)(y;+ay,)=0
............... D T

Yoot +29, +3y,=0 Yor tay, +(2-a)(y, +ay)=0
y, +2y,+3y,= y, +ay, +(2-a)(y,+ay,)=0.

Trong d6 « 1 sb phitc théa man a(2-a)=3 < a’ —2a+3=0.

bat y, +ay,=z,y,+ay,=z,,....y, ,+ay, =z ,,y, +ay, =z, , h¢ phuong
trinh hé qua duoc viét lai thanh:
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Suy ra:

Zl=(a—2)22=(a—2)223=...:(a—2)n21:>ZI=O.
Tedotacd z,=z,=...=z,=0. Vay
Vo =—ay, :...:(—a)n_lyn :(—oc)ny1 =>»=0=y,=0Vi=L2,...,n

Do d6 hé phuong trinh ¢6 nghiém duy nhét

X=X, =...=X, =

n

Nhin xét: Bai 6 va bai 7 cac vi du dién hinh vé viéc giai hé phuong trinh tuyén
tinh c6 cau truc lap.

Phuong phép giai hiéu qua 1a sir dung phép trir lién tiép. Lay phuong trinh
thr £ +1 trir phuong trinh thr £. Thao tadc nay gitup loai bé hang so va tim ra mot
moi lién h¢ truy hoi (vi du: x;, =x,,, 6 bai 6, hoac x, —x,_, =0 ¢ bai 7 sau khi bién
doi).

Bai 8. (K¥ yéu Olympic 2014). Cho hé phuong trinh:
x, +x,=2q
x, +x,=2a,
x, +x,=2a,

a. Giai h¢ phuong trinh v6i n=4, n=5.
b. Giai h¢ phuong trinh véi moi ne N.
Loi giai
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Ky hiéu S 1a tap hop nghiém ctia hé phwong trinh. Lan luot tinh cac an theo X,
tach cac truong hop chi sé chin, 1¢ cia an.
a. V&i n =4 hé phuong trinh v nghiém, néu a, — a,+a,—a, #0.
Néu a, —a, +a, —a, =0, thi hé phuong trinh ¢6 v6 s nghiém. Khong giam tong
quat:
x, eR
X, =2a, — X,
X, =2a,—2a, +x
X, =2a,—2a, +2a, - x,
xs=2a,—2a,+2a,-2a, +x,.
V61 n=35, ta c6 nghiém cua h¢ la:
X =a;,—a,+a,—a,+aq,
X,=—as+a,—a,+a,—a,
X,=a,—a,+a,—a,+aq,
X,=—a,+a,—a,+a,—a,
X;=a;,—a,+a,—a,+a,.
b. Trudng hop tong quat:
(1). Néu n chan, n =2k, k € N'thi:
S=@,néu a,, —a, ,+...+a,—a, #0;
Sz{xl, 2a,—x, 2(a,—a))+x,, ..., 2(ay_, —a,_, +...+a1)—xl}, x, € R, néu
ay, —ay  +...+a,—a, =0.
(2). Néu n 18, n=2k +1, k € N"thi:

xl=a2k+1—a2k+...+a3—a2+al

Xyjod =gy gt =y H Ay — 0y + oot Ay — A, T4
Xy =g Ty —ee Ty =0y, + 0y 5~ — Ay T A, —q
ie{l,2,....k}.

Bai 9. (Ky yéu Olympic 2019). Giai hé phuong trinh:
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x +x,=1

X, +x,=2

X, ,+x =n-1

X, +x =n.
Loi giai
THI1: n chan.

Cong vé theo vé cac phuong trinh chin va phuong trinh 1é:

{x1+x2+...+xn=1+3+5+...+(n—1) L
= H¢ v6 nghiém.

X +X,+...+x, =2+4+6+...+n
TH2: n 1é&: n=2k+1.
Lay phuong trinh thir (i +1) trir di phuong trinh tht i, ta c6:
{xzku Xy T Xy T Xy ==Xy X =1
Xpp = Xppy = Xgpy = Xgy g ==X, — X, =1
= {x,,}, va {x,,,}, 12 cap s6 cOng co cong sai d =1.

T phuong trinh (1) va (n) :

x, +x, =1 xl:ﬂ x21+1_k+1 I i=0,k,
ek bk 2kl 12k 12k
X +x +k=2k+ X22%3x2]:;+j_1= j=Lk

Nhdn xét: Bai 8 va bai 9 1a hai bai toan hé phuong trinh tuyén tinh dic biét va can
phai phan tich truong hop theo tinh chin 1é ctia s6 an .

Phuong phép giai 1 cong hodc trir cac phuong trinh lién tiép dé tim ra mdi
lién hé giira cac an co cung tinh chén 1é.

Bai 10. (Ky yéu Olympic 2015). Giai hé phuong trinh sau trén C:

xX+y+z =1

xXyz =1

x=y=] =1
Loi giai
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Ay _ 1
Diéu kién |x|:|y|:|z|:1 suy ra )_c:l, y=—va E:l.

X y z
Tfrd(’)léyliénhopphu’ongtrinhdﬁutadu’(yc}+;+E:x+y+z:i:1.
1.1 1111 otyrax
X y z X Yy z xXyz

1.
=>xy+yz+zx=xyz=1.
Vay tir hai phuong trinh dau va diéu kién mo-dun ta da thu duoc hé:
x+y+z=1
xy+yz+zx =1
xyz=1.
Theo Pinh ly Viet, x,y,z la ba nghiém cua phuong trinh béac ba:
=St +8St-8,=0.
Trong @6 S, =x+y+2z, S,=xy+yz+zx, S, =x)z.
Tehétrénsuyra S, =1, S, =1, S, =1.
t=1

Nén da thirc twong ung 1a t3—t2+t—1:O:>L N
= +i.

Phuong trinh nay c¢6 ba nghiém la 1 va +i nén x=1,y=1i,z=—i va cac hoan vi
cua ching.

Nhgn xét: Bai 10 1a mot hé phuong trinh véi ba an s6 phic (x,y,z), doi héi su
két hop gitra sd phirc va da thirc.

Phuong phap giai 14 str dung phép lién hop phirc va thay thé, tir d6 suy ra
phuong trinh thu ba (xy + yz + zx) =1. V61 ba phuong trinh, ta 4&p dung dinh 1y
Vi-ét dao dé két luan x, ¥,z 1a nghiém ctia mot phuong trinh da thirc bac ba dé
dang giai dugc.

Bai 11. (Ky yéu Olympic 2016). Giai phuong trinh:

1 x x x*
1 13 13 13° 0
1 17 177 174
1 19 19° 19°
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Loi gidi

a=13
bat {6 =17 ta co:
c=19
1 x x x* 1 ¥ e o
D :1 a a a _ 0 a-x a-x> a'-x
b b b 0 b-x P-x b -X
1l ¢ & ¢ 0 c—x c—=x2 c*t=x*

3 4
X X

= (a=x)(b-x)(c- )

x
1 & +ax+x’ & +a’x+ax® +x°
1 b+bx+x> b +bx+bx*+x°
1

S O O =

2 2 2 2
Hex+x’ CHclx+ex’ +x

3 4
X X

a’+ax+x’ a’+a’x+ax’ +x°

bz—a2+(b—a)x b3—a3+(b2_a2)x+(b_a)x2

~(a=x)(p-x)(e )

S O O -
S O = o=

2

¢ —a +(c—a)x C3_a3+(02—a2)X+(c—a)x

3 4
X X

a’+ax+x’ @ +a’x+ax’ +x°

X
|
0 b+a+x b +ba+a’+(b+a)x+x’
0

~(a=x)(b-x)(c-x)(b-a)(c-a)

S O O =

cta+x C+ca+a’+(cta)x+x’

3 4
X X

2 2 3 2 2 3
:(a—x)(b_x)(c_x)(b_a)(c_a) a tax+x a +ax+ax +x

b+a+x b’+ba+a’+(b+a)x+x’
c—b Cz—b2+(6’—b)a+(c—b)x

o O O =
O O = o=
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=(a-—x)(b——x)(c——x)(b——a)(c——a)(c——b)

S O O =

S O = xR

3
X

a’ +ax+x’
b+a+x
1

4
X

@ +a’x+ax’ +x°
b2+ba+a2+(b+a)x+x2
c+b+a+x

=(a —x)(b—x)(c—x)(b—a)(c—a)(c—b)[(a +b+c)x+ab +bc +ca].

xX=a x=13
x=>b x=17
Suy ranghiémcua D =01a| x=¢ < | x=19
ab+bc+ca 791
X=—— x=——.
L a+b+c 49

Nhin xét: Bai 11 1a mot phuong trinh dai s6 c6 dang dinh thic bang khong
(det(D) = 0) :

Phuong phap giai 1a bién d6i so cdp ma tran thong qua phép trir cic hang
dé xuat hién cac nhan tir (13 — x),(17 —x),(19 —x) .Viéc nay gilp phan tich dinh
thirc va ha bac ma trén, tir d6 tim ra da thirc bac nhat con lai P(x)=0.Giai phuong
trinh P(x)=0 s& xac dinh dugc nghiém thwr tu.

Bai 12. (Ky yéu Olympic 2014). Giai hé phuong trinh sau:

1
X, +2X2 +...+2014X2014 :mxl
X, +2°x, +...+2014°x,, :ﬁx2
2014 2014 1
x1+2 X2+...+2014 x2014:mx2014.

Loi giai

H¢ phuong trinh da cho tuong duong véi:
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=0
=0

(2014 —1)x, +2.2014x, +...+2014%x,,,,
2014x, +(22.2014 - D)x, +...+2014°x,,,,
2014x, +27°1%2014x, +...+(2014°°" —1)x,,, =0.
Ta co:
(2014—1 22014 20142
2014  2°2014-1 2014° mod
det = det
| 2014 2%M2014 2014%°" -1
Suy ra:
[2014—1 22014 2014°
2014  222014-1 2014°
det
| 2014 2%"2014 2014%% -1

Vay hé c6 nghiém duy nhét 1a nghiém tam thuong X, =X, =X,

Bai 13. (Ky yéu Olympic 2015). Giai hé phuong trinh sau:

e

X

I O 0
0 0
0
0 1]
mod 2
=1 = 1.
#0.
= o= X0, = 0.

1

+2%°x,  +...+2014"x,, =—x
14
1

+3%x, +...+2015"x,, =%

Loi giai

H¢ phuong trinh da cho twong duong véi:
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(14-1)x, +14.2°x, +... +
14.2x, +(14.3° = Dx, +... +

14.2014x, +14.2015°x, +...+(14.4027**"* —1)x,,,, =0.

142014 x,,,, =0
142015 x,,,, =0

Ta co:
141 14.22 14201424 ] 1 0 0
142  14.3° -1 14.2015%" | mod2 0 1 0
det = det
0
114.2014 14.2015° 14.4027°°" -1 | 0 0 1
mod?2
= = 1.
Suy ra:
141 14.2> 142014 ]
142  14.3° -1 14.2015%"
det #0.
1142014 14.2015° 14.4027°"" -1
Vay hé c6 nghiém duy nhat la nghi¢m tim thudng x, = x, = x, =...= x,,,, =0.

Bai 14. (Ky yéu Olympic 2016). Cho a, 1a cac sé nguyén (i, j=1,2, ...n). Gidi

hé phuong trinh:
1 —
Exl =a, X, +a,x, +...+a,x,
1 —
?x2 =a, X, + a,, X, +...+ a,,x,
1 —
7)6” =a, X +an2x2 +...+ a,x,.

Loi giai

H¢ phuong trinh da cho twong duong véi:
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(26111 —l)x1 +2a,,x, +...+2a,,x, =0
2%a, X, +(22a22 —l)x2 +...+2%a, x, =0
2"a,x, +2"a,x, + +(2"ann —l)xn =0
Ta co:
2a,-1  2a, 2a, | 10 0]
2’a 2’a, -1 2’a mod?2 0 1 0
det 21 22 2n = det
| 2"a, 2"a,, 2"a,, —1] 10 0 1]
mod 2016
=1 = 1L
Suy ra:
[2a,-1 2a, 2a,, |
det 2’a,,  2%a,-1 2’a,, L0,
L 2” anl 2” an2 2" ann o 1_
Vay hé c6 nghiém duy nhat la nghiém tim thuong x, =x, =x, =...=x, =0.

Bai 15. (Ky yéu Olympic 2016). Cho cac sé nguyén a,, (i, j=1,2, ...n). Gidi h¢

phuong trinh:
a,x, +a,x, +...+a,x, = Lxl
2016
Ay X, +apX, +...+a, X, = ;xz
2016
a,x,+a,x,+...+a, x = an.
2016

Loi giai

H¢ phuong trinh da cho twong duong véi:
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(20164, —1)x, +20164,,x,
2016a,,x, + (2016a22 —l)x2 +...+2016a,, x,

2016a,,x, + 20164, ,x,

=0
=0

+...+2016q,,x,

+...+(2016ann —l)xn =0.

Ta co:
(2016a,,—1  2016a,, 2016a,, | 10
2016a,,  2016a,, -1 .. 2016a, | mod2016 0
det = et
| 20164, 2016a,, 2016a,, -1 10 0
mod 2016
Suy ra:
2016a,,—1  2016a,, 2016a,, |
det 2016a,,  2016a,, —1 2016a,, 0.
. 2016a,, 2016a,, 2016a,, —1 |
Vay hé c6 nghiém duy nhét 1a nghiém tam thuong X, =X, =X, =...=X,

Bai 16. (Ky yéu Olympic 2017). Giai hé phuong trinh:

1

— X, =4a,X + a;x, +...+ ax,

Exn =da, X + a ,x, +...

trong do a, cac s6 nguyén.

Loi giai

H¢ phuong trinh da cho twong duong véi:
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(2a”—4)xl+2aux2 +...+2a,x, =0
2a,,x, +(2an-—1)x2+.”4—2ahxn =0
<
2a,x, +2a,,x, +..+(L%ﬂ—nxn:0
Ta co:
(2a,-1  2a, 2a,, | 10 0]
2a 2a,, -1 2a mod2 0 1 0
det 21 22 2n = det
. . . e 0
| 2a, 20162016 2a,, —1] 10 0 1]
mod
Suy ra:
2a,-1  2a, 2a,, |
det 2a,, 2a,, -1 2a,, 40
| 2a, 20162016 2a,,—1]
Vay hé c6 nghiém duy nhét 1a nghiém tam thuong x, =x, = x, =...=x,

Bai 17. (Ky yéu Olympic 2018). Giai hé phuong trinh:

Ta co:

20172017
20172017
20192019
20202020

det

Suy ra:

20172017
20162016
20152015
20162016

Loi giai

20182018
20192019
20182018
20202020
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20172017 ]
20162016
20172017
20192019

mod 5

det

S N

—_— O = N

20172017x + 20172017y + 20182018z + 20172017¢ =0
20172017x + 20162016y + 20192019z + 20162016¢ =0
20192019x + 20152015y + 20182018z + 20172017t =0
20202020x + 20162016y + 20202020z + 20192019t =0.

S W kW

0.

EENE \S I \S)




det

20172017
20172017
20192019

20202020

20172017
20162016
20152015
20162016

20182018
20192019
20182018
20202020

20172017 ]
20162016
20172017
20192019 |

#0.

Vay hé c6 nghiém duy nhat 12 nghiém tim thuong x= y=z=¢=0.

Nhdn xét: Bai 12 dén bai 17 1 cac bai toan hé phuong trinh ¢6 nhiéu 4n va hé sb
theo quy luat.

Cach giai chung la dua hé vé dang ma tran roi xét dinh thie dé biét hé co
nghiém hay khong. Viéc dung mé dun gitp tinh toan nhanh va dé chimg minh dinh
thire khac 0. Khi dinh thtc khac 0, hé chi c6 nghiém duy nhat 13 nghiém tim
thuong.

Dang bai ndy thuong nhan ra nhd cac hé s6 c¢o quy luat 1ap lai hodc ting dan
theo chi sd.

Bai 18. (Ky yéu Olympic 2009). Giai hé phuong trinh:

2x, + x, — x; + 2x, + x; — x; =1

-x, + 2x, + 2%, + x, + x; — x, =1

X — 2x, +2x, + x, + x; — x, =1

—2x, — X, — Xx; + 2x, + x; — x, =1

2x, + x, + x; — x, + x; + 2x, =1
X 2%, 4 X - X, + 2x + xg =1

Loi giai

2x, + x, — x; + 2x, + x; — x, =1 (1)
-x, + 2x, + 2%, + x, + x; — x, =1 (2)
X — 2x, + 2%+ x, + x, — x, =1(3)
-2x, X, — X o+ 2x, 4+ x, - x, =1(4)
2x, + x, + x, — x, + x; + 2x, =1 (5)
-x, +2x, + x; - x, +2x; + x, =1l (6)

Lay phuong trinh (1) trir phuong trinh (2): 3x,—x,—3x;+x,=0 suy ra

3x,—x,=3x,—x,.(A)
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Lay phuong trinh (3) trir phuong trinh (4): 3x,—x,+3x;,—x,=0 suy ra
3x,—x, =x, —3x,. (B)
Tu (A) va (B) c63x, —x, =x, —3x,. Vay 3x, —x, =0 (*)
Lay phuong trinh (1) trr phuwong trinh (3): x,+3x,-3x;+x,=0 suy ra
x,+3x,=3x,—x,. (C)
Lay phuong trinh (2) trr phuong trinh (4): X, +3x,+3x;—x,=0 suy ra
x, +3x, =x, = 3x,. (D)
Tu (C) va (D) ¢6 3x, —x, =x, —3x,= x, =3x,. Vay x, +3x, =0. (*¥)
Toe (*)va (**)suyra x, =x,=0.
Chung ta da thay: x, = 3x,.
Thay vao cac phuong trinh (1), (5) va (6) dé tim X35 Xgy Xg.
—2x, + x, +2x, =1 1

X, =X; ==

—2x,+2x,+x, =1 3

5% +x,—x,=1 X =1
Khi d6 x, =3x, =1.
Bai 19. (Ky yéu Olympic 2019). Giai hé phuong trinh sau:
X, +2x,-3x;+ x,+2x; =3
2x, +3x, +3x, +2x, + x; =5
13x,+ x,+2x,+ x,—2x; =6
4x, +2x, —2x, +3x, +4x; =7

5x, +4x, +4x, +6x, —5x;, =8.

Loi giai
Ta co:
1 -3 1 2 3
2 3 3 2 1 5
(4|B)=| 3 2 1 =2 | 6
4 2 -2 3 4 7
54 4 6 -5 | 8




1 2 -3 1 2 3
o -1 9 0 -3 -1
)
p——) 0 =5 1 = -8 -
ds=ds=5d, 0O -6 10 -1 -4 =5
0 -6 19 1 -15 -7
1 2 -3 1 3
O1 -9 0 1
s,
iarecns 2|00 34 2 2
ds—ds+6.(-1)d, 0O 0 —44 -1 14 1
0 0 -35 1 3 -1
1 2 -3 1 2 3
01 -9 0 3 1
o meng (0 0 342 T =2
ds—34ds-35.(-1)d; 0 0 0 =122 784 122
0 0 0 =36 347 36
12 -3 1 2 3
0 1 -9 0 3
ds>122ds36ds (| () () 34 2 —7 -2
0 0 0 -—-122 784 122
0O 0 0 0 14110 0

H¢ phuong trinh da cho tuvong duong véi hé phuong trinh:

X +2x,— 3x,+  x,+ 2x,=3 x, =2
X, — 9x; + 3x5=1 x, =1
34x,+ 2x, - Tx;=-2 <3x,=0
—122x,+ 784x,=122 x,=-1
14100x, =0 xs =0.

Do do6 nghi€ém cua h¢ phuong trinh da cho 1a x, =2,x, =1L x, =0,x, =—Lx, =0.
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Nhdn xét: Bai 18 va bai 19 1a cac bai toan giai hé phuong trinh tuyén tinh c6

nhiéu an so.

Phuong phép giai chii yéu 1a bién d6i hé vé dang don gian hon, st dung
phuong phép Gauss dé dua ma tran vé dang bac thang, st dung phuong phap
cong, trur dai s6 va thé dé tan dung cac mbi quan hé¢ dac biét gitra cdc phuong

trinh.

Can chu y quan sat quy luat gitra cac h¢ s6 va moi quan hé gitra cac an

nham rat gon hé va tim nghi¢ém nhanh, chinh xéc.

BAI TAP LUYEN TAP

Bai 1. Giai hé phuong trinh tuyén tinh:

X, = 2(4x1 +3x, +2x; + X,
3( x, +4x, +3x; +2x,

Bai 2. Giai hé phuong trinh:

Bai 3. Giai hé phuong trinh:

X, +

Bai 4. Giai hé phuong trinh:

X3:
X4:

X+ X+ x5+ x,+...
X +2x, +2x,+2x, +...
X, +2x, +3x;, +3x, +...

X, +2x, +3x;, +4x, +...

X, +2x, +3x;, +4x, +...

X+ X, +...
2 2 2

X +2°x,+27x,+27x, +...

X, +2%x, +3x,+3x, +...

X +20x, + 3%, + 40X, + .

2 2 2
X +2°x,+3x,+47x, +...

52

)

)

4(2x, +1x, +4x; + 3x4)
3x,+2x, +1x; + 4x4).

.......................................

.......................................

+ x, =
+2x, =2
+3x, =3’
+4xn:42
+nx,=n
+  x,=1
+2%x, =2
+3’x, =3
+42xn=44
+n’x, =n"



..............................

Bai 5. Giai h¢ phuong trinh:

3x+ y=2z+ t— u=1
2x— y+7z=3t+5u=2
xX+3y—-2z+5t-Tu=3
3x -2y +7z—5t+8u=3.

Bai 6. Giai hé phuong trinh thuan nhét sau:

x +x,+x,=0

X, +x,+x,=0
X +x,+x,=0

Xg + Xy +x,,=0

Xo +x,+x =0

X, +x +x,=0.

Bai 7. Giai h¢ phuong trinh:

—X, =a,Xx, +a,x,+...+a,x,
X, =0y X, + Ay Xy +... 4+ Ay X,

=X, =a,X +a,x,+...+a,x

nn”"n*
Trong do a; eZ voimoi i, j=1,2,...,n.

Bai 8. Giai hé phuong trinh:

53



X, + 2x, + ..+ 2013xy,; = %xl

2x, + 3x, + ...+ 2014x,,, = %xz
2012

2013x, + 2014x, + .. + 4025x,,; = mxmw.

Bai 9. Giai h¢ phuong trinh:
2x, +x, —x; —x, +x5=1
X —x, +x; +x,—2x,=0

3x,+3x, —3x, —3x, +4x,=2

4x,+5x, —5x; —5x, +7x5 =3.

Dang 2. Bai toan gidi va bién luan hé phwong trinh tuyén tinh chira tham s6
O dang bai nay, muc dich 1a van dung céc kién thirc va phuong phap da hoc dé
giai va bién luan hé phuong trinh tuyén tinh c6 chira tham s6. Thong qua viéc phan
tich cac diéu kién cua tham s, nguoi hoc co thé xac dinh duoc sb nghiém, ban
chét cua nghiém ciling nhu cac truong hop dac biét cia hé. Dudi day 1a mét s6 bai
toan minh hoa tiéu biéu gitp lam rd cach bién luan va tim nghiém cua hé phuong
trinh tuyén tinh chtra tham sd.
Bai 1. (Ky yéu Olympic 1995). Cho céc s6 ay(i, j=1,2,...,n) thoa min céc diéu
kién:

a;+a; = O,(‘v’i,j = 1,2,...,n);n 1é

Chting minh rang hé phuong trinh:

a, X, +a,x, +---+a,x, =0

1n""n

a, X, +a,,x, +--+a, x, =0

2n""n

a,x,+a,x,+---+a x =0.
c6 nghiém khong tam thuong.
Loi giai

Pt A=(a;). D& thiy 4" =—A4. Nhu vy thi

54



] =|4"[ =[] = (1)

Al=—|4|.

Do do |A| = 0. Tir d6 suy ra hé phuong trinh di cho c6 nghiém khong tim thuong.

Nhdn xét: Ma tran A= (%) thoa a;+a,; = 0 nghia la a;=-a, vo1 moi i, j.Vay
A 12 ma tran phan d6i xtmg: A" = —A. Ttr d6 suy ra dinh thtrc bang 0 khi n 1¢,

nén hé¢ Ax =0 c6 nghiém khong tam thuong.

Bai 2. (Ky yéu Olympic 1996). Chig minh rang néu a =0 thi hé:

ax+(1-b)y+cz+(1-d)t=a
(b-1)x+ay+(d—1)z+ct=b

< —cx+(1—a’)y+az+(b—1)t=c

(d-1)x—cy+(1-b)z+at=d.

Ludn luon c6 nghiém Vb,c,d € R.

Loi giai
H¢ da cho tuwong duong véi:
a 1-b ¢ 1-d\(x a X
b-1 a d-1 ¢ yI| | b _Ay
- 1-d a b-1]|:z c z
d-1 —-—c 1-b a t d t
Ta co:
a 1-b c 1-d a b-1 - d-1
4 b-1 a d-1 ¢ e I-b a 1-d -—c
- 1-d a b-1 c d-1 a 1-b
d-1 - 1-b a 1-d ¢ b-1 a
Suy ra:

bit o’ +(1—b)2 +c’ +(1—d)2 = f3, suy ra:
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g 0 0 0
|0 B 00
00 g 0
00 0 p
Taco |4'd|=|4'||4|=|4’|= B

Via#0nen 4= =| @ +(1-b) +¢’ +(1—a’)2T >0,Vb,c.d .
Suy ra h¢ luén c6 nghiém v6i moi b,c,d e R.
Nhdn xét:
Pua hé vé dang ma tran Ax=>b , 10i tinh 4”4 va thu duoc A" A= SI voéi
p=a +(1—b)2 +c +(1—cl)2 :
A'A

Tir d6 suy ra [4'4|=|4’|= B* va |4|= 5.

Bai 3. (Ky yéu Olympic 2013). Giai va bién luan hé phuong trinh:
X, + X, = mx,

X, + X, = mx,

X, + X, = mx,

X, +Xg =mx,

X, + X, = mx;.
trong d6 m 1a tham so.
Loi giai

Ma tran bo sung cua h¢:

-m 1 0 0 1]0
1 -m 1 0 |0
A= 0 1 -m 1 010
0O 0 1 -m 1|0
1 0 0 1 -mo
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1 -m 1 0 0[O0
0 1 -m 1 010
hy—h
—=E> 0 0 1 -m 1|0
el 10 0 1 -m|o
-m 1 0 0 1 0
1 -m 1 0 010
0 1 -m 1 010
%) 0 0 1 -m 1 |0
0 m -1 1 -m |0
0 1-m* m 0 1 0
1 —-m 1 0 010
0 1 -m 1 010
hy—mh, —h, \ _
T T P 0O O 1 m 1 |0
0 O m* —1 -m+1 -m |0
0 0 -m+2m m*-1 1 0
1 -m 1 0 0
0O I -m 1 0
(=1
b~ +2mg—shs 0 0 —m 1
0 O 0 m =2m+1 —m’—m+1
0 O 0 -m'+3m*-1 m’-2m+1

V&i m’ —2m+120 thim=1;

_1_2*5;_1;*/5.1(111 d6:

1 -m 1 0 0 0
0 1 -m 1 0 0
hs—[‘"’;i’l”“]hwhs Jo o 1 —m 1 0
0 0 0 m-2m+l  —mP-m+1 | O
0 0 0 0 —m’+m* +3m=2 0
m—1

TH1: Néu m =2 thi hé phuong trinh c6 v6 s6 nghiém:
X, =X, =X, =X, =X; VOl x; eR.
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TH2: Néu m =2 thi hé phuong trinh c¢6 nghiém duy nhat:

X =Xy =X =X, = Xs

V&i m® —2m+1=0thi | m=——

T
1 —-m 1 0 0 0
0 1 -m 1 0 0
-0 0 1 —m 1 0
0O 0 O 0 —m* —m+1|0
0 0 0 -m'+3m’-1 m’ -2m+1|0
1 —-m 1 0 0
0O 1 -m 1 0
—22h 510 0 1 —m 1
0 O 0 -m*'+3m° -1 m’ -2m+1
0O 0 O 0 —m’ —m+1
TH1: Néu m =1 thi hé phuong trinh tuong duong véi:
X, =X, + X, =0 x,=0
X, =X, +x, =0 x,=0
X=X, +x,=0—><x,=0
X, =0 x,=0
| —x;=0 x5 =0.
Hé phuong trinh ¢6 nghiém duy nht:
X =X,=x,=x,=x;,=0.

=0.
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I —1++5
m=
TH2: Néu m® +m—1=0 thi 2 Khidé:
_1-+5
m =
L 2
I -m 1 0|0
0O I -m 1 00
—>|0 0 1 -m 1[0
0O 0 0 0 00
0O 0 0 0 00
H¢ phuong trinh twvong duong vé1 hé:
X, —mx,+ X, =0

=0

x, —mx, +x5=0.

X, —mx; + X,

Thi hé phuong trinh ¢6 v6 s6 nghiém:

(xl = (m3 - 2m)x4 —(m2 —1)x5 T

_ 2
X, —(m —l)x4—mx5
X, =mx, — X,

x,,x5€R.

vOi

Bai 4. (Ky yéu Olympic 2014). Tim a dé hé c6 nghiém tam thudng:

Ma tran bo sung cua h¢:

§
ax,+ X, +- 4 Xygst Xy =0

X tax, +o+ X5+ Xy =0

X+ X+t axy, s+ Xy,=0

X+ X+t X5 taxy,,, =0.

Loi giai
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a 1 1 11]0

I a 1 1
A=

1 1 - a 1]0

1 1 - 1 a0

Cong tat ca cac hang vao hang 1 ta duoc:

a+2015 a+2015 -+ a+2015 a+2015/0
1 a 1 1 0
%
1 1 a 1 0
1 1 1 a 0
1 1 1 a 0
1 a 1 1 0
<>hyie N
1 1 a 1
a+2015 a+2015 -+ a+2015 a+2015/0
1 1 a 0
0O a-1 --- 0 l1-a 0

=l —h; (i=152025)
hagr6—(a+2015)h—hyys

0 0 v a—1 l-a 0
0 o - 0 (a+2015)1—-a) 0

a#-2015

H¢ ¢6 nghiém tam thuong khi: { {
axl.

Bai 5. (Ky yéu Olympic 2017). Giai va bién luan hé phuong trinh bién s6 thuc
theo tham sb:

X+ y+(1—m)z:2+m
(l+m)x— y+ 2z=0
2x +my + 3z=2+m.
Loi giai
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Ma tran bo sung cua h¢:

1 1 1-m2+m
A={1+m -1 2| 0
2 —-m 3 12+m
1 1 1—m 2+m
hy—(l4m)h—hy 2 2
2o 0 2-m l1+m'|-m"-3m-2
0 —-m-2 14+2m| -2-m
1 1 1-m 2+m
BT S0 —2+m)  1+m’ |-m’ =3m=-2].
0 0 m(2—m)| m(m+2)

TH1: Néu m =0 thi hé phuong trinh ¢6 vo sb nghiém:
x:_—32+1,y:lz+l voi ze R
2 2
TH2: Néu m =2 thi hé phuong trinh v6 nghiém.
TH3: Néu m =—2 thi hé phuong trinh c6 v6 s6 nghiém:
y=—x,z=0 véi xeR.
TH4: Néu m # 0;2;—2 hé phuong trinh c6 nghiém duy nhat:
1 m+3 m+2
X= V= ,Z = .
m—2 2—m 2—m
Bai 6. (Ky yéu Olympic 2002). Cho hé phuong trinh:

ax, +bx, +bx; + -+ bx,y, + bx,p, =1

bx, 4+ ax, +bx; + -+ bx,y, + bx,yy, =2

bx, + bx, + bx; + -+ ax,,, + bx,,, =2001

bx, 4+ bx, + bx; + -+ Dx,yy, + ax,,, =2002.
Tim diéu kién ctia a,b dé hé da cho c6 nghiém duy nhét.

Loi giai
Ky hiéu D la dinh thuc cua hé phuong trinh:
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a b b b
b a b b
D=
b b a b
b b b a 2002x2002
(Cong tat ca cac cot véi cot dau tién)
1 b ... b b
Il a ... b b
:(a+2001b)... v e e
I b ... a b
1 Z) e Z) a 2002x2002
(nhan hang dau véi —1 r6i cong vao cac hang con lai)
1 b ... b b
0 a-b ... O 0
:(a+2001b)... T
0 0O ... a-b 0
0 0 0 a=b 2002x2002

=(a+2001b)(a—b

)2001

Vay hé phuong trinh dé cho ¢6 nghiém duy nhat khi va chi khi a # b va
a#-2001b.

Bai 7. (Ky yéu Olympic 2022). Giai va bién luan hé phuong trinh sau theo m .
x+ 2x,— 3x,+ 4x,=1

2x,+ 4x,— Tx;+ 9x,=2

5x,+10x, —17x; +23x, =1

3x,+ 6x,—10x; + mx, =13 —m.

Loi giai

Ma tran bo sung cua h¢:
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A=
5 10 =17 23| 1
3 6 -10 m{l3-m
1 2 3 4 1
hy—2h—>h, 0 0 -1 1 0
ek Tl 0 2 3 | -4
0 0 -1 m-12]10-m
1 2 3 4
hy=(m=13)ly>h, 0 0 -1 1] O
0 0 0 1] 4
0 0 0 O03m-42

Do d6 néu m =14 thi hé vo nghiém.
Néu m =14 thi hé c6 vo s6 nghiém:
x,=5-2¢,x, =c¢,x, =—4;x, =—4, v6i ¢ 1a hang so.
Bai 8. Giai va bi¢n luan h¢ phuong trinh sau:
ax,+ x,+ x;+ x,=0
x +ax,+ x;+ x,=0

x+ x,+ax;+ x,=0

x+ x,+ x;+ax, =0.
Loi giai

Ma tran bo sung cua h¢:

|

Il
—_ = = Q
—_ = Q
—_ Q p—
Q —_—
o O O O

Cong tat ca cac hang vao hang 1 ta dugc:
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a+3 a+3 a+3 a+30
_ 1 a 1 1 [0
A=
1 1 a 1 |0
1 1 1 a |0
1 1 1 a |0
o 1 a 1 1 |0
1 3 )
1 1 a 1 |0
a+3 a+3 a+3 a+3|0
1 1 1 a 0
hohoh o 0 a-1 O l-a 0
Ziiillaj:?:hihl—) h, 0 0 a—1 l-a 0
0 0 0 (a+3)(1—-a)|0

THI: Néu m=1 thi hé phuong trinh c6 vo sb nghiém:
X, =—X, —X; —X, VOl X,,x;,x, €R.
TH2: Néu m =—-3 thi hé phuong trinh c6 vo s6 nghiém:
a —3a+?2 1-a l1-a .
X ==X, X, =——X,,X; =——X, V01 x, e R.

a—1 a—1 a—1
TH3: Néu m #1,—3 thi hé phuong trinh c¢6 nghiém duy nhat:

X =x,=x,=x,=0.

Bai 9. Giai va bi¢n luan h¢ phuong trinh sau:

r

X, +2x, +2x, +x5=1
2x, +4x,+ x;+3x, =3
3x,+6x, +2x, +3x, +x,=m
X +2x, + x, +x,=2m—8.
Loi giai

Ma tran bo sung cua hé:
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1 2 0 2 1] 1
- 12 4 1 3 0 3
A =
36 2 3 1| m
I 2 1 0 112m-8
1 2 0 2 1 1
hy—2h —>h, 00 1 -1 -2 1
Wm0 0 2 -3 2| m-3
0O 01 -2 02Zm-9
1 2 0 2 1 1
hy—2h)—h3 001 -1 -2 1
ook Tl 0 0 -1 2| m=5
000 -1 2[2m-5)
1 2 0 2 1] 1
Ny O 01 -1 =2| 1
000 -1 2\m-5]|
0O 00 0 O0\m-5

TH1: Néu m =5 thi hé phuong trinh c6 vo s6 nghiém:
x, =1-2x, —5x,,x; =14+ 4x,,x, =2x, V01 x,,x;, € R.
TH2: Néu m# 5 thi hé phuong trinh v sé nghiém.
Bai 10. Giai va bién luan hé phuong trinh sau:
X+ x,+ x;+mx, =1
x+ x,+mx;+ x,=1

x +mx,+ x;+ x,=1

mx,+ x,+ x;+ x,=1.
Loi giai

Ma tran bo sung cua h¢:
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1 1 1 mi
-1 1 m 1|1
A=
1 m 1 11
m 1 1 1]l
Cong cac hang vao hang 4 ta duoc:
1 1 1 m |1
1 1 m I |1
%
1 m 1 1 |1
m+3 m+3 m+3 m+3|4
1 1 1 m
om0 0 m=1 1-m
s |0 om=1 0 1-m
0 O 0 m+3)[A-m)
1 1 1 m
o 0 m-1 O I—-m
2 3 )
0O 0 m-1 1-m
0 O 0 (m+3)([A-m)

TH1: Néu m =1 thi hé phuong trinh c¢6 v6 s nghiém:
x, =1-x,—x, —x,,V01 x,,x,,x, €R.
TH2: Néu m = -3 thi hé phuong trinh v6 nghiém.
TH3: Néu m # 1;—3 thi hé phuong trinh c¢6 nghiém duy nhat:
1
m+3

x1:x2:x3:x4:

Bai 11. Giai va bi¢n luan h¢ phuong trinh sau:
2x,+ x,+ x;+ x, =1
X +2x,— x,+ 4x,=2

x +7x,—4x; +11x, =m

4x, +8x, —4x; +16x, =m+1.
Loi giai
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Ma tran bo sung cua h¢:

21 1 1
S|12 -1 42
17 -4 11| m

4 8 -4 16/m+1

1 2 -1 4|2

ven |2 11 1] 1
1 7 -4 11| m

4 8 —4 16/m+1

2 -1 4| 2
- 3 3 -7 3

=&
L1
N
=
o O O -
i
|
W
B |
S
|

1 2 -1 4|,
0 3 3 7| _3

0 0 2 _l%m—7

0o 0 o o |m-7

hy+3h, —h,

TH1: Néu m =7 thi phuong trinh c6 vo sd nghiém:
X, :_?wax2 =Lx, :§x4 vol x, e R.
TH2: Néu m # 7 thi phuong trinh v6 nghiém.
Bai 12. Giai va bién luan h¢ phuong trinh sau:
mx, + x,+ x;+x,=1
x +mx,+ x;+x,=1
x + x,+mx;+x,=1.
Loi giai

Ma tran bo sung cua h¢:
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Cong cac hang vao hang 1 ta duoc:

m+2 m+2 m+2 33

—| 1 m 1 11

1 1 m 11

1 1 m 11

—hel o1 m 1 111

m+2 m+2 m+2 3|3

1 1 m 1 1
bhoh 10 om—1 1-m 0 0

hy—(m~+2)hy—hy
0 0 m+2)(A-m) 1-m|l-m

H¢ da cho twong duong véi hé:
X, + X, + mx; + x, =1
(m—-1)x, - (m—-1)x, =0
(m+2)A-m)x; +(1-m)x, =1-m

X +x,+mx; +x,=1
— (m—1)(x,+x;,)=0
(1 —m)[(m + 2))63 + x4] =1-m.
TH1: Néu m =1 thi hé phuong trinh c¢6 v6 s6 nghiém:
x, =1-x,—x, —x,,v01 x,,x,,x, € R.
TH2: Néu m #1 thi hé phuong trinh c¢6 v6 sb nghiém:
x, =1-2m+3)x,,x, =x;,x, =(m+2)x, vo1 x, eR.
Bai 13. Giai va bién luan h¢ phuong trinh sau:
mx, +2x,— x;=3
x, +mx, +2x, =4
2x, +3x,+ x;=m.
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Loi giai
Ma tran bo sung cua h¢:

m 2 -1|3
A=|1 m 2|4
2 3 1|m
1 214
ok ym 2 —13
2 3 1m
1 m 2|4
— ok 12 3 1|m
m -13
1 m 2 4
% 0 3-2m -3 m—38
0 2—-m> —-1-2m|3—4m

Voi 3—2m:0thim:%.Khidé:

1 m 2 4
—>|0 0 -3 |m-8
0 2—-m*> —1-2m|3—4m
1 m 2 4
b 510 2—-m® —1-2m|3—4m |.
0 0 -3 |m-8

Hé phuong trinh ¢6 nghiém duy nhét 1a:

—m>+13m+38 2m* —3m—17 -m+8 . 3
X, = 6 , Xy = R , Xy = 3 VOl m :5.
m J— —_—

Vi 3—2m¢0thim;t%.Khidé:
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» I m 2 4

>0 3-2m -3 m—38
0 m* —4m+3\m’ —20m+ 25
3-2m 3-2m

THI1: Néu m* —4m+3=0—> m=3;1 thi hé phuong trinh v6 nghiém.
TH2: Néu m* —4m+3#0 — m #3;1 thi hé phuong trinh ¢6 nghiém nghiém duy
nhat:

_2m’ —11m* +9Tm—114 4m* —12m* =25m+51 _ m’ —20m+25

ne (m* —4m+3)(3-2m) ’xzz(m2—4m+3)(3—2m)’x3_ m’ —4m+3
X +2x,— x;+ mx, =4
—X, — X, +3x;+ 2x, =k

Bai 14. Cho h¢
2x,— x,=3x;+(m-1)x, =3

x+ x,+ x+  2mx,=5.

a) Diéu kién dé hé phuong trinh c6 nghiém duy nhat.
b) Piéu kién dé hé phuong trinh c6 v6 s6 nghiém.

Loi giai
Ma tran bo sung ctia hé:
1 2 -1 m
-1 -1 3 2

A=
2 -1 -3 m-1
1 1 1 2m

(S BN .

1 2 -1 m | 4
o |01 2 24+mik+4
s 10 =5 -1 —-m-1 =5

0 -1 2 m | 1
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1 2 -1 m 4
meson |01 2 24+m| k+4
hth=he 000 9 4m+9|5k+15

0 0 4 242m| k+5

1 2 -1 m 4
a0 2 24m| kw4

—2" 50 0 9 4m+9| 5k+15

00 0 Zm_o=ty.3

9 9 " 3

a) Hé phuong trinh c6 nghiém duy nhét khi:

%m—2¢0—>m¢9.

b) Hé phuong trinh c6 v6 s6 nghiém khi:

2m-2-0 m=9
9

— _
-, s T e
9 3

Bai 15. Tim diéu kién cta a dé hé phuong c6 nghiém khong tim thudng:

2x+ay— z=0
ax+ y+2z=0
x—ay—-3z=0.
Loi giai
Ma tran bo sung ctia hé:

2 a -10

A=|a 1 2]0

I —a -3|0

I —a -3|0

—heh sla 1 2|0

2 a -10
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1 -1 -3 10
%) 0 1+a*> 2+3al0
0 3a 5 10

Vi 1+ a* #0 nén:
1 -1 -3 0
>0 1+a° 2+3a 0.
0 0 —4a* —6a+5|0

(1+a” Js—(3@)m 1y

Pé hé phuong trinh c6 nghiém khong tam thuong thi:

—4a* -6a+5 =0
—3+@}( —3—@}
= a—T a—T =0

a:—3+@
4
a_—3—\/5

4
Bai 16. Tim diéu kién ctia m dé hé phuong trinh c6 nghiém tam thudng:
(m+5)x+ 2y— (2m+1)z=0

mx+ (m—1)y+ 4z=0
(m+3)x+(m+2)y+ 5z=0.
Loi giai

Ma tran bo sung ctia hé:
m+5 2 -(2m+1)|0
A=| m m—1 4 0
m+5 m+2 5 0

m m—1 4 0
—222 5 m+5 2 —-(2m+1)|0
m+5 m+2 5 0
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4

0

m m—1 4
h2+2n;+lh1—>hz . 2m* +5m+20 2m*—m+7 0
hr%hl—’}% § 4 4
20—m 13—m 0
4 4
m m—1 4/0
% 2m* +5m+20 2m*—m+7 0|0 |.
20—m 13—m 00
Vi 2m?* —=m+7#0 nén:
. m m—1
hy =" Iy —>h, 5 5
2t ] > 2m” +5m+20 2m —m+7 0
20m* —72m —120 0
2m* —m+7

Pé hé phuong trinh c6 nghiém tam thudng thi:

-

20m* —72m—120#0 —

9++231
m#————
5
9-+231
miT.

Bai 17. Tim mdi quan hé giita a,b,c dé hé phuong trinh:

X +3x,+x;,=a

X +2x,—x,=b

3x,+7x,—x;,=c.

a) Co nhiéu nhat mot nghiém.
b) C6 it nhat mot nghiém.
Loi giai

Ma tran bo sung cua hé:
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1 3 1la
A=|1 2 -=1lb

3 7 —lic

1 3 1| a
N L )

0O 1 2|c-3b

1 3 1 a

Mok g -1 2| b—a
0O 0 Olc—=2b—a

a) Hé phuong trinh c6 nhiéu nhat mot nghiém c6 2 trudng hop xay ra:
THI1: Hé phuong c6 nghiém duy nhét (vo 1y).
TH2: H¢ phuong v6 nghi¢m khi:

c—2b—a=+#0.
b) Hé phuong trinh ¢6 it nhat mot nghiém c6 2 trudng hop xay ra:
THI1: Hé phuong c6 nghiém duy nhét (vo 1y).
TH2: H¢ phuong vo nghiém khi:

c—2b—a=0.
Bai 18. Giai va bién luan h¢ phuong trinh sau:
x+2y-— 3z=4
4x+ y+ 2z=6
x+2y+(a*-19)z=a.
Loi giai
Ma tran bd sung ctia hé:
1 2 -3 |4
A={4 1 2 |6
1 2 a*-19|a

hy—4h—h, O _3 8 _2
0 0 a’°—16la—4
TH1: Néu a =4 thi hé phuong trinh hé phuong trinh vo nghiém.
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TH2: Néu a =4 thi hé phuong trinh c6 v6 sb nghiém:

g8 7 2 8 .
Xx=———z,y=—+—-z VOl zeR.
3 3 3 3

TH3: Néu a # —4;4 thi hé phuong trinh c¢6 nghiém duy nhat:
8 7 2 8 1

7Z:

T3 3 4)Y T3 30 ) T aea

Bai 19. Giai va bién luan h¢ phuong trinh sau:
x+  ky+(1+4k)3z=1+4k
2x+(k+1)y+(2+7k)z=1+Tk
3x+(k+2)y+(3+9k)z=1+9k.
Loi gidi
Ma tran bd sung ctia hé:
1 k& 1+4k|1+4k

2 k+1 2+7k\1+7k
3 k+2 3+9k|1+9%k

|
Il

1 k 1+4k| 1+ 4k
b 0 1k k| -1k
0 2-2k 3k |-2-3k

1 k& 1+4k|1+4k

o 01—k —k |-1-k|.

0 O -k | —k
THI1: Néu k =0 thi hé phuong trinh c¢6 v6 sé nghiém:
x=1l-z,y=-1véi zeR.
TH2: Néu k =1 thi hé phuong trinh v6 nghiém.
TH3: Néu k # 0;1 thi hé phuong trinh c6 nghiém duy nhat:
k -1

1ok 1k

Bai 20. Giai va bién luan h¢ phuong trinh sau:

X ,z=1.
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(k+2)x+2ky— z=1

X—2y+hkz=—k
v+ z=k.
Loi giai
Ma tran bo sung ctia hé:
k+2 2k -11
A= 1 =2 k|-k
0 1 1|k
0 1 1|k
—heh 51 2 k|-k
k+2 2k -1]1
1 -2 kl|-k
N 1 1|k
k+2 2k -11
1 -2 k —k
Ikl ok () 1 1 k
0 4k+1) —(k+1°|(k+1)
1 -2 k —k
hy—4(k+1)hy —hy N 0 1 1 k
0 0 —(k+D)(k+5|(k+1)(1-3k)

TH1: Néu k =—1 thi hé phuong trinh ¢6 vo s6 nghiém:
x=—1l-z,y=—1-z voi zeR.
TH2: Néu k =-5 thi hé phuong trinh v6 nghiém.
TH3: Néu k # —1;—5 thi hé phuong trinh c¢6 nghiém duy nhat:
_ 2k +2 kT +2k+1 L3kl
k+5 k+5 = k+5°
Bai 21. Giai va bién luan h¢ phuong trinh sau:

76



X+ 2ky +(k+1)z=1

kx+(1—k)y+ z=k+2
X+ v+ kz=k+1.
Loi giai
Ma trin bd sung cua h¢ :
1 2k k+1 1
A=k 1-k 1 |k+2
1 1 k |k+1

11k |k+1
—moh sk 1—k 1 |k+2
1 2k k+1 1

1 1 k |k+1
—oh 1 2k k+1| 1
k 1-k 1 (k+2

11 k | k+1
—E— 00 2k-1 1|~k
0 1-2k 1-k*]2-k°

1 1 k k+1
— Mok g 2k —1 1 —k .
0 0 2-kk*—k+2

THI: Néu k = % thi hé phuong trinh v6 nghiém.
TH2: Néu k=~/2 ; —J2 thi hé phuong trinh v6 nghi¢m.
TH3: Néu k = —2 ;%;ﬁ thi hé phuong trinh c6 nghiém duy nhat:

KSR vk KoK k-2 K k42
(2-K7)(2k-1) Y (2-#)(2k-1)"  2-k

Bai 22: Giai va bién luan hé phuong trinh sau:
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3x,+2x, +5x,+ 4x, =3
2x, +3x, +6x;+ 8x,=5

x, — 6x, =9x; —20x, =—11
4x,+ x, +4x,+ Ax, =2.

Loi giai
Ma tran bd sung cua hé:
3 2 5 413
- 12 3 6 815
A=
1 -6 -9 -20/-11
4 1 4 212
1 -6 -9 -20/-11
. 2 3 6 8
3 1 )
3 5
4 1 4 A
1 -6 -9 =20 |-11
oanon |0 15 24 48 |27
hy—3h—h; ?
ianon |0 20 32 64 |36
0 25 40 A+80[46
1 -6 -9 =20 |-11
Lo, 0O 5 8 16 | 9
4—)
0 15 24 48 |27
0 25 40 A+80|46
1 -6 -9 -20/-11
0O 5 8 169
—i
0 0 00
O 0 0 A1
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1 -6 -9 -20/-11
hy <> hy

0 5 8 169
—
0o 0 0 A4

0 0 0 0710

THI1: Néu A =0 thi hé phuong trinh v6 nghiém.
TH2: Néu A # 0 thi hé phuong trinh c6 v6 s6 nghiém:
X, :_—1—§x3 +ﬂx4,x2 :2—§x3 —E)gl VOl x;,x, €R
5 5 5 55 5
Nhin xét: Bai 3 dén bai 22 12 bai toan giai va bién luan hé phuong trinh tuyén tinh
chtra tham so0.

Phuong phép giai khir Gauss - ngudi giai phén tich rd timg bién doi hang
va tach cac truong hop tham so, tr d6 xac dinh dugc tinh trang v6 nghiém, vo so
nghiém hay nghiém duy nhat.

BAI TAP LUYEN TAP
Bai 1. Giai va bi¢n luan h¢ phuong trinh tuyén tinh sau theo tham sé m:
X+2y— z+ 4t=2
2x— y+ z+ t=1
x+7y—4z+1lt=m.
Bai 2. Giai va bién luan hé phuong trinh tuyén tinh sau:
ax, +x, +x;+x, +x; =1
X +ax, +x,+x, +x,=1
X, +x,+ax; +x, +x,=1.
Bai 3. Giai va bién luan hé phuong trinh tuyén tinh sau:
ax, +x, +x;+x, =1
X tax, +x;+x, =1

X +x,+ax;+x, =1

ax, +x, +x; +x, =a.

Bai 4. Giai va bién luan h¢ phuong trinh myén tinh sau:
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2x,— x,+ x+ x,=1
X +2x,— x;+ 4x,=2

x +7x,—4x; +11x, =m

4x, +8x, —4x, +16x, =m+1.

Bai 5. Giai va bién luan hé phuong trinh tuyén tinh sau:

(k+1Dx+ y+ z=1
x+(k+1)y+ z=k
xX+y +(k+D)z=k".

Bai 6. Giai va bi¢n luan h¢ phuong trinh tuyén tinh sau:
x+ y—3z=1
2x+ y+mz=3
X+my+ 3z=2.
Bai 7. Cho hé phuong trinh tuyén tinh sau:
xX+2y+mz=3
3x— y—mz=2
2x-3y+2z=n.
a) Tim diéu kién dé hé phuong trinh c6 v6 s6 nghiém.
b) Tim diéu kién dé hé phuong trinh v6 nghiém.
Bai 8. Cho h¢ phuong trinh tuyén tinh sau:
X+ 2y+ z+mt=0
5x—(m+l)y—mz+ t=0
2x—  3my+2z+ t=0

4x + v+ z+mt=0.

a) Tim diéu kién dé hé c6 nghiém tim thuong.

b) Tim diéu ki¢n d€ hé c6 nghi¢m khong tam thuong.

Bai 9. Giai va bién luan h¢ phuong trinh tuyén tinh sau:

2x—y+ z=0
xX+y+2z=0

Sx—y+mz=0.
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Bai 10. Cho hé phuong trinh tuyén tinh sau:

X+ y+ 5z+2t=3
2x+ y+ 3z+2t=-1
X+ y+ 3z+4t=1

2x+3y+11lz+mt =n.
a) Tim diéu kién dé hé c6 nghiém tim thuong.
b) Tim diéu kién dé hé c6 nghiém khéng tim thuong.
Bai 11. Giai va bién luan hé phuong trinh tuyén tinh sau:
X — 2x,— 3x;+ x,=9
2x, +Ax, + x,+4x,=4
3x,— x,+ 9x,+ x, =19

6x, — 2x, +18x, + 2x, = A.
Bai 12. Giai va bién luan hé phuong trinh tuyén tinh sau:
x+ y—-3z=0
2x+ y+mz=0
x+my+ 3z=0.
Bai 13. Giai va bién luan hé phuong trinh tuyén tinh sau:
mx+ Smy— mz=0
2mx+ my+10mz=0
—mx —2my — 3mz=0.
Bai 14. Giai va bién luan hé phuong trinh tuyén tinh sau:
[(3x,+ x,+ x,+4x,=0
mx, +4x, +10x, + x,=0
x, +7x,+17x;+3x, =0

2x, +2x,+ 4x,+1x,=0.

Bai 15. Giai va bién luan hé phuong trinh tuyén tinh sau:
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-x,  +2x + x,=0
2x, — X, +2x,+2x,=0
X+ x,+x,+3x, +2x,=0

=2x,— X, +x; + mx, —2x, =0.

2.2. BAI TOAN LIEN QUAN PEN NGHIEM CUA HE PHUONG TRINH
rl:UYEN TINH . ) ) )
O dang bai nay, muc dich 1a nham van dung 1y thuyét ma trin va dai s6 tuyén tinh
dé khdo sat cau trac tap nghi€ém cua h¢ phuong trinh tuyén tinh. Noi dung trong
tam la xay dung nghiém tong quat tir mot nghiém riéng va khong gian nghiém
thuan nhat, dong thoi nghién ctru cadc dang nghiém dac biét nhu nghiém nguyén
hodc nghiém c¢6 tinh chat riéng ctia hé¢ va phan tich s6 nghiém doc 1ap dua trén
khong gian nghiém thuan nhat. Duéi day 1a mot s6 bai todn minh hoa tiéu biéu.
Bai 1. (Ky yéu Olympic 2002). Cho hé phuong trinh tuyén tinh ¢ 10 phuong trinh
va 11 an so. Biét rang:
1) Bo s6 (1992,1993,...,2002) 1a mot nghiém ctia hé phwong trinh di cho.
2) Khi x04 cot thir i trong ma trdn hé s6 ctia hé phuong trinh di cho thi ta dugc
mot ma tran vudng cé dinh thirc dung bang j (j=1,2,...,11).
Hay tim tat ca cac nghiém ctia hé phuong trinh da cho.
Loi giai
Goi A= (al.j )IOX“ 12 ma tran hé s6 ctia hé phuong trinh. Tir gia thiét 2) suy ra
rankA =10, nén phuong trinh thuan nhat twong tmg chi c6 mot nghiém doc 1ap
tuyén tinh. Theo gid thiét 1) x, =(1992,1993,...,2002) 1a mt nghiém (riéng) cia
phuong trinh, do d6 moi nghiém cua phuong trinh di cho déu c6 dang:
(xl,xz,. . .,xn) = (1992,1993,. . .,2002) + (al,az,. . .,an)t, VteR.
Trong d6 (a,,a,,...,a,,) 1a mot nghiém nao d6 cua phuong trinh thuan nhat. Vi

vay, ta chi can tim mot nghi¢m cta hé phuong trinh thuan nhat. V&i mbi
j=12,...,10 goi P, 1a ma trin vudng cap 11 c6 dong dau tién 1a dong thir j cua

ma tran 4, 10 dong con lai van 1a cac dong cua A, nghia la:
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Ajp Qi - dyyy A
ay, d, .. 4y 4y
P=\a;, a;, djjo i
Qg g, '+ lgyp oy
Aiop G2 0 o0 %on

Nhu vy, det P, =0. Mat khéc, khai trién dinh thire P, theo dong dau tién va sir
dung gia thiét 2), ta duoc:

a; (N+a,, (—2) +a,, (3) +eta; (—10) +a,,,(11)=0, vj=12,...,10.
Tu do suy ra (1,—2,3,—4,5,—6,7,—8,9,—10,1 1) la mot nghiém cua phuong trinh

thuan nhat. Vay, phuong trinh da cho c6 nghiém:
(xl,xz,. . .,xll) = (1992,1993,1994,. . .,2001,2002) + (1,—2,3,—4,. ..,—10,1 l)t

=(1992+1,1993 21,1994 + 3¢,...,2001 -10¢,2002 + 11¢ ), Vj =1,2,...,10.

Bai 2. (Ky yéu Olympic 2006). Xac dinh n dé hé phuong trinh sau c¢6 3 nghiém
doc 1ap tuyén tinh:

PPx, +2%x,+-+n’x, =0

n’x, +(n+1) x, +--+(2n-1)" x, =0.

Loi giai

Goi A 1a ma tran hé s6 cua phuong trinh:
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22 .. n
22 3 L (n+1)
A=|32  4# (n+2)
nt (n+1) ... (2n-1)
Nhan dong & véi —1 rdi cong vao dong k +1 (k =1,....n—1), ta duoc:
1? 2? n’
3 5 e 2n+1
A= 5 7 ... 2n+3]|.
2n—1 2n+1 ... 4n-3

Nhan dong k v&i —1 16i cong vao dong k +1 (k=1,....n —1), ta dugc:

1 2% .. n’

3 5 ... 2n+1
A=|2 2 ... 2

2 2 .. 2

D@ dang nhan thay tir dong tht 3 d6 di cac dong giéng nhau = cac dong nay
phu thudc tuyén tinh nhau con 3 dong dau tién doc lap tuyén tinh v6i nhau

= rank(A)=3. Vay hé phuong trinh c6 3 nghiém doc lap tuyen tinh thi n>3.
Bai 3. (Ky yéu Olympic 2019). Cho 3n ) nguyén a,,a,,...,a,;b,b,,....,b;
C»Cys-..,C, thod min ab, +a,b, +---+a,b, =0. Ching minh rang hé phuong
trinh sau ludn c6 nghiém nguyén:

abx, +ab,x,+---+abx =c —x

a,bx, +a,b,x, +---+a,bx, =c, —x,

abx +abx,+---+abx =c, —x,.
Loi giai
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H¢ phuong trinh da cho tuong duong véi hé:
r(albl - l)x1 +ab,x, +---+abx =c
a,bx, + (a2b2 + l)x2 +--+a,bx =c,

---------------------------------------

abx +ab,x,+--+ (anbn + l)xn =c,.

X¢ét dinh thirc:
ab+1 ab, ... apb,
ab ab +1 ... ab
Dn: 29 2t 2V :Dn71+anbn‘
a,b, ab, ... ab +1

D =1+ab +ab,+---+ab =1. Do do, h¢ di cho la h¢ Cramer. Vay h¢ co

nghiém duy nhat.

D! 1a dinh thiac c6 duge tir dinh thire D, bang cach thay cot th i bang cot

T r ] \ r A A r.e . . A A ~ r
(¢1,¢55e-0¢,) - Ta co D la cac so nguyén v6i moi i =1,n nén hé da cho c6 duy

i
n

nhat nghiém nguyén X =
Bai 4. (Ky yéu Olympic 2022). Cho hé phuong trinh:
X y z W
+ + + =
a—-2018 a-2019 a-2020 a-2021
X y z W
+ + + =
b-2018 5-2019 b-2020 b-2021

X y z w
+ + + =
c—2018 ¢-2019 ¢-2020 c-2021
al P A z P
d—-2018 d-2019 d-2020 d-2021

trong d6 a,b,c,d 1a cac tham sb. Gia st hé c6 nghiém 1a (x,y,z,w), hdy tinh

tong: S=x+y+z+w.
Loi giai

Vi (x, y,z,w) 1a nghiém ctia phuong trinh nén phuong trinh an ¢
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t—;018 " r—zyo19 ' z—22020 " t—;VOZI =1
c6 cac nghiém 1a ¢ =a,b,c,d .
Véi t ¢ {201 8;2019;2020;202 1} thi (1) tuong duong vo1 phuong trinh da thuc
P(t)=0, trong do:

P(t)=(t-2018)(z—2019)(r—2020)(s — 2021)
—x(t = 2019)(f — 2020)(t — 2021) — y(¢ — 2018)(¢ — 2020)(¢ — 2021)
—2(t —2018)(t — 2019)(¢ — 2021) — w(z — 2018)(¢ — 2019)(¢ — 2020).
Do degP(1)=4 va P(t)=0 tai 4 gid tri t =a,b,c,d nén:
P(t)=(t—a)(t-b)(t—c)(t—d).
So sénh h¢ sb clia £* & hai vé cua P(¢) suy ra:
—(2018+2019+2020+2021)—(x+y+z+w)=—(a+b+c+d)
= 2018+2019+2020+2021+x+y+z+w=a+b+c+d.
Vaynén: S=x+y+z+w=a+b+c+d—-8078.
Bai 5. (Ky yéu Olympic 2022). Cho hé phuong trinh
x=by+cz+dt

y=cz+dt+ax
z=dt+ax+by

t=ax+by+cz.
trong d6 cac hé sd a,b,c,d khac —1. Chirng minh rang hé trén c6 nghiém khong
tam thuong khi va chi khi cac s6 a,b,c,d thoa man hé thic:
a b c d
et —t =1.
a+l b+1 c+1 d+1

Loi giai

Goi A 1a ma tran hé s6 ctia hé phuong trinh, khi d6 A c6 dang:
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a -1 ¢ d
A=

a b -1 d

a b ¢ -1

Nhan dong 1 v6i —1 rdi cong vao dong k(k = 2,3,4), ta dugc:

-1 b c d
a+l —-1-b 0 0
“la+l 0 -l-c 0
a+l1 0 0 -1-d
Goi1 D la dinh thirc ma tran hé. Ta xét:
-1 b c d
D:a+1 -1-5b 0 0
a+1 0 -1-c¢ 0
a+1 0 0 -1-d
b c d -1 c d
=D @+D0 -1-¢ 0 |+(-D**(=1-b)la+l -1-¢ 0
0 0 -1-d a+1 0 ~1-d

=—(a+1)b(1+c)(1+d) - (1+b) -(1+c)A+d)+d(1+c)a+ 1)+ c(a+1)(1+d) ]

=—(a+1)b(1+c)A+d)+(1+b)(1+c)(A+d)—d(1+b)A+c)a+D)—c(1+b)(a+1)(1+d)

=(1+b)(1+c)A+d)-b(1+a)(1+c)d+d)—c(1+a)(1+b)(1+d)—d(1+a)(1+b)1+c).
Hé phuong trinh ¢6 nghiém khong tim thudng khi va chi khi D=0:

D:(1+a)(1+b)(1+0)(1+d)(1ia_1fb_1ic_1fdj

a_b_c_d
a+l b+1 c+1 d+1)

Bai 6. (Ky yéu Olympic 2022). Ky hiéu Y E A R 1a mot nim gdm 4 s6 tu nhién
trong khoang tur 0 dén 9 (Y #0). Nam d6 s& go1 la nam dac biét néu hé phuong

trinh:

=(+a)1+b)(1+c)1+ d)(l —
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Yx, + Ex, + Ax; + Rx, =Y
Rx, +Yx, + Ex,+ Ax, = F
Ax, +Rx, + Yx, + Ex, = 4
Ex, + Ax, + Rx; + Yx, = R

c6 it nhat hai nghiém. Tim tit ca cac nim dic biét trong thé ky 21 (bit dau tir
nam 2001 dén 2100). Nam 2020 c6 phai 1a nam dac bi¢t khong?

Loi giai
Hé khong c6 nghiém duy nhét thi can dinh thirc ma tran hé bang 0. Goi ma tran
mo rong h¢ la:

Y E A4 R|Y) (1 1 1 1]1
G 7_|R Y E A|E| |[R Y E 4|E
A4 R Y E|d|l |4 R Y E|4
E AR Y|R)\E 4 R Y|R
11 I I 1
0 Y-R E-R A-R|E-R
|0 R—4 Y-4 E-4| 0
0 A—E R-E Y—E|R-E
1 | 1 1 |
0 YR E-R A-R E-R
1o R—4 Y- 4 E-4 0
0 A—E+Y-R 0 Y-E+A-R| 0

Néu E # R thi 2<rank Q< rank A (vi hai phan tir & hang 3 va 4 cot b 1a 0).
Néu E=R third rang rank Q <rank A . Nhu vay hé luon co it nhat mot nghiém.
Bay gid ta can tim cac diéu kién dé A suy bién.

a) Xét E# R, taco:

1 1 1 1
0 Y—-R E—-R A-R

10 (R—A)E-R)-(Y=R)(Y—=4) 0 (E-A)E-R)—(4-R)(Y-4)|
0 A-E+Y-R 0 Y-E+A-R

Ma tran A4 suy bién néu:
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. A-E+Y—-R=0 hoac

ii. (R-A)(E-R)-(Y-R)(Y-A)=(E—-A)(E-R)-(A-R)(Y-4).
Trudng hop (ii) twong duong v6i (E—~R) +(A4-Y) =0, do E # R nén diéu
nay khong thé xay ra.
b) Xét E=R, taco:

1 1 1 1
0 Y-R 0 A-R
0 R-A4 Y-A4 R-4
0 A+Y-2R 0 Y+A-2R
1 1 1 1

0 Y-R 0 A-R

0 R—-A4 Y-A4 R-A4]

0 A-R 0 Y-R
-Néu Y = 4 thi ma tran A4 suy bién.
-Néu Y # A tinh dinh thtc:

[l =(v - 4)| (v =R)"~(4-R) |
Khi d6, 4 khong suy biénnéu ¥ —R=+(A—R). Vi Y # 4 nén
Y—R#—(A-R)hay Y+ A#2R.

Vay nam dic bi¢t khi va chi khi:

1) E¥R va A-E+Y —R=0 hoac
2) E=RvaY =4 hodc

3) E=RY#AvaY+A=2R.
Thay Y =2,E =0 ta c¢6 cdc nam:

Thoa (1): A+2=R+#0 gdm 2002, 2013, 2024, 2035, 2046, 2057, 2068, 2079.
Thoa (2): la 2020.

Khong c6 nam thoa (3).

BAI TAP LUYEN TAP

Bai 1. (Ky yéu Olympic 2019). Ching minh rang h¢ phuong trinh:
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a,x, +a,x, +---+a,x =0

ay X, +ay,x, +-+a,x =0

anl’xl + an2’x2 teeet ann'xn = O

trong d6 a; =—a,; v6imoi 1<i,j<n va n 1é. C6 nghiém khac 0.

Bai 2. Cho hé phuong trinh:

X y z W
+ + + =1

a—2022 a-2023 a-2024 a-2025

S U S A—
b—-2022 bH-2023 bH-2024 b-2025

IR A SR A
c—2022 ¢-2023 ¢-2024 ¢-2025

AN A S ——
d—-2022 d-2023 d-2024 d-2025

Trong do6 a,b,c,d la cac tham sb. Gia sur hé ¢ nghiém la (x,y,z,w), hay tinh
tong: S=x+y+z+w.

Bai 3. Xac dinh n dé hé phuong trinh sau c6 3 nghiém doc 1ap tuyén tinh:

Lx, +2x, +--+nx, =0

2%, +3x, +--+(n+1)x,=0

3x, +4x, +---+(n+2)x,1 =0

nx, +(n+1)x2 +---+(2n—1)xn =0.
Bai 4. Cho A€M, (R),(neN") thoa man:
A 0,4 =0. Chung minh rang hai hé phuong trinh sau c6 cing tap hop
nghiém
Ax = O(l)
(A + A+t A2°24)x =0.(2)
Bai 5. (Ky yéu Olympic 2014). Cho hé phuong trinh tuyén tinh:
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X+ X, + x,+x, —kx; =0
X, — X, +hke,+x, +kx; =0
x +hkx,— x;+x,— x,=0
kx, +kx, — x;—x,— x;=0.

trong d6 x,,X,,X,,%,,X, 1a cdc 4nva k 1a tham s thugc R . Ching minh ring, néu
ke {—1,3} va (a,b,c,d,e) la mot nghiém cua hé thi a3-k)=e(-2k+2);
b(B3-k)=e(k+1); c(3—k):e(2k+2) va d(k—3):e(k—l)2.
2.3. BAI TOAN THU'C TE QUY VE VIEC GIAI HE PHUONG TRINH TUYEN
TINH
O dang bai nay, muc dich 13 van dung kién thic vé hé phuong trinh tuyén tinh dé
giai quyét cac bai toan c¢6 ndi dung thuc té, trong do mbi quan h¢ gifta cac dai
lugng duge mo ta thong qua cac phuong trinh tuyén tinh. Nhiig bai toan nay
gitip nguoi hoc thiy duoc tinh tng dung cta 1y thuyét vao doi sdng, dong thoi
rén luyén kha ning moé hinh hoéa va tu duy logic khi chuyén mot bai toan thuc té
vé dang hé phuong trinh tuyén tinh. Dudi day 1a mot s6 bai toan minh hoa tiéu
bicu.
Bai 1. (Ky yéu Olympic 2015). Bach Tuyét chia 3 lit sita vao cbc ctia bay chi lun.
Trudc bira an, cic chi lun choi mot trd choi nhu sau: Ché lun thr nhit chia déu
tat ca sita cia minh vao c6c cta sau chu lun con lai (cde ctia cht khong con sita
nita). Tiép theo, chu lun thir hai ciing chia déu tat ca sita dang c6 trong coc clia
minh vao cdc cta sau cht con lai. Cac chi lun khac cling 1an luot 1am nhu vay.
Sau khi chu lun thir bay chia déu tat ca sita ctia minh vao cdc ctia sau chu lun kia,
moi ngudi nhan thiy trong cdc ctia mdi chu luong sira bang ding véi luong sira
ban dau Bach Tuyét chia cho. Hoi ban dau mdi chi lin duoc chia cho bao nhiéu
lit stra?

Loi giai
Goi luong sita mdi chu duge Bach Tuyét chia cho 1an luot 1a Xy Xyyeneer Xy

Téng lugng stra chu lun tht £ nhan duogc trude khi cha chia déu cho anh em 1a
Yi-
Dé thiy y, =0 va x,=0.Tacéd: x, +x, +....+x, =3.
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Luong stra cht lun thir £ ¢6 trude khi cha chia la x, + y,. Vi trude khi cha lun
thir & chia sita thi tong luong sita cha th & va k+1 1a v, nhu nhau nén tong
lugng stra ma chi lun k£ +1 nhan dugc trudce khi chu chia la

1
Vi1 = Vi +g('xk +yk)‘

Nhu vy ta duoc sau phuong trinh tuyén tinh dau tién.
Sau khi chia hét thi chu lun thtr £ khong con giot sita ndo trong cdc nira.
Luong sita trong cdc ctia chu sau 1an chia cta cha th bay 1a x, 1a do cac chi lun

tiép theo chia cho, gobm hai phan:
- Luong %(xk+1 + ¥,,1) do chii lun thir k£ +1 chia cho;

- Nhiing lan chia tiép theo, hai chi lun & va k +1 duogc chia lugng nhu nhau va
bang x,,

Nhu vay:
1
Xe =% T g(xkﬂ + yk+1)
Ta duoc thém sau phuong trinh nita. Giai cac phuong trinh nay bat dau tir & =1.

Khidotr y, =y, +%(x1 +,) va x, =x, nté(x2 +,) kéthopvéi y, =0, ta duge:

1
==X, X, = —X,.
V2 6 T gt
. 1 2 1 % .
Giai tiep ta dugc y, :ng X, :ng ..... ) Xg :gxl, x,=0.Kéthop vor x,+x,+ ...

+x,= 3, ta duoc nghiém duy nhat 1a:

6 5 4 3 2 1
X =—, x2:_9x3:_7x4:;3x5:;s x6:7’ X7:0.

7 7 7
Bai 2. (Ky yéu Olympic 2016). Cong ty cdy xanh d thi thuc hién dy an thay thé
cac cdy gia coi va cay khong dung chung loai boi cac cay moéi. Cong ty thuc hién
chuong trinh trong bdn thang. Trong mdi thang cong ty s& chit bo 10% tong sd
cdy xanh trong thanh phé tinh téi ngay dau tién cua thang, dong thoi thyc hién
trong thém mot s6 cdy xanh. Cu thé trong thang thir nhat s& trong thém 100 cay,
thang tha hai trong thém 102 ciy, thang thar ba trong thém 104 cay, thang cubi
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cung trong thém 106 cay. Tai budi tong két du an ngudi ta cho biét, tong sb cay
hién tai trong thanh phé da tang thém 80 cay so voi trude khi thuc hi¢n dy an. Hoi
hién nay trong thanh phb cé bao nhiéu cay xanh?

Loi giai

Goi y, la sd cay ban dau coéng ty quan li; Vs Vs V3r Yy 12 sd cdy tuong g cla

cong ty & cudi cac thang thir 1, 2, 3,4 y. e N* (i = 0,4).
Tur gia thiét ta c6: y, =0,9y, +100.

Hay 10y, —9y, =1000.
Phan tich twong tu ta nhan duogc:

10y, =9y, =1020; 10y, -9y, =1040; 10y, —9y, =1060

Taco: y,=y,+80
Ta c6 hé phuong trinh:
10y, =9y, =1000
10y, -9y, =1020
110y, =9y, =1040
10y, =9y, =1060
v, =Y, +80.

Giai hé phuong trinh trén:

v, =800, y, =820, y, =840, y, =860, y, = 880.
Vay hién nay trong thanh phd c6 880 cdy xanh.
Bai 3. (Ky yéu Olympic 2017). Trong thanh phd Q c6 mot hé théng dudng mot
chi€u nhu tron hinh, trong d6 4,B,C, D, E, F la cac giao 10, 4,,B,,C,,D,,D,,E,,F,
1a cac 16i vao hodc ra khoi hé thong do, miii tén chi chiéu cia dudng. Ngudi ta
dém s6 luong xe vao va ra khéi hé thong nay trong mdt ngay va thay: C6 800 xe
vao 101 4,, 400 xe ra khoi h¢ thong qua 161 B,, 600 xe ra 161 C;, 1600 xe vao 161
D, va 400 xe ra 16i D,, 400 xe ra 16i E,. Nguoi ta cling quan sat thay s6 lugt xe
di trén doan duong AB nhiéu gép doi sb luot xe di trén doan EF; s lugt xe di
trén doan duong DE nhiéu gap rudi sd lugt xe di trén doan dudng BC. Gia su
cac xe vao h¢ thong déu ra khoi hé thong trong thoi gian do. Hoi trong ngay hom
do da c6 bao nhiéu luot xe di qua cac doan duong AB,BC,CD,EB, AF ?
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Bo
A 4 C G,
800 = > > 600
Ao B
v ) 1
600 E Dl 1600
Fy F t r Do
Eq Dy
400 400
Loi gii

Goi sb luot xe da qua cac doan duong AB,BC,CD,EB,AF lan luot 1a
x,y,z,t,u,w,v (x,y,z,t,u,w,v e N).

Phan tich tai tirng giao 19, ta c6 cac phuong trinh sau:

x+v =800

x+u=y+400

z+600=y

t+400=z+1600

u+v=t—-400

v+w=600.

Giai hé phuong trinh nay ta dugc:

x=w+200
v=—w+600
u=z-—w+800
t=z+1200
y=2z+600.

Két hop véi cac quan sat x=2w va £ =1,5y ta duoc:
x =400,y =1200,z =600, =1800,u =1200,v =400, w = 200.

Vay trong ngay hom d6 da c6 400, 1200, 600, 1800, 1200, 200, 400 lugt xe di qua
cac doan duong 4B,BC,CD,EB, AF .

Bai 4. (Ky yéu Olympic 2018). Nguoi ta khao sat mot mo hinh di cu dan sb gitta
hai viing d6 thi va nong thon véi quy lut nhu sau: Hang nam, ¢ 50% dan s ving
ndng thon chuyén vé ving do thi va dong thoi co 25% dan sé cing do thi chuyén
vé viing noéng thon sinh sdng. Gia st x, y twong tng 13 sé dan ving néng thon va
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vung d6 thi ¢ thoi diém ban dau (x, y> 0). Hoi sau k& ndm dan sb clia ving nong
thon va vung do thi 1a bao nhiéu?

Loi giai
Goi x,,y, tuong tng la sd dan tai cac ving nong thon va ving do thi sau k& nim
(ke N).

Vidy, x,=x, y,=y.Tacod x, :Exk-l_zyk’ Yin :Zyk+5xk-

Noi cach khac:
11
{xkﬂ}: 2 4 {xk}
yk+l l E yk
2 4
Tu do suy ra:
Vi Yo
11
trong d6 A = 2 4 .
13
2 4
o , o2 1 1
Da thirc dic trung cua 4 1a x _ZX+Z:(X_1) =7

1 1
Tur day, ta suy ra 4 co6 cac véc to riéng {2}, { J tuong Ung voi cac gia tri riéng

. 1 1
1, —.Vaynéutadat P= {2 }, thi P"'AP=D, trong 6 D 13 ma tran duong

N

r re r A A A \ r A \ \ 1
chéo voi cac h¢ so trén duong chéo lan lugt la 1 va R

1
3
-1
3

Ta dé dang tinh duge P~' =

W W
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Suyra A= PDP' va

1 o7l L
Ak:PDkP—1: 1 3 3
2 - w2 -1
3 3
1 2 1 1
PP SEYT
3734 3 34
2 2 2 1
—— —+
3 34 3 34

Tu do:

VO L O
N T 3 345 )

_[2_ 2 x+3+1J
T 37347 3 345 )7

Bai 5. (Ky yéu Olympic 2019). Mot nha may san xuat nim loai san pham A, B, C,
D, E. Mdi loai phai qua nim cong doan ct, got, dong gbi, trang tri va dan nhan
v6i thoi gian cho mdi cong doan nhu trong bang sau:

Cat Got bong gbi | Trang tri | Dan nhan
San pham A 1 gio 1 gio 1 gio 1 gio 1 gio
San pham B 4 gio 3 gio 3 gio 2 gio 1 gio
San pham C | 8 gio 12 gio 6 gio 3 gio 1 gio
San pham D 12 gio 15 gio 10 gio 4 gio 1 gio
San pham E 20 gio 24 gio 10 gio 5 gio 1 gio

Cac bg phan cat, got, dong gobi, trang tri, dan nhan co sb gi0 cong ti da trong mot
tuan lan luot 1a 180, 220, 120, 60, 20 gid. Trong thiét ké ban dau ctia nha may co
phuong an vé sd lugng mdi loai san pham nha may phai san xuit trong mot tudn
1& dé sir dung hét cong suét cac bd phan. Tinh sb luong mdi loai san phém duoc
san xuét trong mot tuan theo phuong an do.

Loi giai
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Goi sb san phém cua tung loai A, B, C, D, E lan luot 1a X5 Xy Xg5 Xy 5 Xs
(x, eN) (z’ = (E)

Ta c6 h¢ phuong trinh:

x, +4x, + 8x; +12x, +20x, =180

x, +3x, +12x; +15x, + 24x, =220

x, +3x,+ 6x;+10x, +10x, =120

X, +2x,+ 3x;+4x,+ 5x,=60

x+ x,+ x+ x,+ x,=20.
Giai h¢ phuong trinh ta dugc: x, =x, =x; =x, =x, =4.

Bai 6. (Ky yéu Olympic 2019). Gia st ¢6 1000 nguoi st dung mang dién thoai
Viettel (V), Mobi (M), Vina (N). Biét rang sau mdi thang, trong s6 nhitng ngudi
dung V ¢6 10% chuyén sang ding M va 20% chuyén sang dung N; trong s6 nhiing
nguoi dung M ¢6 15% chuyén sang dung V va 10% chuyén sang dung N; trong sd
nhimg ngudi ding N ¢6 20% chuyén sang dung V va 5% chuyén sang ding M.

a. Gia sir ban dau ca 1000 ngudi ndy déu dung V. Hoi sau 3 thang, s6 luong
khéach hang dung mdi loai mang dién thoai 1a bao nhiéu?

b. Hoi thoi diém ban déau, s6 nguoi dung mdi loai mang di dong 13 bao nhiéu dé
cho qua mdi thang, s6 lugng khach hang & mdi nha mang 1a khong d6i? Biét rang,
tong s6 khach hang dung 3 loai mang ludn 1a 1000 va khong c6 khach hang mai
nao va khong c6 khach hang nao bo dung. Két qua dugc lam tron dén sé nguyén.

Loi giai
X, V
Goi X, =|y, |la s6 ngudi dung | M | sau n thang khao sat.
z N

x.,=07x +0,15y + 0,2z
Taco <y, =01x, +0,75y +0,05z, < X 6 =A4X

n

z.,=02x + 0,1y, +0,75z,
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0,7 0,15 0,2
volr 4=| 0,1 0,75 0,05].
0,2 0,1 0,75

a. Sau 3 thang:

1000 (464,75) (465
X,=4| 0 |=|18575|~|186 |
0 349,5 349

X
b. Gia sit X =| y | thoa man yéu cau bai toan (x,y,z € N):

z

{x+y+Z:lOOO

AX =X
@{(A—[)Xzo
x+y+z=1000

0,3 0,15 0,2 0
0,1 -0,25 0,05 0

< 0,2 0,1 -0,25 0
1 1 1 1000 |
x =377

<41y =230
z=2393.

Bai 7. (Ky yéu Olympic 2022). Mot nha may san xuat mot loai san pham tir ba
nguyén lidu (A, B, C), biét rang mdi nguyén lidu 1a sy két hop ciia ba thanh t6 (N,
K, S) theo mét ti 1€ khoi lugng ¢ dinh va duge cho nhu sau:

Tén thanh t6

: ) N K S
Loai nguyén li¢u

A 0,4 0,2 0,4
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B 0,2 0,3 0,5
C 0,3 0,3 0,4

Gia sir x, v,z lan luot 1a ti 1 khéi lugng cua cac nguyén liéu A, B, C dong gop
trong mot san pham dugc san xuat.
a. Tinh cac ti 1 khéi luong cua cac thanh t6 N, K, S chiém trong mot san phém
theo x,y,z.
b. Tim x,y,z biét rﬁng mot san phé\m c6 ti 18 khdi lugng cua cac thanh td nhu
sau 0,31 IaN; 0,26 1a K va con lai 1a S.
c. Goi a,b 1an luot 13 ti 1& cua cac thanh td N, K trong mot san phém.
Chting minh rang:
0,2<b<0,3
0,5<a+b<0,6
0,8<a+2b<0,9.
Loi giai
biéu kién: x,y,z>20, x+y+z=1.
a. T1 1€ cua N trong san phém la: 0,4x+0,2y+0,3z.
Ti 1€ cua K trong san phﬁm la: 0,2x+0,3y+0,3z.
Ti 1€ cua S trong san phém la: 0,4x+0,5y+0,4z.
b. Ta c6 hé phuong trinh:
x+ y+ z=1
0,4x+0,2y+0,32=0,31
0,2x+0,3y+0,3z=0,26.
Giai hé phuong trinh ta duoc (x;y;2)=(0,4;0,3;0,3).
c. Goi a,b 1an luot 1a ti 16 caa N, K trong mot san phrflm a,b>0. Ta c6 hé
phuong trinh:
x+ y+ z=1
0,4x+0,2y+0,3z=a
0,2x+0,3y+0,3z=».

Giai h¢ phuong trinh ta dugc:
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x= 3 —10b
y= 6—-10a—-10b
z=-8+10a+20b.
Diéu kién dé c6 mot san phdm 1a 0< x, y,z <1. Tir d6 suy ra:
0,2<5<0,3
0,5<a+b<0,6
0,8<a+2b<0,9.
Bai 8. (Ky yéu Olympic 2022). Gia sit c6 mot mo cat dudi day séng, & d6 cat tich
tu theo toc do khong doi trong nam. Néu cho mot doan 50 may khai thac & d6 lién
tuc, thi sau 60 ngay s& hét cat. Con néu cho mot doan 80 méy khai thac & do, thi
chi sau 30 ngdy 1a hét cat. Hoi dé cho cat khong tich tu qua nhiéu va ciing khong
bi hét di, thi dé bao nhiéu may khai thac cat & d6 1a vira phai? Gia thiét rang céac
may khai thac 1am viéc v6i nang suat nhu nhau.
Loi giai
Goi x 1a lugng cat tich tu thém moi ngay (x > O),
y 1a lugng cat co sdn & mo cat (y > O) ,
a 1a lugng cat mdi may khai thac duoc trong mot ngay (a > 0).
50 may khai thac trong 60 ngay dugc lugng cat 1a 50 x a x 60 =3000a.
Trong 60 ngay, lugng cat trong mé 1a: y +60x.
Ta dugc phuong trinh: y +60x=3000a (1)
80 may khai thac trong 30 ngay duoc lugng cat 1a: 80 x ax30=2400a.
Trong 30 ngay lugng cat trong mé 1a y +30x.
Ta dugc phuong trinh: y +30x =2400a. (2)
Tu (1),(2) ta duoc: x=20a.
Vay mdi ngay luong cat tich tu thém bang luong cat khai thac dugc cta 20 may.
Suy ra, d¢ 20 may khai thic & mé cét d6 1a vira phai.
Bai 9. (K¥ yéu Olympic 2022). Cé n quyén vé& duoc chia cho 4 ngudi A, B, C, D.

Néu bot £ quyén cua A, thém £ quyén cua B, gap doi cua C va chia doi caa D thi
s0 v& cua bon ngudi 1 bing nhau. Hay tim s6 vé duge chia ctia mdi ngudi.
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Loi giai
Theobairatacd O<n keN".
Goi x,i=1,2,3,4 1a s6 sach duoc chia cho bon nguoi (O <x € N*).

Theo bai ra ta ¢c6 hé phuong trinh:

X +x,+ x;+x,=n
X +x,+5x;=n
X, —X, =2k
S X — X, =2k (3)
X, —2x, =k
X, —2x, =k.
4x,—x,=0
Giai h¢ (3) ta nhan dugc cac nghi¢m:
2n 2n n 4n
X =—+k,x,=——-k,x;=—,x,=—.
9 9 9 9

Bai 10. (Ky yéu Olympic 2022). Bé chon ra doi tuyén Olympic tir 25 sinh vién
trong 16p, mot dé thi gom 3 bai A, B, C dugc dua ra. Biét rang:
i. Mdi em sinh vién déu giai duoc it nhat 1 trong 3 bai do.
ii. Trong s6 sinh vién khong giai dugc bai A, thi s6 sinh vién giai dugc bai B nhiéu
gap 2 lan s6 sinh vién giai dugc bai C.
iii. S6 sinh vién chi giai dugc bai A nhiéu hon sé sinh vién giai duoc bai A thém it
nhat 1 bai khac 1a 1 nguoi.
iv. Sb sinh vién chi giai duoc bai A bang sb sinh vién chi giai dugc bai B cong véi
s6 sinh vién chi giai dugc bai C.
Ho1 ¢6 bao nhiéu sinh vién chi giai dugc bai B?
Loi giai

Goi a 1a s6 sinh vién chi giai dugc bai A,

b 1a s6 sinh vién chi giai duoc bai B,

¢ 1a 86 sinh vién chi giai dugc bai C.
Goi x, la s6 sinh vién giai dugc ca bai B va C nhung khong giai dugc bai A.
Didu kién: a, b, c, x, 1a cac sb tu nhién.
S sinh vién giai duoc bai A va thém it nhat 1 bai khac 1a: 25—a—b—c— X,

Tir dé bai ta c6 hé phuong trinh:
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b+xbc:2(c+xbc) (1)

a=(25-a-b-c-x,)+1 (2)

a=b+c. (3)
Tu (1): b—2c=x,. >0. (4)
Thay (3), (4) vao (2): 4b+c =26. (5)
Tir (5): ¢ 1a s6 tu nhién chia 4 du 2, b<6.
Két hop (4), (5): 9¢<26 = c<2 suyra c=2,b=6.
Vay dap sb: b=6.
Bai 11. (Ky yéu Olympic 2022). Mot chiéc 6 t6 c6 4 banh. Mdi 16p ¢ hai banh
trude duge st dung t6i da 3000 km, mdi 16p ¢ hai banh sau st dung duoc toi da
4500 km. Néu c6 thé thay ddi vi tri gitta 16p trude va 10p sau thi quing duong 16p
nhat xe ¢ thé di vi mot bo 4 16p 13 bao nhiéu?

Loi giai

Gia sir khi 6 t6 di dugc @ km thi ta thuc hién d6i hai 16p trude va 2 16p sau cho
nhau. Sau khi d6i 10p, 6 t6 di lam thém dugc b km (a,b>0).

Ta c6 cac nhan xét sau:

i. Tai thoi diém doi 16p thi 16p trude bi hao mon 16p va 16p sau bi hao

. a
mon ——.
4500

ii. Ttr thoi diém thay 16p dén thoi diém 6 t6 di dugc quing dudng ti da thi 16p
trudc bi hao mon thém L; lép sau bi hao mon thém L
300 4500
iii. D& 6 t6 chay duoc quing duong xa nhét thi ca 4 16p mon tbi da ciing mot
luc.
Twr cac nhan xét trén ta c6 phuong trinh:
a b a b
+ = +
3000 4500 4500 3000

Giai phuong trinh trén ta c6: a =b=1800(km).

<> 3000a + 45006 = 4500a + 30006 =1.

Vay quang dudng 16n nhat xe c6 thé di 1a 3600 km.
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Bai 12. M{t truong dai hoc tuyén sinh dugc mot sd lugng sinh vién nhét dinh va
chia s6 sinh vién nay thanh 5 chuyén nganh khac nhau. Sé sinh vién nim du phai
hoc cdc mén dai cuong nén can muon séach tai thu vién nhung sinh vién & moi
chuyén nganh muon s luong sach khac nhau. Cu thé nhu sau:

Triét hoc Mac | TAm Iy | Tinhoc dai | Toan cao Tiéng
Lénin hoc cuong cap Anh 1
Chuyén 3 1 1 0 0
nganh 1
Chuyén
2
nganh 2 2 1 1 0
Chuyén
2
nganh 3 2 1 1 1
Chuyén
1
nganh 4 2 1 : :
Chuyén
1 1
nganh 5 0 0 0

Sau d6, thu vién thong ké thi thay rang da co 700 cudn Triét hoc Mac Lénin, 550

cudn Tam 1y hoc, 120 cuon Tiéng Anh 1, 200 cuén Toan cao cap va 300 cudén Tin

hoc dai cuong dugc muon. Hay xac dinh s6 sinh vién cta ting chuyén nganh?
Loi giai

Goi sd sinh vién cua cac chuyén nganh 1, 2, 3, 4, 5 lan luot 1a X5 Xy 5 Xy Xy, Xs

(xl. eN,i :1,_5)

Ta c6 hé phuong trinh:
3x,+2x, +2x,+ x,+x,=700
X, +2x, +2x, +2x, + x, =550

X+ x+ x+ x =300
X+ X+ X, =200
X+ X, =120.

Giai h¢ phuong trinh ta dugc: x, =100,x, =80,x, =70,x, =50, x, =50.
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Vay sb sinh vién cta cac chuyén nganh 1, 2, 3, 4, 5 1an luot 1a 100, 80, 70, 50, 50
sinh vién.

Bai 13. (Ky yéu Olympic 2023). Mot nha may st dung bon loai vat liéu dé san xuét
bon loai san phém. Dinh murc vé vt liéu cho céac san phé\m duoc thé hién qua bang

Sau:
Vatlieul | VatlieuIl | Vatliéu IIl | Vat ligu IV
San pham A 1 3 2 2
San pham B 2 2 3 2
San pham C 1 2 1 2
San pham D 1 2 2 1

Hay tim $6 lugng cac loai san phém A, B, C, D khi nha may c6 sb luong cac loai
vat li€u loai I, I1, II1, IV 1an luot 1a 50, 80, 80, 60.
Loi giai

Goi x, , z, t (x, », z, teN) lan luot 1a s6 luong san pham A, B, C, D. Khi d6
ta co hé phuong trinh sau:

x+2y+ z+ t=50
3x+2y+2z+2t=80
2x+3y+ z+2t=80
2x+2y+2z+ t=060.

Giai hé ta duoc nghiém 14 x =0,y =10,z=10,# =20. Do d6 sb lwgng san phim A,
B, C, D lan luot 12 0, 10, 10, 20 san pham.

Bai 14. (Ky yéu Olympic 2024). C6 200 con mudi trong mdt can ho gém 4 phong
voi hé thong clra ndi cac phong nhu hinh ve.

J' Phong 3

T I
Phong 4 J' Phong 2

T

J' Phong 1

.l.
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Biét rang, mdi phut, mdi con mudi chi & lai trong phong né dang & hoic bay sang
mot phong bén canh. Ngoai ra, ngudi ta théng ké duoc rang, voi mdi phong, co
40% s6 muoi ¢ lai phong do, con trong s6 muoi bay ta khdi phong thi s6 lugng
muoi bay sang moi phong bén canh d6 1a bang nhau. Chéang han, trong s6 céc con
muoi bay tir phong 3 sang phong khac, thi c6 mot ntra sang phong 2, mdt nura sang
phong 4.
a. Gia st sau mdi phiit s6 mudi & cac phong 1, phong 2, phong 3 va phong 4
tuong ung la 24, 50, 52 va 74. Tim s6 muoi & moi phong tai thoi diém ban dau.
b. Goi trang thai on dinh 1a trang thai ma ké tir d6 trd di sb mudi ¢ mdi phong
déu khong doi. Tim s6 lugng muodi tuong itmg cua moi phong tai trang thai 6n dinh.
Loi giai
a. Goi a, 1a s6 mudi ban dau tuong ung ciia phong (al. eN,ie {1,2,3,4}). Tur
gia thiét ta c6 hé phuong trinh:
0,44, +0,2a, =24
0,4a, +0,3a, +0,2a, =50
0,3a, +0,4a, +0,2a, =52
0,6a, +0,3a, +0,3a, +0,4a, =74.

Giai h¢ phuong trinh ndy ta nhan dugc nghiém (a,,a,,4;,a,) voi:
a, =20,a,=40,a, =60,a, =80.
Vay thot diém ban dau s6 mudi cua céac phong lan luot 1a 20, 40, 60,80.
b. Goi x,,x,,x;,x, (xl. eN,i= 1,_4) 1a sb mudi twong ung cua cac phong 1,2,3,4
& trang thdi 6n dinh. Khi d6 x, + x, + x, +x, = 200, va sau mot phit s6 mudi mdi

\ , ~ 12 ' ' ' 2 ,
hong tuong Ung s€ 1a x, ,x, ,x, ,x, trong do:
1 2 3 4

(%' =044, 10,24,
x, = 0,4a, +0,3a, +0,2a,
X, = 0,3a, +0,4a, +0,2a,
x, =0,6a, +0,3a, +0,3a, +0,4a,.

NPT A L. R . ' ' ' ' ,
Tu diéu kién trang thai on dinh (X1 JXy 5 X, 5 X, ) =(x,,x,,%;,X, ) ta co:
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1 2 2 T S
X, ==a,X,=—a,X; =—a,X, = a. (vdi a la mot s6 nao do)
3 3

3
Két hop voi diéu kién X, +x, +x; +x, =200, suy ra s6 mudi tuong Ung cuia cac
phong 1,2,3,4 & trang thai 6n dinh 13 25, 50, 50, 75.
Bai 15. (Ky yéu Olympic 2024). Mot cong ty kinh doanh ciy canh ¢ Lang hoa Sa
déc tong két hoat dong bdn thang dau nim nhu sau: Trong mdi thang cong ty trong
thém 10% tong s6 ciy xanh hién c6 trong thang trudc, dong thoi ban ra duge mot
s6 cdy xanh. Cu thé trong thang thir nhat ban duoc 100 cdy, thang tha hai ban duoc
200 cay, thang thir ba ban duoc 90 cay, thang cudi cting ban dugc 40 cay. Sau bon
thang, tong s6 cdy hién tai trong cong ty dd giam 50 cdy so v6i trude. Hoi hién
nay cong ty cd bao nhi€u cay xanh?

Loi giai

GOl Vs Vis Vas Vs Vo (¥, eNTLi = 0,_4) 1an luot 12 s6 cdy ban dau, sau thang thir nhat,
thtr hai, thtr ba va thu tu. Ta c6 hé

“11 10 0 0 \(») (-1000

0 -11 10 0 ||y | |-2000
0 0 —11 10 ||y, | | —900
100 0 0 —11)\y, 100

Giai h¢ ta duogc y, =y, =1000, y, = y, =900. Cubi cung v, =950

Bai 16. (Ky yéu Olympic 2024). Mot cira hang ban ba loai san pham A, B, C voi
gia ctia mdi san pham 13 ¢ dinh. C6 4 khach hang dén mua hang. S6 luong san
pham A, B, C ma nguoi thtr hai ¢4 mua tuong Gmg bang 1,5 1an, 0,75 1an va 2 lan
s6 san pham nguoi thir nhat dd mua. Nguoi thir ba mua mot nira s san pham A
ma nguoi thr nhat di mua, mua gap 3 1an s6 san pham B ma nguoi thir 2 ¢ mua
va mua s6 san pham C bang dung s6 lugng san pham C cua hai ngudi mua trude
cong lai. Ngudi thtr tv mua 15 san phdm A, 30 san pham B va 10 san pham C.
Téng s6 san phadm ngudi thir nhat mua 14 40 va phai tra mot s tién it hon ngudi
thr hai 420 000 dong va ciing it hon ngudi thi ba 1 500 000 dong. Ngudi thir tu
phai tra s6 tién nhiéu hon nguoi thir ba 13 660 000 dong. Tong s6 san pham ngudi
thir hai mua 13 55 va tong s6 san pham ngudi thi ba mua 1a 61. Tinh s6 tién ngudi
thir nhat phai tra khi mua hang.
Loi giai
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Go1 x,,x,,x, (xl. eN,i= 1,3) tuong ung la sb san phé\m A, B, C ma nguoi tha nhét
da mua.

S6 san pham A, B, C ma ngudi thir hai dd mua twong tng 13 %xl ,%xz,Zx3 :
A o A \ N ’ ~ ’ N 1 9

SO san pham A, B, C ma nguoi thir ba da mua tuong ung 1a Exl ,Z)c2,3x3 :

Ta c6 hé¢ phuong trinh:

x+ x,+ x;,=40

3 3
Exl +Zx2 +2x, =55

%xl +%x2 +3x, =61.

Giai h¢ phuong trinh trén ta duwoc x, =20,x, =12,x, =8.
Got y,,v,,y, tuong Ung la gid ban cua cac mat hang A, B, C. So sanh sy khac
nhau vé s6 luong timg loai san pham duoc mua ctia 4 nguoi ta 1ap duoc hé phuong
trinh:
10y, — 3y, + 8y, =420000
-10y, +15y, +16y, =150000
—15y,+21y, — 6y, =660000.

Giai h¢ trén theo phuong phap khur Gauss ta thu duoc y, =20000, y, = 60000,
¥, =50000. Do do6 ta tinh dugc s6 tién ngudi thir nhat phai tra khi mua hang 1a
1520000 ddng.

Bai 17. (Ky yéu Olympic 2025). Bén xi nghiép nuéc sach c¢6 nhiém vu cung cap
nudc sinh hoat cho mot thanh phé. Néu hoat dong binh thuong thi tong san lugng
hang ngay ctia bon xi nghiép dung bang nhu ciu hang ngay cua ca thanh phb. Néu
vao mot ngay nao d6, mot xi nghiép can thyc hién cong tac bao dudng sira chira
hé théng san xuat theo dinh ki thi san luong hang ngay cua xi nghiép d6 ha xubng
mirc 50% va néu ba xi nghiép con lai dugc sap xép theo san luong hang ngay tir
cao xudng thap thi cac xi nghiép nay phai ting san luong twong tmg theo cac muc
20%, 15%, 10%. Trong nhiing ngdy nhu vay, néu tong san luong bi thiéu hut thi
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luong thiéu hut (tinh theo 1000m°) s& 1a 28 hodc 112; néu tong tong san luong du
thira thi luong du thira (tinh theo 1000m°) s& 1a 24 hodc 72. Hay xac dinh san
luong hang ngay cua tung xi nghiép va nhu cau nudc sinh hoat hang ngay cuia toan
thanh pho.
Loi giai

Goi san lwong hang ngay cua tung xi nghiép 1a x, > x, > x, > x, va x,la nhu cau
nudc sinh hoat hang ngay ctia toan thanh phd.
Ta c6 h¢ phuong trinh sau:

x+ x+ x+  x,—-x=0
0,5x, + 1,2x, +1,15x, + Llx, —x, =-112
L,2x, + 0,5x, +1,15x, + L1x, —x, =28
1,2x, +1,15x, + 0,5x, + L1x, —x, =24
L2x +1,15x, + Llx; +0,5x, —x, =72.

Dung phuong phép khir Gauss suy ra (x;,x,,x,,x,,x; ) = (600,480,400,320,1800).

Do d6 san luong hang ngay cua timg xi nghiép lan luot 1a 600 ngan, 480 ngan,
320 ngan mét khéi. Nhu cau nudc sinh hoat hang ngay cua toan thanh pho 1a 1,8
triéu mét khoi.
BAI TAP LUYEN TAP
Bai 1. Theo khéo sat trong sinh vién ctia truong Pai hoc Hoa Lu ddi v6i ba quan
cafe A, B, C trudc cong trudng thi ngudi ta co thong tin vé sy thay doi luong khach
dén quéan sau moi tuan nhu bén dudi, cho biét thém rﬁng ban dau, hai quan A, B
chua m& nén 100% khach déu dén C:
e Trong nhiing sinh vién dén quan cafe A, s& c6 20% ngudi tiép tuc dén A,
c6 60% nguoi sang B va 20% nguoi sang C.
e Trong nhitng sinh vién dén quéan cafe B, s& c6 10% ngudi sang A, co
40% nguoi tiép tuc dén B va 50% nguoi sang C.
e Trong nhiing sinh vién dén quéan cafe C, s& c6 70% nguoi sang A, co
20% nguoi sang B va 10% nguoi tiép tuc dén C.
Tinh ty 1& phan trim nhiing nguoi dén quan A, B, C sau 1 thang (4 tuan) va hay
cho biét thi phan 6n dinh cta cac quan sau khi hoat dong trong thoi gian du lau.
Bai 2. Mot cong ty banh keo san xuat 5 loai banh: Banh quy X, Banh bong lan Y,
Banh su kem Z, Banh mi M va Banh tart N. Mdi loai banh phai trai qua 5 cong
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doan: Tron bot, Nudng, Lam ngudi, Trang tri va Pong goi vai thot gian can thiét
cho mdi cong doan nhu trong bang sau:

Loai banh Tron bot | Nudng | Lam nguoi | Trang tri | BDong goi
Banh quy X 1 gio 1 gio 1 gio 1 gid 1 gio
Banh bong lan Y 2 gio 3 gio 2 gio 2 gio 1 gio
Banh su kem Z 4 gio 5 gio 3 gio 2 gio 1 gio
Banh mi M 6 gio 7 10 4 gio 3 gid 1 gio
Banh tart N 8 gio 9 gio 5 gio 4 gi0 1 gio

Cac bo phan Tron bot, Nuong, Lam ngudi, Trang tri va Dong go1 co sb gio lam
viéc ti da trong mot tuan lan luot 1 281, 340, 205, 166 va 70 gio. Cong ty mudn
thiét ké ké hoach san xuit sao cho toan bd cong suét ctia cac bod phan dugc sir dung
hét. Hoi mdi loai banh can san xuét bao nhiéu chiéc trong mot tuan 182

Bai 3. Gia st ban dau hoc sinh cac truong pho thong & phuong Udng Bi, tinh
Quang Ninh chi mua banh mi cua Cong ty A. Sau d6 Cong ty B cling tham gia vao
viéc cung cap banh mi cho thj trudng nay. Nghién ctru cho thdy sau mdi quy (3
thang) c6 30% khach hang ctia Cong ty A chuyén sang dung san pham cta Cong
ty B, s6 con lai van dung ctua Cong ty A. Pong thoi ¢ 40% khach hang ciia Cong
ty B chuyén sang dung ctia Cong ty A, s con lai van dung ctia Cong ty B.

a. Hoi sau 18 thang ké tir khi Cong ty B tham gia vao thi truong, ti 1& khach
hang (trén téng s6 hoc sinh cua toan phudng Udng Bi) mua banh mi ctiia mdi cong
ty tuong ung la bao nhiéu?

b. Giam ddc Cong ty A quyét dinh s& ngimg kinh doanh mat hang banh my néu
ti 16 s6 khach hang cua ho (trén tong sd) it hon 50%. Hoi vé6i sd liéu nhu trén,
Cong ty A c6 thoi diém nao can quyét dinh ngimg kinh doanh mit hang nay hay
khong? Tai sao?

Bai 4. Anh Khang dang thiét ké mot phan an SmartMeal gdm com gao lut, trc ga,
tring ga, sira tuoi va dau phu. Anh mudn dam bao rang phan an ndy cung cip
chinh x4c 63,5 g protein, 55,7 g carbohydrate, 22,32 g chit béo, 343 mg canxi, va
5,85 mg sat mdi ngay. Biét rang mdi phan com gao 1t chira 5 g protein, 45 g carb,
2 g fat, 30 mg canxi va 0,5 mg sat; trc ga chira 31 g protein, 0 g carb, 3,6 g fat, 15
mg canxi va 1 mg sat; trimg ga chira 13 g protein, 1 g carb, 10 g fat, 50 mg canxi
va 1,5 mg sit; sita tuoi chira 8 g protein, 12 g carb, 8 g fat, 120 mg canxi va 0,2
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mg sat; dau phu chira 10 g protein, 4 g carb, 5 g fat, 0,2 g canxi va 3 mg sat. Hoi
Anh Khang can dung bao nhiéu phan mdi loai thuc pham dé tao nén phan in
SmartMeal dap tng dung yéu cau vé dinh dudng nhu trén?

Bai 5. Mot cira hang ban ba loai nudc udng: nudc ép cam, nudc ép dia va nude
ép x0ai v6i gid cb dinh cho mdi loai. Trong mot ngay, c6 bén khach hang dén mua
hang. Khach thtr nhat mua tong cong 30 chai ba loai nuéc. Khach thir hai mua gap

A A . r r M 2 A . r s Ja \ © A . 7
do6i so chai nudc ép cam, bang 3 sO chai nudc ép dira va nhiéu hon 2 chai nudc

ép x0ai so v6i khach tht nhét, tong cong 36 chai. Khach thir ba mua s chai nuée
ép cam bang mot nira tong s6 chai nude ép cam cua hai ngudi dau, sb chai nude
ép dira bang tong sb chai nudc ép dira cuia hai ngudi dau va sé chai nude ép xoai
nhiéu hon 1,5 1an tong sb chai nudc ép xoai ciia hai khach dau tién, téng cong 87
chai. Khach thtr tr mua 12 chai nude ép cam, 20 chai nudc ép dura va 18 chai nudc
ép xoai. Biét rang khach th{r nhat tra it hon khach thr hai 76 000 dong, khach thu
ba tra nhiéu hon khach th@ nhat 1 044 000 dong va khach thr tu tra nhiéu hon
khach thir hai 252 000 dong. Hoi khach thir nhat da phai tra bao nhiéu tién khi
mua hang?

Bai 6. Mot cong ty chuyén san xuat ba loai linh kién dién tir A, B va C véi bén
phan xuong X, Y, Z va T, mdi phan xudng cd ning suat 6n dinh hang ngay. Trong
diéu kién binh thudng, tong san luong ciia bén phan xudng vira du dap tmg nhu
cau tiéu thu mdi ngay trén thi truong. Tuy nhién, dé nang cap dy chuyén san xuat,
cong ty co ké hoach luan phién cho mdi phan xudng nghi mot ngdy mdi tuan dé
lap dat thiét bi mdi. Trong nhiing ngdy nhu vy, ba phan xudéng con lai s& phai
ting cong suat dé bu dap phan thiéu hut. Cy thé, phan xudng c6 ning suit cao nhit
trong ba phan xuong con lai s€ tang 30%, phan xudng thir hai tdng 20% va phan
xudng cd ning sudt thip nhét ting 10% so v4i murc binh thuong. Qua ghi nhan
thuc té, nguoi ta thdy rang: khi phan xuéng X nghi, tong san luong 1a 1675 linh
kién; khi phan xudng Y nghi, 1a 1844 linh kién; khi Z nghi 1a 1940 linh ki¢n va
khi T nghi thi tong san luong dat 2061 linh kién. Trong ca bon trudng hop, tong
san lwong ludn vuot ding 40 linh kién so v6i nhu cau thi truong. Héi mdi phan
Xudng c6 niang suat hang ngdy la bao nhiéu va nhu cau tiéu thu linh kién mdi ngay
trén thi trudng 13 bao nhiéu chiéc?

Bai 7. Trong mot budi kiém tra ky nang thyc hanh ctia Cau lac bd Tin hoc, 25 hoc
vién duoc yéu cau thuc hién ba du an: Thiét ké Web (W), Lap trinh ing dung (P)
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va Phan tich dir liéu (D). Mdi hoc vién déu hoan thanh it nhit mét trong ba du an.
Dac biét, trong $6 nhitng hoc vién khong lam dugc du an Web, sb nguoi hoan
thanh du 4n Lap trinh tng dung gap doi s6 nguoi hoan thanh du an Phan tich dir
li¢u. Ngoai ra, s6 hoc vién chi hoan thanh du 4n Web nhiéu hon s6 hoc vién 1am
dugc Web va it nhat mot du an khac ding mdt nguoi. Déng thoi, s6 hoc vién chi
hoan thanh dy 4n Web ding bang tong sd hoc vién chi lam dwgce Lap trinh tmg
dung va chi lam dugc Phan tich dir li¢u. Hé1 c6 bao nhi€u hoc vién chi lam dugc
du an Lap trinh trng dung?

Bai 8. Mot trung tdm sach cii tai thanh phd Hué theo dbi lwgng sach ton kho trong
bon thang dau nam. Mdi thang, trung tam thu mua thém mot luong sach bang mot
phﬁn ba sb sach hién co & thang trudc, déng tho1 ban ra mét luong sach nhét dinh.
Cu thé, trong thang thir nhat trung tdm ban dugc 230 cudn sach, thang thir hai ban
240 cudn, thang thir ba ban 90 cudn va thang thir tw ban 100 cudn. Sau bén thang,
tong s6 sach con lai tai trung tAm giam 90 cudn so v&i ban dau. Hoi hién tai trung
tam con bao nhiéu cudn sach?

Bai 9. Mot cong ty C6 phan Sita Viét Nam (Vinamilk) c6 hai chi nhanh: Chi nhanh
A ¢ thanh phd H Chi Minh va Chi nhanh B ¢ thanh phd Ha Noi. Hang nam, co
40% nhan vién tir Chi nhanh B dugc diéu chuyén 1én lam viéc tai Chi nhanh A,
trong khi d6 c6 10% nhén vién tir Chi nhanh A dugc luan chuyén nguoc lai vé Chi
nhanh B dé ddo tao. Gia st ban dau sd nhan vién & Chi nhanh B 14 x nguoi va &
Chi nhanh A 13 y ngudi. Hoi sau 7 nidm, s6 nhan vién & mdi chi nhanh s& 13 bao

nhiéu?
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Két luan chwong 2

Trong chuong 2 di trinh bay va phan loai mot s6 dang bai toan tiéu biéu vé
hé phuong trinh tuyén tinh thuong gip trong cac ky thi Olympic Toan hoc sinh
vién va hoc sinh. Thong qua viéc hé théng hoa, gidi va bién luan cac bai toan cu
thé, chuong gdp phan minh hoa rd nét viéc van dung cac phuong phap 1y thuyét
da trinh bay & chuwong 1 vao thuc tién giai toan. Két qua dat dugc khong chi gitp
ctng ¢ kién thirc dai s6 tuyén tinh ma con rén luyén tu duy logic, kha nang phan
tich va k¥ nang giai quyét van dé cho ngudi hoc.
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KET LUAN - KIEN NGHI
1. Két luan

Pé tai da phan loai cac dang bai hé phuong trinh tuyén tinh thuong gip
trong ky thi Olympic Toan hoc sinh vién va hoc sinh, tong hop, dién giai va minh
hoa cac cong cu gidi. Cu thé, bao céo di 1am rd cac nhom bai tap dac trung (hé
nghi¢m duy nhat, hé vo sb nghiém, hé vo nghiém, hé chira tham sb va cac bai toan
quy vé hé tuyén tinh trong mé hinh thuc té), trinh bay cac dinh 1y nén tang va mo
ta cac phuong phap 101 giai trong diém kém theo cic minh chung, thuit toan va
budc giai mau c¢6 hé théng.

Dé tai da bién soan mot kho bai tap c6 chon loc phan theo murc do, mdi bai
c6 hudng dan giai chi tiét hodc dinh hudng phuong phap giai hop 1y. Qua qua trinh
soan thao va giai mau, dé tai ciing thé hién tinh chit ché trong phwong phap tiép
can, tur cach nhan dang dang bai, lya chon cong cu giai tdi wu dén viée kiém tra
diéu kién tuong thich va phan tich cu tric nghiém, dap tng yéu cau bdi dudng,
on luyén chuyén sau.

2. Kién nghi

Pua tai liéu vao st dung 1am tai liéu tham khao trong qua trinh boi dudng
sinh vién tham gia ky thi Olympic Toan hoc sinh vién va hoc sinh.

Tiép tuc mo rong huéng nghién ctru tir hé phuong trinh tuyén tinh sang cac
dang hé phuong trinh phtic tap hon dong thoi nghién ctru sau hon vé cac phuong
phap giai hién dai nham da dang hoa kién thirc va rén luyén kha ning tu duy tong
hop.
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